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Preface

Sir David Cox is among the most important statisticians of the past half-century.
He has made pioneering and highly influential contributions to a uniquely wide
range of topics in statistics and applied probability. His teaching has inspired
generations of students, and many well-known researchers have begun as his
graduate students or have worked with him at early stages of their careers.
Legions of others have been stimulated and enlightened by the clear, concise,
and direct exposition exemplified by his many books, papers, and lectures.

This book records the invited papers presented at a conference held at the
University of Neuchâtel from 14–17 July 2004 to celebrate David Cox’s 80th
birthday, which was attended by friends and colleagues from six continents. So
many outstanding scientists would have wished to honour David on this occasion
that the choice of invited speakers was extremely difficult and to some extent
arbitrary. We are particularly grateful to the many excellent researchers who
contributed papers to the meeting; regrettably it is impossible to include them
in this volume.

The brief for the invited talks was to survey the present situation across a
range of topics in statistical science. The corresponding chapters of this volume
range from the foundations of parametric, semiparametric, and non-parametric
inference through current work on stochastic modelling in financial econometrics,
epidemics, and ecohydrology to the prognosis for the treatment of breast cancer,
with excursions on biostatistics, social statistics, and statistical computing. We
are most grateful to the authors of these chapters, which testify not only to the
extraordinary breadth of David’s interests but also to his characteristic desire
to look forward rather than backward.

Our sincere thanks go to David Applebaum, Christl Donnelly, Alberto Holly,
Jane Hutton, Claudia Klüppleberg, Michael Pitt, Chris Skinner, Antony Unwin,
Howard Wheater, and Alastair Young, who acted as referees, in addition to those
authors who did double duty. We also thank Kate Pullen and Alison Jones of
Oxford University Press, and acknowledge the financial support of the Ecole
Polytechnique Fédérale de Lausanne and the University of Neuchâtel.

Anthony Davison, Yadolah Dodge, and Nanny Wermuth
Lausanne, Neuchâtel, and Göteborg
February 2005
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David R. Cox: A brief biography

Yadolah Dodge

David Cox started his career as a statistician in 1944 at the age of 20. This
chapter gives a brief history of his scientific life, with extracts from interviews
he has given.

David Roxbee Cox was born in Birmingham on July 15, 1924. He studied
mathematics at the University of Cambridge and obtained his Ph.D. from the
University of Leeds in 1949. He was employed from 1944 to 1946 at the Royal
Aircraft Establishment, and from 1946 to 1950 at the Wool Industries Research
Association in Leeds. From 1950 to 1955 he was an Assistant Lecturer in Math-
ematics, University of Cambridge, at the Statistical Laboratory. From 1956 to

Plate 1. David R. Cox.
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Plate 2. With F. J. Anscombe, Berkeley Symposium, 1960.

1966 he was Reader and then Professor of Statistics at Birkbeck College, London.
From 1966 to 1988 he was Professor of Statistics at Imperial College, London.
In 1988 he became Warden of Nuffield College and a member of the Department
of Statistics at Oxford University. He formally retired from these positions on
August 1, 1994.

In 1947 he married Joyce Drummond. They have a daughter and three sons.
Among his many honours, Sir David Cox has received numerous honorary

doctorates. He is in particular Doctor Honoris Causa of the University of
Neuchâtel and is an honorary fellow of St John’s College, Cambridge, and of
the Institute of Actuaries. He has been awarded the Guy medals in Silver (1961)
and Gold (1973) of the Royal Statistical Society. He was elected Fellow of the
Royal Society of London in 1973, was knighted by Queen Elizabeth II in 1985
and became an Honorary Member of the British Academy in 2000. He is a For-
eign Associate of the US National Academy of Sciences. In 1990 he won the
Kettering Prize and Gold Medal for Cancer Research.

At the time of writing this, Sir David Cox has written or co-authored 300
papers and books. From 1966 through 1991 he was the editor of Biometrika. He
has supervised, collaborated with, and encouraged many students, postdoctoral
fellows, and colleagues. He has served as President of the Bernoulli Society, of
the Royal Statistical Society, and of the International Statistical Institute. He is
now an Honorary Fellow of Nuffield College and a member of the Department
of Statistics at the University of Oxford.
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Plate 3. D. V. Hinkley, M. Sobel, E. E. Bassett, S. Scriven, T. W. Anderson,
P. A. Mills, E. M. L. Beale, A. M. Herzberg, E. J. Snell, B. G. Greenberg, D.
R. Cox and G. B. Wetherill, London, 1968.

He prizes at a personal and scientific level the numerous friendships and
collaborations built up over the years and especially those with postgraduate
students. He taught on the MSc program at the University of Neuchâtel for over
a decade. Each year the program brought together a mixture of students from
many different branches of the applied sciences, and I asked him how one should
teach statistics to a group of not-so-homogenous students. The following lines
are David’s random thoughts on teaching the course on survival analysis, which
he was giving at the time:

‘It is always a particular pleasure and challenge to teach away from one’s own in-
stitution, the challenge arising in part because of uncertainty about the background
knowledge that can reasonably be assumed, a key element in the planning of any course.
The experience at Neuchâtel was notable especially for the impressive variety of sub-
ject fields of specialization, experience and interests of the students. This meant that a
key issue was not, as so often, that of providing motivation, but rather that of finding
a level of treatment that would enable topics close to the forefront of contemporary
research to be addressed without making unreasonable demands on the students’ the-
oretical and mathematical knowledge. Of course, it is hard to judge how successfully
this was accomplished.
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Plate 4. With N. Reid, D. A. S. Fraser and J. A. Nelder, Waterloo, 1985.

‘There are two extreme strategies that may be used in selecting material for such a
course. One is to choose, perhaps rather arbitrarily, two or three topics and to develop
these carefully in some depth so that hopefully some understanding of principles is
achieved. The other, which I find personally more appealing both when I am a student
at other people’s lectures, and as a teacher, is to range more broadly and to omit detail.

‘This raises the following general issue that arises in teaching any topic that is the
focus of much research. Our subject has reached the state where in many fields the
literature seems overwhelming. In survival analysis not only are there a considerable
number of books, some technically very demanding, but also a very large number of
research papers, some wholly theoretical, others concerned at least in part with specific
applications, but often also containing new methodological points. Further new papers
appear virtually daily.

‘Yet somehow the implicit message, which I believe to be correct, must be conveyed that
this volume of work is not to be thought overwhelming, that it should be regarded as
evidence of the openness of the field and that by examining carefully new applications
novel work of value can be done. Put differently there are a limited number of key
principles and the rest is detail, important in its proper context, but not usually needed.
Thus a central issue in each of the specialized areas of statistics is to separate essential
principles from detail.

‘Much current research in statistics is highly technical; look for example at any issue
of the Annals of Statistics. It is sometimes argued: how much easier research must
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Plate 5. With Nancy Reid and David Hinkley, CIMAT, Guanajuato, Mexico,
1988.

have been all those years ago when simple and important results could be obtained by
elementary methods.

‘For myself, I very much doubt the correctness of this view, to some extent from
personal experience, but more importantly from thinking about the history of key
developments in our subject.

‘Take, for example, the Cramér–Rao inequality. A simple elegant very brief proof is
available requiring only the Cauchy–Schwarz inequality, itself provable by totally el-
ementary methods. Does this mean that the pioneers had an easy task? It would be
interesting to know Professor Rao’s view about this. Certainly the earlier work of
Aitken and Silverstone used the mathematically sophisticated ideas of the calculus of
variations and was much more difficult.

‘The tentative conclusion I draw is that statistics was and remains a field in which
new contributions can be made from all sorts of backgrounds ranging from those with
powerful mathematical expertise to those who have new ideas and formulations arising
fairly directly out of specific applications. The intellectual vigour of the subject relies
on there being a balanced mixture and thus on our subject attracting people with a
wide range of interests. One of the strengths of the Neuchâtel course is precisely that.’

Another matter of interest for most statisticians is how our leaders think
about our field. Here are David Cox’s thoughts:
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Plate 6. O. E. Barndorff-Nielsen and D. R. Cox walking and contemplating at
Rousham, 1990.

‘I write some personal thoughts about working as a statistician. I do so largely from
a UK perspective and from the viewpoint of a statistician, working mostly but not
entirely in a university environment and involved with applications in the natural
and social sciences and the associated technologies. The nationality aspect is not very
important but no doubt had I worked in a government statistical office the issues to be
discussed would be different, although surely the changes there have been great too.

‘When I first started statistical work in 1944 there were very few people with a special-
ized academic training in statistics. Most statistical work was done either by those who
like me were trained in mathematics, a few of these with some minimal formal training
in statistical ideas, or by natural scientists, especially biologists, or by engineers, who
had acquired some knowledge of statistics out of necessity. There were very few books,
and those that did exist were mostly accounts of analysis of variance, regression and
so on in a form for use by nonspecialists. They gave little or no theory and hence
the intellectual basis for tackling new problems was often very unclear. In my second
job I was constantly faced with sets of data from carefully designed experiments of
not quite standard form and I fear I must have done many analyses that were techni-
cally based more on hope obtained by extrapolation from simpler cases than on proper
understanding.

‘Yet paradoxically by that period, i.e. 1945–1950, many of what one now regards
as the standard methods of statistics had been developed, but I suppose were not
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Plate 7. Between A. M. Herzberg and M. S. Bartlett, Oxford, 1990.

widely known outside specialized groups. Thus Fisher, and very particularly Yates, had
developed design of experiments and analysis of variance into a highly sophisticated art
form, least squares and virtually all of its properties having even by then a long history.
Principal components dates back at least to the early 1900’s and canonical correlation
to 1935. Time series methods, both in time and frequency domain had been developed
and Neyman had set out definitive ideas on sampling.

‘Why were these methods not more widely used? The answer is not so much that they
were not known, although this may have been a contributing feature, but much more
that some were computationally prohibitive except on a very modest scale. A typical
statistician of that period would have the help of at least two or three computers. In
those days a computer was a person. Such a person could use an electrically operated
calculating machine to do standard balanced analyses of variance, simple regression
calculations with up to two or three explanatory variables, simple chi-squared tests and
maybe some other more specialized calculations. There was also a rich variety of special
types of graph paper for various graphical procedures. Of course other calculations
could be done but would need special planning.

‘The possibility of numerical errors was ever present. Important calculations had to be
checked preferably by a distinct route. I had the enormous good fortune to work for a
period with Henry Daniels. He was a very powerful theoretician and I learned pretty
well all I knew about theory from him. He was also meticulous. Numerical work had to
be done with a sharp pencil entering the answers two (never three) digits per square
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Plate 8. With O. Kempthone and R. Hogg, Ames, Iowa 1992.

on quadrille paper (ruled in 1/4 inch squares). Errors had to be rubbed out (never
crossed out) and corrected. Tables etc. had to have verbal headings.

‘Probably the most distressing calculation was for time series analysis. The data were
rounded to two digits and entered twice into a comptometer, an old-style cash register.
From this one printed out a paper strip containing the data in columns, with each
value occurring twice. This was cut down the middle to produce two strips. Paper
clips were then used to attach these together at displacement h, the desired lag for
a serial correlation. Corresponding values were subtracted mentally and then squared
mentally and the answer entered, usually by a second person, into an adding machine.
This produced

∑
(yi+h−yi)2, from which the lag h serial correlation can be obtained.

This would be repeated for as many values of h as were required, constrained by the
need to preserve the sanity of the investigators. Of course I take for granted a knowledge
of the squares of the integers up to say 50 or so.

‘Matrix inversion takes a time roughly proportional to the cube of the size. The largest
I ever did myself was, I think, 7 × 7 which took, with the obligatory checks, most of
one day.

‘Now the consequence of all this for the analysis of data was: look very carefully at
the data, to assess its broad features, possible defects and so on. Then think. Then
compute.
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Plate 9. With C. R. Rao and P. J. Huber during the Karl Pearson meeting in
Paris, May 2000.

‘The idea of an electronic computer was known and I recall in particular the visionary
statements of I. J. Good and A. D. Booth, who foresaw the impact computers would
have on daily life. It is interesting that it has taken almost 50 years for what they
anticipated to come to pass. I suspect that one if not both of them assumed a gentler
future in which the miracles made possible by scientific progress would enhance the
general quality of life, not be used as the driving force behind an ever more frantic and
in many ways absurd competitive scramble.

‘In statistics, as a sweeping oversimplification, the period up to 1975–1980 was taken
with getting the classical procedures, and their direct developments, into a form in
which they could be relatively painlessly used. Since then the new horizons opened by
massive computer power, including the ability to handle large amounts of data, are
being explored.

‘The consequence of all this for the analysis of relatively modest amounts of data, by
contrast with the attitude summarized earlier, is: first compute. Then think.

‘In one sense this is a liberation and I do not doubt that on balance it is a good thing,
but there is a downside on which we all need to reflect.

‘How different now is statistical work from how it was when I started? First there are, of
course, many more individuals with statistical training and a much deeper percolation
of statistical ideas into subject-matter fields. Think for example of medical research. In
many, although certainly not all, areas the specialized subject-matter medical research
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Plate 10. Sir David Cox’s handwriting.
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journals hinge on the use of quite advanced statistical procedures in a way that was
unthinkable even 20 years ago.

‘The scope for discussion with and help and advice from knowledgeable colleagues is
far greater than it was; few statisticians work totally on their own. I remarked above
on the virtual nonexistence of books when I started. Now the issue is more the almost
overwhelming extent of the literature and not least the appearance each year of so many
books, the great majority of a very good standard. Of course the technical advance of
the subject leads to statisticians becoming more and more specialized into particular
areas.

‘Yet in some sense I wonder if things have changed all that much at a deeper level.
Really serious subject-matter research problems virtually always have unique features
which demand to be tackled, to some extent at least, from first principles and for this
a sound knowledge of the central ideas of our subject and an appropriate attitude to
scientific research are required more than very specialist information. My own work has
been held back more often by insufficient scientific background in the subject-matter
and, especially in my early years, by an inadequate theoretical base in statistics and in-
sufficient mathematical depth, rather than by unfamiliarity with particular specialized
techniques.

‘Although most research nowadays is done in groups rather than by isolated
individuals, research, whether theoretical or applied, remains an intensely personal
activity and the best mode of working has to be found by trial and error by each one
of us. The subject is at an exciting and demanding phase and I envy those starting on
a career in statistical work.’

And finally, here is the humble side of a real scientist, provoked by two
questions asked by Nancy Reid in her conversation with David Cox (Reid, 1994):

‘The only other thing I wanted to ask you about is something that you mentioned to
me in a letter a while ago which I think was connected with your knighthood. Your
words were roughly that, after feeling when you were younger that you didn’t get very
much recognition for your work, you now felt you were receiving a “bizarre excess”.’

David Cox: ‘Yes, I think that sums it up adequately. Well, everybody needs encourage-
ment, and of course as you get older you still need encouragement. But the time you
most need it is when you starting. It would be quite wrong to think that people were
ever discouraging, they weren’t. It was all very low key, typically British understate-
ment sort of thing. You never really knew what people thought, despite the relative
frankness of Royal Statistical Society discussions. And I’d published a few papers with
very little notion of whether anybody had paid any attention to them until I first went
to the United States, where people would come and say, “Oh, I read that paper, I
think we could do so and so.” That sort of thing is very encouraging. And then, more
recently, I’ve been absurdly lucky with all these pieces of recognition. Of course the
system is a bad one in the sense that if you get one piece of recognition it’s more likely
you’ll get another. It ought to be the other way around.’

‘Was there a time when you suddenly felt you were a Very Important Person?’
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David Cox: ‘Well, I hope I’ve never thought in those terms. In a sense, the only thing
that matters is if you can look back when you reach a vast, vast, vast age and say, “Have
I done something reasonably in accord with my capability?” If you can say yes, okay.
My feeling is in one sense, I’ve done that: in the tangible sense of books and papers,
I’ve done more than I would have expected. In another sense I feel very dissatisfied:
there are all sorts of problems that I nearly solved and gave up, or errors of judgement
in doing a little something and not taking it far enough. That I nearly did something
you see, this is the irritating thing. You know, if you’d no idea at all, well it doesn’t
matter, it’s irrelevant, but if you feel you were within an inch of doing something and
didn’t quite do it . . .’
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1
Stochastic models for epidemics

Valerie Isham

1.1 Introduction
Early in 1987, the AIDS epidemic was still in its relatively early stages in the
United Kingdom, although well underway in the United States. In preparation
for a one-day Royal Statistical Society meeting on the statistical aspects of AIDS
(Royal Statistical Society 1988) later that year, an informal workshop was or-
ganised by David Cox to discuss the various mathematical modelling approaches
then being employed. At David’s instigation, I prepared a review paper (Isham
1988) on models of the transmission dynamics of HIV and AIDS for the one-day
meeting, based in part on the workshop, and thus began my involvement with
epidemic modelling. It has proved to be an area full of theoretical challenges
and complex applied problems. Understanding the dynamics of the spread of an
infectious disease brings possibilities for its control. Human infections such as
influenza, malaria and HIV are still major worldwide causes of morbidity and
mortality. In 2001, the UK experienced the severe economic and social effects
of an epidemic of foot and mouth disease, while early in 2003 the world be-
came aware of a new infection, Severe Acute Respiratory Syndrome (SARS),
spreading rapidly across the globe. In both cases, the ease and speed of modern
communications meant that considerable transmission had already taken place
before the threat of an epidemic was recognized. In such situations, strict control
strategies must be imposed rapidly if they are to be effective in curtailing the
spread of infection and preventing a large-scale epidemic. A clear understanding
of the basic theory of epidemic models is a prerequisite for this and, equally, for
informing the development of the successful vaccination policies against a wide
range of infections (Anderson and May 1991) routinely used around the world.

In this chapter, I will concentrate on a review of some of the topics that have
pre-occupied researchers working on models for the transmission of infection over
the last fifteen years or so, looking at progress that has been made and identify-
ing continuing challenges. The topics discussed will be a personal selection and
the references given will be indicative rather than complete. I will concentrate on
model structure and general modelling issues rather than on models for specific
infections, although some of these will be used for illustration, and I will focus
almost entirely on models of infections for animal/human hosts and mention
processes on regular spatial lattices, more relevant for plant diseases, only in
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passing. I will also touch only briefly on statistical aspects. It is interesting to
look back a decade to the issues identified in the discussion paper of Mollison
et al. (1994): heterogeneity, thresholds and persistence, non-stationarity, control.
In spite of considerable advances, many of these are equally topical today and are
destined to be the focus of research effort for some while to come. As is appropri-
ate for this volume, my focus is on stochastic models. Those contributing to that
Royal Statistical Society workshop in 1987 included Norman Bailey and Mau-
rice Bartlett, both of whom had already played pivotal roles in developing the
theory of stochastic epidemic models (Bailey 1975, Bartlett 1960). Nevertheless,
at that stage, most applied work on specific infections relied on deterministic
models, as described in the key text of Anderson and May (1991) and the later
review of Hethcote (2000). One of the most noticeable changes of the last fifteen
years has been the increased acceptance by very many biologists, not only of
the role that mathematical modelling has to play in the solution of many of
their most pressing problems, but also that such models will often need to in-
corporate intrinsic stochasticity. Thus, not only is there the long-acknowledged
need to incorporate uncertainty in parameter values—generally achieved via a
numerical sensitivity analysis—but, more importantly, the fact that the size of
a population of infected hosts or of infecting parasites within a single host is
random and integer-valued is recognised to have many important consequences.
These include effects on such issues as the possible fade-out and re-emergence
of an infection, the prediction of the course of an individual realization of an
epidemic, and the determination of the appropriate period of application of a
control treatment.

The purposes for which models are developed are many and varied. The
suitability of a model and the appropriateness of the assumptions on which it is
based depend entirely on its purpose. Models may be used for a careful exposition
of issues and general understanding of transmission dynamics, to reach general
qualitative conclusions, or for real-time use in a particular epidemic. They can
also help in formulating what data should be collected in order to answer partic-
ular questions of interest. Simple models can lead to qualitative understanding
and provide robust approximations. More complex models inevitably require
more detailed assumptions about the nature of the underlying process and tend
to have correspondingly more unknown parameters. Such models often require
numerical solution or simulation, but can still allow those factors and sources of
heterogeneity largely responsible for driving the dynamics to be distinguished
from those having little influence. A particular strength of models is their ability
to answer ‘what if’ questions. Thus they have an important role to play in de-
termining control strategies, formulating ways to detect a future outbreak and
developing contingency plans to deal with such an outbreak—see, for example
Keeling et al. (2003) in the context of foot and mouth disease. In recent years,
drug resistance has become an important issue, and the evolution of such resis-
tance, and means of its control, are major concerns (Austin et al. 1999). Epidemic
models have an important role to play in underpinning work in this area.

In some applications, however, recognition of the complex structure of the
contacts that may result in transmission of infection has resulted in numerical
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simulation of individual-based models, in which each host is represented sepa-
rately. Such models are often wholly, or largely, deterministic and seek expli-
citly to represent the detailed complexity of real-world contacts, rather than
subsuming less-important details in random variation. In a few cases, individual-
based models are founded on very detailed observation of a particular popula-
tion, although even then their construction may only depend on marginal rather
than joint properties of the population. Nevertheless, in the context of a spe-
cific infection, such models may give useful information about the potential
spread and control of the infection in that population, although that informa-
tion is unlikely to be applicable in any other situation. More often, though,
individual-based models require vast numbers of poorly substantiated assump-
tions, especially concerning parameter values, to which the robustness of the
results obtained is uncertain. In addition, such models generally convey little
insight into which mechanisms are the most important in driving the transmis-
sion of infection, and those to which the dynamics are relatively insensitive. The
claim is that such models are needed because of their ‘realistic’ assumptions, in
contrast to the simple population structure and within-subgroup homogeneous
mixing that underlie most population models. It is therefore vitally important
to explore how model properties are affected by population heterogeneity and
structure, and in recent years much effort has been directed at addressing such
questions.

1.2 Historical background
Mathematical modelling of infectious diseases has a long history; see, in par-
ticular, Bailey (1975). The starting point is generally taken to be a paper by
Daniel Bernoulli (Bernoulli 1760) on the prevention of smallpox by inoculation;
an account of Bernoulli’s model-based analysis of data can be found in Daley and
Gani (1999). However, as Bailey (1975) points out, it was another hundred years
or so before the physical basis for the cause of infectious diseases became well
established. Thus, the pace of progress only really picked up early in the twen-
tieth century, with the work of people such as Hamer (1906), Ross (Ross 1911,
1916, Ross and Hudson 1917a,b), and Kermack and McKendrick (1927), which
established the principle of mass action or homogeneous mixing—by which the
rate of new infections is proportional to the current numbers of susceptibles and
infectives in the population—and the now-familiar deterministic equations for
the general epidemic model. Homogeneously mixing models are also referred to
as mean field models. Very many of the epidemic models in use today have this
general epidemic (SIR) model, or its stochastic counterpart, as their basis and
thus it can be used to illustrate many of the main issues. In the SIR model, if
x(t), y(t), and z(t) represent, respectively, the numbers of susceptible, infective
and removed individuals (i.e. those recovered but immune, isolated, or play-
ing no further part in the transmission of infection for whatever reason) in the
population at time t, then
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dx(t)/dt = −αx(t)y(t)/n, (1.1)
dy(t)/dt = {αx(t)/n − γ}y(t), (1.2)
dz(t)/dt = γy(t). (1.3)

The variables x, y and z are not restricted to integer values and thus it is only
appropriate to use this deterministic model for large populations. In some ver-
sions of the model, the parameter α above is replaced by nβ, but the formulation
given here is more appropriate when an infection is spread by direct contact and
an individual makes potentially infectious contacts at a fixed rate α regardless
of the population size. When n is fixed, the distinction is not important but con-
fusion may arise if β is regarded as fixed when the limiting situation as n → ∞
is considered. Note, however, that the latter parameterization is appropriate if
the variables x, y and z represent population proportions. The parameter γ can
be interpreted as the reciprocal of the mean infectious period. In the natural
stochastic formulation of this model, infectious periods are independently and
exponentially distributed with parameter γ.

In the deterministic SIR model, the number of infectives grows as long as
the proportion of susceptibles in the population exceeds γ/α = 1/R0, where the
reproduction ratio, R0 = α/γ, represents the mean number of effective contacts
made by an infective during an infectious period. If R0 < 1, then this condi-
tion cannot be met and only a minor outbreak can result. Thus the target, in
controlling a particular outbreak of infection, is to take steps to bring R0 below
one by reducing the rate of infectious contacts or the duration of the infectious
period. With an infection for which R0 > 1, a population will be protected from
epidemic outbreaks as long as the proportion of susceptibles is kept below the
threshold by vaccination; this effect is known as herd immunity. For an endemic
infection, a population of fixed size, but subject to demographic changes and
without an effective vaccination strategy, will be subject to recurrent epidemics
when the proportion of susceptibles in the population builds up sufficiently. Es-
timates of R0 are sometimes based on the final size of an epidemic, that is,
the total number infected, limt→∞ z(t). It is easy to show that this limit is the
solution of the equation n − z − x(0)e−zR0/n = 0. Various approximations are
then possible depending on assumptions about R0, x(0), and n. For example,
if R0 > 1 and x(0) � n exceeds the threshold value (n/R0) by an amount ν
then, approximately, as t → ∞, the limiting value of x(t) will be ν below the
threshold giving a final size of 2ν. However, this approximation requires ν to be
small, that is, R0 close to 1; for large R0, the final size behaves as n(1 − e−R0).

Stochastic epidemic models were also being developed early in the twentieth
century, alongside the deterministic ones, and McKendrick (1926) discussed a
stochastic version of the general epidemic model. However, at that time, there
was rather more interest in discrete-time models, and chain binomial models
in particular, and further discussion of continuous time stochastic SIR models
will be postponed to Section 1.3. The best-known chain binomial model was
proposed by Reed and Frost in lectures given in 1928 (Wilson and Burke 1942,
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1943). However, their work had been preceded some 40 years earlier by En’ko in
1889 (Dietz 1988, 1989). In the standard Reed–Frost model, given the numbers
St, It of susceptibles and infectives at time t, St+1 has a binomial distribution
with index St and mean St(1− p)It , and It+1 = St − St+1. In effect, individuals
are assumed to be infective for a single time unit and in that time can infect
(independently, with probability p) any member of the population who is sus-
ceptible. This means that the number of potentially infectious contacts scales
with the population size, although the Reed–Frost model is usually only applied
to small populations, e.g. households, where this is not a problem. In contrast, in
the En’ko formulation it is assumed that each individual makes a fixed number,
K, of contacts at random with replacement from among the n− 1 remaining in-
dividuals in the population, infection being transmitted if the person contacted
is infectious, whereby E(St+1 | St, It) = St{1− It/(n−1)}K . Dietz and Schenzle
(1985) discuss generalizations where K is a random variable. For example, if
K has a Poisson distribution with mean −(n − 1) ln(1 − p), then the expected
value of St+1 given (St, It) is the same as for the Reed–Frost model, although
the corresponding distributional relationship does not hold. More generally, if
appropriate assumptions are made about the distribution of K—essentially, that
the number of contacts per unit time is suitably small—then

E(It+1 | St, It) = StE
[
1 − {1 − It/(n − 1)}K

]
� StItE(K)/(n − 1),

which corresponds to the homogeneous mixing assumption of the continuous-
time SIR models described above.

An alternative modification of the Reed–Frost model is to assume that the
probability that a susceptible escapes infection by a single, specified infective is
(1 − p)1/n, rather than (1 − p). In this case, given St, It, the mean number of
infectives at time t + 1 is given by

E(It+1 | St, It) = St{1 − (1 − p)It/n} � StItp/n

for small p. Thus this modification is in a sense equivalent to the use of the factor
1/n in eqn. (1.2) for the continuous time deterministic SIR model, and allows
comparison of epidemics in host populations of different sizes. In particular, if
two populations have identical proportions of infectives and susceptibles at time
t, then the expected proportions at time t + 1 will also be the same. If n is large
and a single infective is introduced into a population of n− 1 susceptibles then,
to a first approximation, p can be interpreted as the probability that there will
be some spread of infection.

In the last 80 years, deterministic and stochastic epidemic models, in both
discrete and continuous time, have been much studied. Together with the texts
already cited (Bartlett 1960, Bailey 1975, Anderson and May 1991, Daley and
Gani 1999), the following books between them contain a wealth of information
on epidemic models, as well as providing an invaluable source of further refer-
ences, covering many more topics than there will be scope to touch upon in this
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chapter: Becker (1989), Renshaw (1991), Mollison (1995), Grenfell and Dobson
(1995), Isham and Medley (1996), Andersson and Britton (2000), Diekmann and
Heesterbeek (2000).

1.3 Stochastic models for homogeneous populations
Any stochastic epidemic model has a deterministic counterpart, obtained by
setting the deterministic population increments equal to the expected values of
the conditional increments in the stochastic model. Thus, many stochastic mod-
els will have the same deterministic analogue. Useful insight into the stochastic
model can often be gained from its corresponding deterministic model, as long as
the population size is large. For example, in the stochastic SIR model, given the
current state (X(t), Y (t), Z(t)) specifying the numbers of susceptible, infective
and removed individuals, respectively, we have

E{Y (t + dt) − Y (t) | X(t) = x(t), Y (t) = y(t), Z(t) = z(t)}
= {αx(t)/n − γ}y(t)dt + o(dt) (1.4)

corresponding to the deterministic equation (1.2) for y(t). However, it follows
from (1.4) that

dE{Y (t)}
dt

=
{

αE{X(t)}
n

− γ

}
E{Y (t)} +

α

n
cov{X(t), Y (t)}, (1.5)

from which it is clear that the solution of the deterministic equations is not
simply the mean of the stochastic process. This is an inevitable consequence of
the non-linearity of the transition rates of the stochastic model. Nevertheless,
for a broad class of processes, the deterministic solution is a good approximation
to the stochastic mean of a major outbreak when n is large.

A thorough discussion of the properties of deterministic and stochastic ver-
sions of the SIR model is given by Bailey (1975); valuable accounts and updates
for many model variants can be found in Lefèvre (1990), Andersson and Britton
(2000) and Diekmann and Heesterbeek (2000). Even for these simple models,
explicit results are often difficult to obtain, and much effort and ingenuity has
been expended in deriving methods of solution and approximations. In partic-
ular, the threshold behaviour of the stochastic SIR model for large populations
(Whittle 1955, Bailey 1975, Andersson and Britton 2000) is broadly analogous
to that of the deterministic model described in Section 1.2. If the initial number
of infectives is small, essentially all contacts of infectives are with susceptibles
and a branching process approximation is appropriate. Thus, if R0 ≤ 1, there
will be only a small outbreak of infection and the distribution of the final size
of the epidemic will be J-shaped, i.e. with a mode at or close to zero and de-
creasing monotonically thereafter. The time to extinction of the infection will
be O(1) as n → ∞. If R0 > 1 and I0 denotes the initial number of infectives,
then with probability 1− (1/R0)I0 the branching process explodes, correspond-
ing to a major outbreak of infection. As the number of infectives builds up, the
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approximation ceases to be appropriate and a central limit effect takes over. In
this case, the final size distribution will be U-shaped, i.e. bimodal, and the time
to extinction will be O(log n) as n → ∞ (Barbour 1975). The central limit effect
can be examined formally by looking at a sequence of models where the initial
proportions of susceptibles and infectives are kept fixed, so that the process is
kept well away from the boundary of the state space, as the population size n
increases to infinity. In this case, the SIR process tends to a Gaussian diffusion
about the deterministic solution. Both the means and the variances of the num-
bers in the three states scale with the population size, and thus the proportions
tend to the deterministic solution with probability one. These results were first
obtained by Whittle (1957) and later extended (Daley and Kendall 1965, Kurtz
1970, 1971, 1981, Barbour 1972, 1974, Daniels 1991) to a very general class of
density-dependent Markov jump processes. This threshold behaviour at R0 = 1
is, in fact, an asymptotic result for large populations, with a major outbreak of
infection being essentially one in which the size of the epidemic can be arbitrarily
large. Many authors (e.g., Bailey (1975) using model simulations) have observed
that threshold values strictly larger than one are appropriate for finite popula-
tions. In a discussion of this issue, N̊asell (1995) suggests defining the threshold
as the value of R0 for which the distribution of the total size of the epidemic
switches from J-shape to U-shape. Based on numerical work, he conjectures that
this threshold has the form R0 = 1 + O(n−1/3).

In the past, the view seems to have been widely held that a deterministic
model gives the mean behaviour of the corresponding stochastic system, at least
asymptotically, and that for large populations there is therefore little to be gained
from using a stochastic model that will generally be more difficult to analyse.
However, it is now widely accepted that both deterministic and stochastic models
have their strengths and can provide insight and understanding. Even with large
populations, chance fluctuations do not always average out to have rather little
overall effect. But even when they do, it may be important to take the variability
of individual realisations into account, for example in predicting the course of an
individual outbreak (Isham 1991, 1993b). The latter paper discusses variants of
the SIR model used in connection with the AIDS epidemic: as both means and
variances scale with the population size n, the variation about the deterministic
limit is of order

√
n, so that there is considerable uncertainty about predicted

values, even apart from the effects of parameter uncertainty. Similarly, stochastic
effects can be important in determining a control strategy where some measure
is to be implemented ‘until the epidemic is over’. Once numbers of cases are
small, there is considerable uncertainty in the residual time to extinction that
cannot be conveyed by a deterministic treatment. Stochastic effects also play an
essential role in questions of recurrence and extinction (or fade-out) of infections.
As already noted, with a deterministic epidemic model governed by a set of
differential equations, an open population with recruitment of susceptibles will
be subject to recurrent epidemics if initially exposed to a source of infection
for which the reproduction ratio R0 exceeds unity. The infection never wholly
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dies out and can regenerate from arbitrarily small amounts of residual infection.
Thus, for example, tiny fractions of an infected fox—the ‘attofox’ of Mollison
(1991)—can generate repeated waves of rabies. In contrast, a stochastic epidemic
that reaches a state in which only a single infective remains may well soon die
out completely, and is in any case certain to do so eventually, unless there is a
continuing external source of infection.

The attention on fade-out has focused mainly on childhood infections, espe-
cially measles. Measles is a seasonal infection driven largely by the school year,
and time series of pre-vaccination data typically show an annual cycle together
with major outbreaks recurring at rather regular intervals of somewhere between
two and five years. In small populations the infection often goes extinct. Much of
the early work seeking to explain these recurrent epidemics is due to the seminal
work of Bartlett (Bartlett 1949, 1956, 1957, 1960), who introduced the idea of a
critical community size below which an infection will rapidly go extinct unless
it is reintroduced from outside; in a data-analytic investigation he describes the
critical size as that for which there is a 50:50 chance of fade-out following a ma-
jor outbreak. A more recent discussion of the role of community size in measles
fade-out is given by Keeling and Grenfell (1997). In theoretical studies, terms
such as ‘fade-out’ and ‘major outbreak’ need formal definition. For example,
N̊asell (1999) considers an open SIR model (i.e. with demography) and looks at
the population size for which the expected time to extinction from the quasi-
stationary distribution (see below) takes a fixed value. In comparing theoretical
results with empirical data, however, allowance must be made for complicating
features of real infections, such as population structure, vaccination coverage
and the durations of disease stages—the assumed exponential distributions of
simple models are seldom appropriate.

In a basic measles model, an extra latent stage is usually included in the
SIR model to give an SEIR model. Those in the latent (i.e. exposed) class are
infected but not yet infectious. Demography is also included, and a steady-state
population is generally assumed, achieved via equal per capita birth and death
rates applying to all members of the population. In a deterministic version of
the model, using reasonably realistic parameter values, the number infected os-
cillates about a stable point but, in contrast to the data, these oscillations are
damped. In addition, Schenzle (1984) commented that it is difficult to find a
set of parameters that gives an acceptable fit simultaneously to all aspects of
an epidemic. Damped oscillations were first noted by Soper (1929) in a model
variant with no latent class and an exponentially growing population since no
deaths were included in the model. Although this model is in one sense rather
unrealistic, it gives useful qualitative results, and the corresponding stochastic
formulation has been used by Bartlett and many subsequent authors. In par-
ticular, Bartlett (1956) showed by simulation that the stochastic formulation
of the model does lead to undamped oscillations, on a time scale that depends
on population size, and to the possibility of fade-out. An alternative resolution
within the deterministic framework is to assume that the contact rate α varies
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seasonally, see for example Dietz (1976), which can also generate the required
undamped oscillations. Nevertheless, it is generally accepted that grouping chil-
dren into age bands has an important effect over and above the timing effects
of the school year, and thus Schenzle (1984) used an age-structured model, ex-
plicitly incorporating such effects, successfully to reproduce the stable biennial
cycle observed in data for England and Wales.

Measles data for large populations show an apparently chaotic behaviour
(Schaffer 1985), due to interaction between the natural periodicity of the non-
linear dynamics and the seasonal periodicity of the contact rate (Bartlett 1990).
In this respect, it is important to note that the level of spatial and/or temporal
aggregation of the data will have a considerable effect on the observed proper-
ties. For a while, the chaotic properties of deterministic measles models were
the focus of considerable activity; for a review of some of this work see Isham
(1993a). However, as already noted, demographic stochasticity plays an essential
role in the recurrence and extinction properties of epidemic models. Recently,
N̊asell (2002a) has carefully investigated deterministic and stochastic versions
of an SEIR model, with a periodic contact rate and allowing reintroduction
of infection from an external source, using a mixture of analytic approxima-
tion and simulations. He concludes that stochasticity is necessary for acceptable
representation of recurrent epidemics. In particular, as is already well known
(Grenfell 1992) the high level of seasonal forcing needed if the SEIR model is to
be chaotic gives an unrealistically low incidence of infections in the troughs be-
tween the epidemics. In this work N̊asell also shows how the amount of damping
in the oscillations of the non-seasonal deterministic model reflects the variability
in the times between outbreaks in the corresponding stochastic model. In an al-
ternative approach (Finkenstädt et al. 2002) measles data for England and Wales
are explored by use of a model that is a combination of a mechanistic stochastic
SIR epidemic model and a statistical time series. The model runs in discrete
time and uses an algorithm to reconstruct the size of the susceptible class from
information on births and cases. The number of infectives at time t+1 then has a
negative binomial distribution whose expectation is a function of the numbers of
susceptibles and infectives at time t, including an additional Poisson-distributed
number of immigrant infectives, and is proportional to XθY ψ. The constant of
proportionality is allowed to vary seasonally and the parameters θ and ψ allow
possible departures from homogeneous mixing, (for which θ = ψ = 1). It is found
that the model, when fitted to data, can successfully reproduce the dynamics
of measles outbreaks over a range of population sizes from small towns to large
cities, with a seasonal transmission rate that closely corresponds to the effects
of the school year.

Many of the issues touched upon above in the context of stochastic models for
measles present substantial theoretical challenges more generally. In particular,
current research continues to be concerned with important questions on thresh-
olds for invasion—under what conditions does a small amount of initial infec-
tion invade an almost entirely susceptible population?—and persistence—if it
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does so, what is the necessary condition for the infection to persist and become
endemic? These questions have been addressed with reference to a number of
different models—see N̊asell (2002b), for example—and various properties have
been used to examine threshold behaviour. In a population with no immigration
of infectives after the initial infection, an endemic situation can result for long
time periods, even when eventual extinction is certain, as long as there is re-
placement of susceptibles. This can be achieved through births of susceptibles, as
in the open SIR model discussed in the context of measles above, or in a closed
population if individuals can be infected more than once, as for example in an
SIS model, where infectives return to the susceptible state on recovery instead of
becoming immune. The latter model is mathematically more tractable although
generally less obviously realistic. In models such as these where eventual ex-
tinction is certain, the distributions of the time to extinction from a variety of
initial conditions have been studied. From any particular initial state, essentially
there are two qualitatively different possibilities, either the infection will die away
rather quickly, or it will reach a state of quasi-stationary equilibrium—that is, an
equilibrium distribution conditional on extinction not having occurred (Darroch
and Seneta 1967)—about the endemic equilibrium of the deterministic model,
in which it will remain for some random time, before eventually a sufficiently
large random fluctuation will lead to extinction.

The certainty of eventual extinction for the stochastic SIS model contrasts
with the deterministic version of the model where, if R0 > 1, any initial infec-
tion, however small, will invade a susceptible population and reach an endemic
equililibrium. Nevertheless, various other properties of this model do exhibit
threshold behaviours. For example, starting from a single infective in an other-
wise wholly susceptible population, it is easy to see that there will be an initial
growth in the expected number of infectives if R0 > 1 + 1/(n − 1), which could
be thus be defined as a threshold value (Jacquez and Simon 1993). Alternatively,
the time to that extinction also exhibits a threshold behaviour. Andersson and
Djehiche (1998) consider an initial condition in which I0 goes to infinity with n,
and show that the time to extinction is asymptotically exponentially distributed
with a mean that grows exponentially with n if R0 > 1. While this same behav-
iour may result if R0 > 1 but I0 = O(1), it is no longer certain. When R0 ≤ 1,
the time to extinction stays small or behaves as log n as n → ∞ depending on the
initial number of infectives. N̊asell (1996, 1999) discusses approximations for the
mean time to extinction when the initial distribution is the quasi-stationary dis-
tribution and also shows that the quasi-stationary distribution itself exhibits a
threshold behaviour, being approximately geometric for R0 < 1 and approxi-
mately normal when R0 > 1; see also Clancy and Pollett (2003).

The properties of the SIR model with demography have similarly been much
studied—see Bailey (1975) and Andersson and Britton (2000), for example—
although results are rather more difficult to obtain than for the SIS model dis-
cussed above; this is especially true of the time to extinction, although approx-
imations are available (N̊asell 1999). As expected, in the limiting n → ∞ case
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and assuming that the initial proportion of infectives scales with n, there is a
threshold at R0 = 1 below which an infection dies out rather rapidly and above
which it increases to an endemic level with Gaussian fluctuations about that
level.

In the last few paragraphs, some recent results to do with invasions and per-
sistence, times to extinction, thresholds and critical community sizes have been
outlined. There are many other questions that could be asked involving different
models or different initial conditions. For example, one might be interested in
the probability that an infection becomes extinct, or the further time in which
it does so, conditionally upon a major outbreak having already resulted from
the introduction of a single infective. A particular challenge for the future is to
extend results such as those described above, to allow seasonally varying pa-
rameters or structured populations where assumptions of homogeneous mixing
do not apply (see Section 1.4). If individuals are of several types depending, for
example, on behavioural or spatial characteristics, with different rates of con-
tact within and between groups, how does this affect the time to extinction?
As mentioned earlier, this is particularly relevant for the case of the recurrent
epidemics such as measles.

The models described in this section have all been variations on an SIR
theme, with a simple and relatively tractable mathematical structure. In partic-
ular, they assume that the hosts are identical and homogeneously mixing; models
for heterogeneous populations will be discussed in the next section. They also
assume that the times that an individual spends in distinct states—latent, in-
fectious, and so forth—are exponentially distributed. In order to make models
more nearly reflect the realities of disease progression it is important to allow al-
ternative distributions with a non-zero mode; for example, Keeling and Grenfell
(1998), Lloyd (2001) and Keeling and Grenfell (2002) discuss the effect on the
persistence of measles. In some cases the variation of the distribution may be
very small, as for the incubation period for childhood diseases such as measles or
chicken pox, while in others, such as the period between HIV infection and AIDS
diagnosis, a very wide range of values is possible. The usual ‘forward equation’
approach for Markov models can be used to cover variable rates of disease pro-
gression if the states of the system are extended to include information about the
elapsed time from infection; the gamma distribution—via Erlang’s ‘method of
stages’, see Cox (1955b), for example—and the Weibull distribution are especially
tractable possibilities algebraically. In addition, explicitly incorporating elapsed
time from infection into the models allows the rate of transmission to depend on
this time, as is appropriate for HIV for example, where infectives are thought to
be at their most infectious soon after infection and then again later when devel-
oping the symptoms of AIDS. However, an alternative and very elegant approach
is due to Sellke (1983); see also Andersson and Britton (2000). In this, an in-
dividual becomes infected when the total infection pressure (α/n)

∫ t

0
Y (t)dt—in

which infectives are weighted by their infectious periods, which can have an ar-
bitrary distribution—reaches an exponentially distributed level. More generally,
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Clancy (1999a,b) uses martingale methods to extend results on the SIR model,
allowing a broad class of infection and removal rate functions, and discusses
optimal strategies for intervention via isolation/or and immunization.

1.4 Heterogeneity
1.4.1 Sources of heterogeneity

So far, we have concentrated almost entirely on models for populations of identi-
cal, homogeneously mixing hosts. However, for applied purposes, it is often vital
to incorporate sources of heterogeneity, even though the aim is a simple, parsi-
monious model. It is helpful, then, to distinguish intrinsic heterogeneity of the
hosts, for example a variation in susceptibility due to genetics or immune status,
from heterogeneity of mixing whereby the rate of contact between a pair of hosts
depends on their spatial separation or relative positions in a social network. In
the next subsection, we concentrate on intrinsic host heterogeneity, postponing
discussion of heterogeneous mixing to Section 1.4.3 that concentrates on struc-
tured populations in which mixing within local groups takes place at a higher
rate than with the rest of the population, and Section 1.4.4 where mixing deter-
mined by contact networks is discussed. Models are almost always temporally
homogeneous, although for endemic diseases and epidemics over very long time
periods it may be necessary to allow for changing behaviour and contact pat-
terns in the host population, the introduction or alteration of control policies,
and so forth. Although it is usually assumed that changes to the host population
occur independently of the infection process, there is also the possibility that
changes happen in response to the infection process itself. An additional source
of heterogeneity that will not be discussed in any detail here, comes from the in-
fecting parasites themselves. There are many different coexisting parasite strains
causing infections such as influenza, malaria and dengue, and it is necessary to
take account of the interactions between these and the host’s immunological
system, as infection with one strain may confer subsequent immunity to other
closely related strains. It has been shown, for example, that treating the strains
of a malaria parasite species as indistinguishable can have misleading conse-
quences for the transmissibility of the infection (Gupta et al. 1991, 1994). From
a modelling perspective, parasite heterogeneity means that the state space of the
process has to be substantially increased to include the past infection history of
the hosts, and in any particular case the aspects of this history that are most
important in determining the dynamics of the infection will need to be estab-
lished. The increased complexity of these models means that most work in this
area so far has been deterministic; an exception is the recent simulation study
of influenza evolution by Ferguson et al. (2003).

1.4.2 Heterogeneity of hosts

Age is one obvious source of variation between hosts that may be relevant to
transmission of infection and/or disease progression. Thus, for example, the
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period from infection with HIV to diagnosis of full AIDS is known to vary with
host age (Billard et al. 1990). In such cases, it may be important to model the
age structure of the population. Of course, it may also be that individuals mix
differentially according to their age, as in the case of measles discussed earlier.
For sexually transmitted diseases, hosts will need to be divided into male and
female, and in some cases it will be necessary to distinguish couples in monoga-
mous relationships and to model the changes in these partnerships over time. In
general, such population structure is easily incorporated, by dividing the popu-
lation first on the basis of relevant explanatory variables such as age and gender,
and then subdividing these categories by infection status: susceptible, infective,
and so forth. The infection states themselves may be further divided. For exam-
ple, the degree of susceptibility may vary with the immunological status of the
host, and a further important area for future research is to link susceptibility to
infection in epidemic models with detailed models of the workings of the host’s
immune system. It is simplest to assume that the host heterogeneity can be de-
scribed by discrete variables, although continuously varying characteristics can
also be considered if necessary. The overall framework is often essentially that
of the SIR model, but with a much larger state space. The large number of vari-
ables and parameters may mean that model properties have to be determined
numerically or via simulation.

Most of the models allowing host heterogeneity focus on the complexities
of a particular infection. However, Ball and Clancy (1995) discuss a multitype
model in which infectives are randomly allocated a type on infection, and obtain
asymptotic results for the final size and severity, that is, the area under the
trajectory of infectives, of the epidemic, as the initial population size increases.
A special case of this model, with just two types, allows the infection to be
carrier-borne—that is, a proportion of infectives develop symptoms immediately
and are withdrawn from circulation, while the others remain symptom-free and
able to transmit infection. Host heterogeneity is also a feature of a class of
models for contagion proposed by Dodds and Watts (2005). In these models,
which have a homogeneously mixing SIR basis, contacts take place at regular
time points and each infectious contact between an infective and susceptible
results in a random ‘dose’ of infection being transmitted, with the susceptible
only being infected when the accumulated dose over the last T time points
reaches some randomly assigned threshold. A more natural alternative might
be to include all past doses with an exponentially decaying weight. Individuals
are able to recover once this accumulated dose falls below the threshold. In
an essentially deterministic analysis, Dodds and Watts (2005) show that for a
range of model specifications the resulting dynamics of the system falls into
one of three universal classes depending on the values of two basic parameters:
the probabilities that an individual will be infected as a result of one, and two,
infectious contacts.

A vast number of models have been constructed to describe the dynam-
ics of specific infections, both for human and animal infections, although until
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recently their analysis has mainly focused on deterministic approximations. For
the most part, the simple homogeneous SIR model has to be extended to allow
for host heterogeneity and for extra infection states. An enormous amount of
work has gone into modelling sexually transmitted diseases, such as gonorrhea,
hepatitis B, and especially HIV and AIDS in various homosexual, heterosexual,
and intravenous drug-using communities. As well as measles, there are many
other childhood diseases, such as mumps, chicken pox (varicella), rubella, and
pertussis, and infections such as influenza and tuberculosis that cause consid-
erable morbidity and mortality, particularly in developing countries. Models for
smallpox have received recent attention because of bioterrorism concerns. In
the case of tropical diseases such as malaria, schistosomiasis and onchocerciasis,
there is no direct host–host transmission of the parasite, and models must in-
clude complicated interactions between parasites, human hosts, secondary hosts
and intermediate vectors. For malaria, it is the process of biting by the mos-
quito vector that must be modelled; for onchocerciasis, the vector is a blackfly;
for schistosomiasis, the schistosome fluke spends part of its life-cycle in a second
host (a snail) with infection transmitted between the humans and snails through
water contact.

Both schistosomiasis and onchocerciasis are macroparasitic diseases, which
adds an extra complication to the models. All the infections that we have dis-
cussed so far have been of microparasites (viruses and bacteria are familiar ex-
amples), which replicate within the host and rapidly reach an equilibrium level,
so that it is appropriate to describe the state of the host population by the num-
bers of susceptibles, infectives, and so forth. This equilibrium level may depend
on properties of the hosts such as the competence of their immune systems, in
which case it will be appropriate to include such sources of host heterogeneity in
the model. Macroparasites such as nematodes, on the other hand, have part of
their life-cycle outside the host, so that the parasite load only builds up through
reinfection. This reinfection process, the individual parasite burdens of the hosts,
and the external parasite population must all be incorporated in a full stochas-
tic model, which will involve many complex dependencies and non-linearities.
Thus, most models for macroparasite infections concentrate on a particular part
of the process, while making drastically simplifying assumptions about other as-
pects. One approach is to use a hybrid model (N̊asell 1985), in which some part
of the process, for example the dynamics of the host population (Kretzschmar
1989a,b), is replaced by a deterministic approximation while allowing for ran-
dom variability of the hosts’ parasite loads. An alternative approach is not to
model the parasite population external to the hosts, but to assume that infec-
tions of hosts occur in a non-homogeneous Poisson process that is independent
of the parasite loads of the hosts. This may be appropriate, together with an
additional simplification—to ignore the demography of the host population—for
a managed animal population early in the season. In this case (Herbert and
Isham 2000, Cornell et al. 2003) many other features of the physical process
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such as clumped infections, immune responses affecting parasite establishment,
fertility and mortality, and non-exponentially distributed durations of parasite
stages, can all be incorporated in an analytically tractable model. Other approx-
imations have also been discussed; for example, infection may be assumed to be
transmitted directly between hosts, using a branching process to approximate the
initial stages of the spread of infection between identical (and immortal) hosts
(Barbour and Kafetzaki 1993, Barbour et al. 1996). In models of specific diseases,
interest generally focuses on control issues, the effects of prospective vaccination
strategies or treatment interventions, and sometimes on short-term prediction.
This pre-supposes that the mechanisms controlling the dynamics of the partic-
ular infection are already well understood, so that the model can be used as a
firm basis for such investigations, but this may not be the case; for example, the
age-intensity profiles of parasite loads from cross-sectional data on schistosomi-
asis (Chan and Isham 1998) show that the load builds up during the childhood
to reach a maximum before decreasing with age. To what extent is this due to
a protective acquired immunity rather than to behaviour changes? For exam-
ple, children may spend more time in/near the snail-infested water than adults.
In onchocerciasis, the parasite loads increase with age and there is a debate
over the opposing roles of protective acquired immunity and parasite-induced
immunosuppression, with experimental investigations giving contradictory find-
ings. Duerr et al. (2002) use a model-based analysis to support the importance
of immunosuppressive mechanisms. More generally, Duerr et al. (2003) compare
the effects of a range of different mechanisms—including age-dependent expo-
sure, parasite-induced host mortality, clumped infections and density-dependent
effects on the parasites—on age-intensity profiles and dispersion patterns. The
latter are of interest because macroparasite loads are generally overdispersed
with most hosts having few parasites, and a few hosts having large numbers
of parasites. An additional concern and challenge for the future is that almost
all epidemic models are concerned with a single infection, and while this may
be appropriate for many short-lived microparasitic infections, in other cases
between-species immunological interactions may be important. Thus, the sus-
ceptibility of a particular host to infection or reinfection by a specific parasite
may depend not only on the host’s immune response to their infection history
with the same parasite species, but also to that with other species. Cross-species
immune responses may be immunosuppressive or protective: Behnke et al. (2001)
discuss both types of response for multispecies helminth infections, while Bruce
et al. (2000) provide evidence for cross-protective interactions between different
malaria species. As yet there is little stochastic modelling of such mechanisms,
but see Bottomley et al. (2005).

While analysis of the deterministic version corresponding to any stochastic
model is a useful starting point, less stringent approximations can be helpful in
providing information about variability and are often straightforward even for
relatively complicated processes. For simplicity, consider the closed SIR model,
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which is a bivariate process. The non-linearity of the model means that the
forward equations for the expected numbers of infectives and susceptibles (see
eqn(1.5) for the former) involve second-order terms; setting the covariance terms
in these equations to zero recovers the equations for the deterministic approxi-
mation. Similarly, the forward equations for second-order moments involve third-
order terms, and so on. In the method of moment closure this set of equations is
closed by imposing a suitable relationship between these moments. For example,
for the SIR model one might choose to assume that the joint distribution of sus-
ceptibles and infectives is bivariate normal, thus obtaining a set of five moment
equations to be solved (Isham 1991, 1993b); these equations are precisely those
that apply in the limiting Gaussian diffusion discussed in Section 1.3. Moment
closure has been found to give acceptable approximations in other cases too; for
example N̊asell (2003) considers the quasi-stationary distribution of the stochas-
tic logistic model, a finite state birth–death process. The success of the moment
closure method can sometimes be attributed to central limit effects, as in the
case of the density-dependent Markov processes. However, the method can often
work surprisingly well for small populations, and close to the boundary of the
state space (Isham 1995); Stark et al. (2001) explore the connection with the ex-
istence of inertial manifolds as a possible explanation for this. Distributions other
than the multivariate normal may also be used to suggest suitable relations be-
tween the moments: for example, in macroparasite infections, the parasite load
is often well approximated by a negative binomial distribution. A problem is
that once one moves away from the multivariate normal distribution, it may
be difficult to find a joint distribution with the right marginals, but where the
covariances are not inappropriately constrained; see Herbert and Isham (2000)
for a discussion of a negative binomial approximation. Alternatively, Keeling
(2000) suggests an approximation based on standardized so-called multiplicative
moments such as V ∗, T ∗ where E(X2)=[E(X)]2V ∗, E(X3)=[E(X)]3V ∗3T ∗ and
so forth, which he finds gives good results in cases where the multivariate normal
approximation is unacceptable—for example, it can give negative mean popu-
lation sizes. For a univariate model, this approach is equivalent to assuming a
lognomal distribution.

Space constraints mean that it has not been possible to refer to even a tiny
proportion of the models on specific single-strain, multistrain and multispecies
infections here; Anderson and May (1991) and collections of workshop papers
such as Gabriel et al. (1990) and Isham and Medley (1996) provide a convenient
general starting point for models of many infections, but a quick scan through
recent journals or an Internet search will generate a wealth of fascinating exam-
ples. Historically, the complexities of specific infections have led to a focus on the
use of deterministic models, but a greater understanding of the importance of
intrinsic stochasticity together with considerable advances in computing power
means that the use of stochastic models is becoming increasingly feasible. How-
ever, this does not necessarily mean resorting to detailed stochastic simulations.
There is also a role for toy models to illuminate particular aspects of a complex
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process as well as for a combination of analytic approximations and numerical
evaluation to investigate properties of interest. A single example will have to suf-
fice. A simple model (Herbert and Isham 2000) for the early-season dynamics of a
macroparasite infection in a managed age-cohort of hosts was mentioned earlier.
The stochastic feedback of the current parasite population via the reinfection
process of the hosts can be simulated (Cornell et al. 2004), and shows compli-
cated interactions between stochastic effects, including the need for the parasites
to mate within hosts, and spatial effects governed by the size of the host popula-
tion. A toy model—a bisexual Galton–Watson metapopulation process (Cornell
and Isham 2004), whose properties can be explored using a mixture of algebraic
approximations and numerical evaluation—sheds light on these interactions.

1.4.3 Heterogeneity of mixing

In all the models described so far, apart from the age-structured measles models
mentioned in Section 1.3, homogeneous mixing has been assumed, with all mem-
bers of the host population equally likely to be in potentially infectious contact.
For the pre-vaccination measles data discussed earlier, the inclusion of age struc-
ture in the models plays an important role. However, most measles cases are in
young children, with transmission taking place at pre-school, school or in the
family, and at school children mix predominantly within their own age group.
Thus age may be a surrogate for social structure in the population and an alter-
native strategy is to model this structure directly. A general approach is then to
divide the host population into groups (or types), where it is assumed that hosts
mix homogeneously within each group. Contacts between groups are modelled
by use of a mixing matrix whose (i, j)th element pij specifies the probability that
a host in group i will have an potentially infectious contact, i.e. one in which
transmission will take place if one host is infected and the other is susceptible,
with a host in group j. This group j host is chosen at random from members of
the group. Then, for example, if there are Xi(t) susceptibles and Yi(t) infectives
in group i at time t, and all individuals make such contacts at rate α, the total
rate at which infections take place in group i is αXi

∑
j pijYj/nj , where nj is

the size of group j. As usual in such models, the chance of a within-group infec-
tion is taken to be piiYi/ni rather than using the more realistic factor ni − 1 in
the denominator—a negligible approximation in most cases. Clearly the num-
bers of i–j contacts must balance, so the elements of the mixing matrix must
satisfy the constraints nipij = njpji. Various structures for the mixing matrix
have been proposed, including proportional mixing where pij = nj/

∑
l nl, which

is just homogeneous mixing of the whole population; restricted mixing where
pij = δij (δij = 1 if i = j, δij = 0 otherwise) so that individuals only mix within
their subgroup; preferred mixing where pij = εδij + (1 − ε)nj/

∑
l nl, where in-

dividuals have a reserved proportion of contacts with their own subgroup and
the rest are spread proportionately through the whole population; and various
more complicated possibilities such as mixing schemes that model the social
or geographical locations in which contacts take place (Jacquez et al. 1989,
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Koopman et al. 1989). In some cases the mixing matrix is estimated from em-
pirical data. It is then relevant to note that if demography is included in the
model so that the group sizes, nj , are not fixed, the constraints on the mixing
matrix mentioned above mean that its elements will vary with time; one possi-
bility is then to model nipij , using a log-linear model for example (Morris 1991,
1996).

It is straightforward to generalize the above mixing structure to allow the dis-
tinct subgroups to have different contact rates αi (αi �= αj). The constraints on
the elements of the mixing matrix are then niαipij = njαjpji, with correspond-
ing changes to the various special cases, e.g., proportional mixing corresponds
to pij = αjnj/

∑
l αlnl, so that it is the ‘contact’ that is chosen at random

rather than the person contacted. The variability of contact rates is particularly
important for sexually transmitted diseases where the host population may con-
sist of large numbers of individuals with low contact rates and a rather smaller
number with very high rates. In this case, the spread of infection is determined
not just by the average contact rate over the population but by its variability
(Anderson et al. 1986). For example, Jacquez and Simon (1990) show that, for a
deterministic model with proportional mixing, the rate of growth of infectives at
the start of the epidemic is determined by µα +σ2

α/µα where µα and σ2
α denote,

respectively, the mean and variance of the contact rate over the population.
An important concern of both theoretical and practical interest is how to

generalize the concept of the reproduction ratio, R0, for general heterogeneous
and structured populations. The definition of R0 was first put on a firm footing
by Heesterbeek (1992), see also Diekmann and Heesterbeek (2000). Essentially,
R0 is the spectral radius (dominant eigenvalue) of the first-generation matrix,
which specifies the expected numbers of type j infections directly caused by a
type i infective; the formulation allows hosts to move between types during their
lifetimes and applies equally with heterogeneity of hosts due to disease status
or immune level, and with heterogeneity of host mixing. As for a homogeneous
population (see Section 1.3), threshold results for a stochastic model are less
straightforward than for its deterministic counterpart. The condition for invasion
in a deterministic model is that R0 > 1, but for stochastic models the threshold
results are rather more complicated. Keeling and Grenfell (2000) discuss the
effect of population structure, and in particular the number of neighbours of
each individual, in the context of a simple stochastic SIR-type model in a closed
population. As expected, the smaller the size of the neighbourhood, the higher
the threshold for invasion.

Much of the theoretical work on epidemic models for metapopulations is due
to F. Ball and his collaborators. The emphasis is on models for small groups
(households) within a large population, where the assumed mixing structure
is relatively simple; properties such as the final size and severity of an epi-
demic, and asymptotic results when the number of households becomes large,
are of particular interest. One important distinction is whether infection spreads
between groups through the movement of infectives, infection then usually being
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restricted to susceptibles within the same group, or whether the group member-
ship is fixed but infectious contacts occur between groups. For example, in a
series of papers (Ball and Clancy 1993, Clancy 1994, 1996), the model includes
movement of infectives between groups, with the rate of contact of the infec-
tive with a susceptible depending on the infective’s original and current groups
and the group of the susceptible. A simplifying special case is then to assume
that infection is only transmitted within groups. An important example of the
alternative approach is provided by Ball et al. (1997) who consider epidemics
with two levels of mixing: local and global. Individuals mix mainly within their
own (local) group, but have occasional contacts with the rest of the population.
The key result is that the reproduction ratio for the epidemic is then simply
a product of two factors: the reproduction ratio for the homogeneously mixing
epidemic when the local contact rate is set to zero, and an ‘amplification fac-
tor’ A, say, which is the mean size of an epidemic started by a single randomly
chosen infective when the global contact rate is set to zero. Thus, if A—and
hence necessarily the group sizes—are sufficiently large, a substantial outbreak
can result even if the level of global contacts is extremely low. This result is not
restricted to when the groups form a partition of the population, and applies
equally when individuals have overlapping sets of local neighbours, a scenario
explored in more detail in Ball and Neal (2002). It can be seen that A needs to
be reduced to control the spread of infection, and a vaccination strategy that
aims to reduce the number of each individual’s unvaccinated neighbours to be
as near as possible equal is intuitively optimal. In more recent work, Ball and
Lyne (2002) look at optimal vaccination strategies for a household model, where
the costs of the vaccination programme are included. In a further level of gen-
erality, Ball and Lyne (2001) consider a multitype household model where the
infection rate depends on the types of the infected and susceptible individuals
as well as on whether the contact is a local or global one. Most of the work on
household models considers SIR-type epidemics, but Ball (1999) investigates the
spread of an SIS model in a population with a large number of small households,
determining an appropriate threshold parameter for invasion in this case, while
Arrigoni and Pugliese (2002) obtain limiting results when both the household
size and their number go to infinity.

1.4.4 Spatial models

A particular challenge in epidemic modelling is the appropriate way to allow for
spatial population structure, whereby the rate of contact between hosts depends
on their spatial separation. The hierarchical framework of the metapopulation
models described above can be used as a surrogate for spatial structure. In the
case of measles, outbreaks seldom take place in isolated communities, and it is
often important to look jointly at spatially coupled epidemics (Grenfell 1992).
In general, the chance of extinction of infection from the whole population de-
creases as the mixing between the subpopulations is increased, due to the so-
called ‘rescue’ effect. However, this effect will be lessened if the epidemics in the
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subpopulations are nearly in phase due to a strong degree of seasonal forcing.
One of the earliest explicitly spatial models for the spread of infection was a
metapopulation model for the spread of influenza, first in the USSR and later
globally (Rvachev and Longini 1985), where data on the transportation networks
were used to provide information about migration routes. The more general set-
ting of Ball et al. (1997) in which there is no partition of the population into
fixed groups, but in which each individual has their own set of neighbours, is
particularly appropriate in a spatial context. In small worlds models (Watts and
Strogatz 1998, Newman et al. 2002), individual hosts have some simple spatial
structure, with most contacts reserved for spatially neighbouring hosts and just
a few long-distance contacts. Such models are highly relevant to epidemics char-
acterized by local spread plus a few large jumps, as occurred with the recent
outbreaks of foot and mouth disease and SARS. The great circle model, in which
hosts are equally spaced round a circle, is used as a simple illustrative example
by Ball et al. (1997), and further explored by Ball and Neal (2003) who derive
asymptotic results including a threshold theorem for invasion to occur and a
central limit theorem for the final epidemic conditionally upon its occurrence.

In the metapopulation models, it is normally the case that any individual host
may be directly infected by any other, even though the chance of this may re-
flect spatial separation and could be extremely small. Contact networks provide
a way of representing a more complex population structure, where only hosts
connected by edges of the network have any direct contact. These networks can
reflect structure in geographical or social space and, traditionally, their study
has been the province of social scientists who have generally been concerned
with the collection of data and characterisation of empirical networks in rela-
tively small populations. Social networks are particularly relevant to the spread
of infections transmitted by direct contact—for example, sexually transmitted
diseases (Johnson 1996)—and study has focused especially on HIV. However,
in recent years mathematicians have become increasingly involved in network
models. Two sorts of networks are discussed: directed graphs showing ‘who is
infected by whom’ and undirected graphs representing the underlying contact
structure of the population. Much theoretical work is devoted to the latter, and
particularly to investigating the properties of simple random graphs (Bollobás
1985) and of Markov random graphs (Frank and Strauss 1986). In a simple
random graph, an edge exists independently between each pair of vertices with
probability p. In order that the degree of a vertex (i.e. the number of edges ema-
nating from it) is well behaved as the size of the network (n) increases, it is usual
to assume that p = β/n, so that for large n the degree distribution is approxi-
mately Poisson. Alternatively, the degree distribution may be specified and/or
estimated from empirical data; a graph can then be constructed by a random
pairing of the arms from each vertex (Newman et al. 2002). The problem when
the sum of all the degrees is odd can be removed by resampling the degree of
one node. If the degree distribution has a power-law tail then the graph is said
to be scale-free (Barabasi and Albert 1999, Barabasi et al. 1999). Scale-free net-
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works will be characterized by rather few individuals having very large numbers
of contacts and acting as ‘hubs’. The degree distributions of empirical networks
are frequently far from Poisson and power-law tails with exponents of between
−2 and −3 are typical (Newman 2003), in which case the degree has an infinite
variance. If such a graph were used to model an epidemic, this would indicate an
infinite R0 (see e.g., Jones and Handcock (2003)). However, this is not a practical
concern since homogeneity assumptions are almost certainly inappropriate in an
arbitrarily large population. In any case, simply specifying the local properties
of a network by an empirically reasonable degree distribution is not sufficient to
guarantee that the most probable global networks resemble observed data. For
example, empirical networks typically have many more short loops than is the
case for a random graph. Since it is much easier to collect data, estimate para-
meters and apply control policies at a local level, this raises the general question
of how local properties determine global structure. Even for a homogeneously
mixing population, where all pairs of individuals are in potential contact, a ‘who
is infected by whom’ random graph framework can be useful in investigating
epidemic properties that are not time dependent (Ball et al. 1997), such as the
probability of a large outbreak, or the final size of an epidemic. In particular, a
simple random graph structure is appropriate for an SIR epidemic with a con-
stant infectious period and Barbour and Mollison (1990) use this representation
to obtain asymptotic results for the Reed–Frost model.

A Markov random field, defined on a set of sites equipped with a neighbour-
hood structure, has the property that the values of the field on disjoint sets of
sites are conditionally independent, given the values on a neighbourhood region
(Dobrushin 1968). In its most familiar specification, the sites are the vertices of a
graph (often a regular lattice) whose edges define the neighbourhood structure.
Thus the graph is pre-specified and the field—which might be binary in a special
case—has a Markov property. In contrast, for a Markov random graph the sites
on which a neighbour relation is defined are the edges (or ties) between vertices.
For example, a common assumption is that two edges are neighbours if they
share a common vertex. A binary Markov random field is then defined on these
edges, the resulting random graph being determined by those edges for which
the field takes the value 1. Thus, in contrast to a simple random graph, a Markov
random graph has dependent edges. The Hammersley–Clifford theorem (Preston
1973) shows that for Markov random graphs the global properties are completely
determined by the local conditional independence properties, and that the joint
distribution of the graph has a simple exponential form, where the exponent
is a sum of contributions from cliques of neighbouring edges. This exponential
form for the joint distribution makes Markov random graph models particularly
tractable from a statistical perspective and likelihood-based methods of inference
using Markov chain Monte Carlo algorithms are being developed (Snijders 2002).
It also means that many simple special cases can be considered as possible models
for networks with varying amounts of local dependence, and these can be eas-
ily simulated and explored. However, the homogeneity assumptions involved are
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usually unrealistically strong and lead to realizations that are unrepresentative
of empirical networks. In particular, most of the probability may be concentrated
on small parts of the state space with either very few or very large numbers of
edges (Handcock 2003). Such models are therefore inappropriate except for very
small populations. For larger networks, empirically plausible ways to construct
neighbourhoods that might lead to processes more closely resembling observed
networks are proposed by Pattison and Robins (2002). One possibility is that
network ties take place in a social setting, while another is that the neighbour-
hood structure depends on the realization of the process—so that, for example,
two edges might be neighbours if they are separated by a single edge. The use
and interpretation of fitted random graph models needs care, even supposing
that completely observed network data are available for model fitting. In par-
ticular, there is the question of how appropriate the fitted model is to other
scenarios, and whether it provides more than a description of a specific social
structure. Even if it does have some general applicability, it will be important to
ascertain the robustness of the network properties to uncertainty in the values
of the fitted parameters.

Most attention has concentrated on the network structure of the popula-
tion per se, for example the size of the largest component, or the degree of
assortive mixing (in which a high-degree node is likely to be connected to an-
other such node) exhibited, and relatively little to considering realistic disease
dynamics. The most intuitively natural approach is to view a contact network
as the underlying structure on which an infection evolves. In this case, it may
be assumed simply that if an arbitrary node in the graph is infected, the size
of the epidemic will be that of the connected component containing the index
case. Alternatively, the edges of the graph can be given associated probabili-
ties specifying the chances that node B will become infected if A is, and vice
versa. In either case, the timing of contacts, duration of infectivity and concur-
rency of partnerships are all ignored, which is certainly not always appropriate
(Morris and Kretzschmar 1989). Whether an epidemic takes off will depend not
on the simple mean number of neighbours but, rather, on a size-biased mean
because those having more contacts will themselves be more likely to become
infected; for example, Andersson (1998) obtains asymptotic results for a sim-
ple discrete time random graph model. An alternative approach is to model
the directed ‘who infects whom’ graph as a single entity (Andersson and Brit-
ton 2000). Care is needed in this approach because of the dependencies due
to the fact that an infective with a long infectious period will tend to infect
many neighbours. When the contact network is regarded as the framework on
which an infection spreads, the stationarity of that network may be an issue.
Except over short time periods, at the very least it will be necessary to in-
clude births of susceptibles and deaths of all individuals together with their
associated network edges. Very little attention has been paid to the question
of the evolution of the underlying contact networks—but see Read and Keel-
ing (2003) who use simulation to look at the effects of different network struc-
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tures on disease transmission—and even less to the idea that the network may
evolve in response to the disease dynamics. One of the obvious difficulties here
is that it is hard enough to collect complete data on a network of contacts at a
(more or less) single time instant, and collecting longitudinal data to support a
model of network evolution is generally infeasible, except in the smallest popula-
tion. However, in recent work, Snijders (2001) has been developing continuous-
time Markov chain models of network dynamics, albeit in relatively small closed
populations of perhaps a few hundred individuals. The idea is to start from a
fixed initial configuration, and then to model the evolution of the network from
this starting point. The creation of links between individuals in the network
is allowed to depend on explanatory variables, which themselves evolve, that
can represent individual characteristics such as behaviour or infection status.
Each individual seeks to create or dissolve links so as to optimize an objective
function.

None of the models described so far is a fully spatial model for the spread of
infection. Much of the work most closely meeting this description is that on reg-
ular spatial lattices (Durrett and Levin 1994, Durrett 1995), which arises from
work in statistical physics, but unfortunately there is no room to discuss this
here. These lattice processes are most obviously applicable for models of plant
diseases and, although they are sometimes applied in other contexts, the under-
lying homogeneous space makes them generally inappropriate for human/animal
diseases. The challenge of producing satisfactory stochastic spatial epidemic
models has been around a long time, and Bartlett (1960) notes their intractabil-
ity. Thus, work allowing for general spatial transmission has traditionally been
deterministic. There is a need for simple spatial stochastic models that allow a
non-uniform population density in continuous space and, in recent years, plau-
sible stochastic models have often been explored by simulation. For example,
Bolker (2003) uses a mixture of moment approximation and simulation in a
model that allows both underlying spatial heterogeneity and population density
to affect transmission. For spatial processes, the velocity of the spread of infec-
tion and the diameter of the infected region are added to the usual concerns
relating to thresholds for invasion and persistence, duration and final size of the
epidemic.

In building models of spatial-temporal processes, there is the whole ques-
tion of which spatial, temporal and population scales to use. A good example of
this issue is provided by measles data that are available, for England and
Wales, in the form of weekly reports of numbers of cases on a town-by-town
basis, the sizes of which are highly variable. The data can be analysed as
they stand or aggregated into larger spatial units. In a very small town,
a homogeneous mixing assumption may not be too unrealistic, but the data
for a large town or city will inevitably already consist of the superposition of
coupled epidemics in many subgroups. Properties such as the persistence of
infection (or the chance of fade-out) will depend on the level of aggregation
of the data (Keeling and Grenfell 1997). In general, the appropriate scale or
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scales to use will depend on the purposes of the modelling, but it may be
sensible to think in terms of a hierarchy of models, so that local spread over
short time scales is represented by an individual-based model, and then these
fine-scale models are used as the building blocks in a larger-scale model, and
so on. This general approach is particularly suitable for metapopulation models
as, for example, in Ball et al. (1997).

Spatial models are complicated to analyse, and techniques such as pair ap-
proximation (Keeling 1999a,b) that attempt to encapsulate complicated spatial
information within a deterministic framework are sometimes used. The basic
idea is as follows. In a homogeneously mixing model, the rate of new infections is
proportional to the product X(t)Y (t) of current numbers of susceptibles and in-
fectives. In a spatial model, the chance that a particular susceptible-infective pair
will generate a new infection needs to be weighted appropriately by a function of
their spatial separation. With an underlying contact network, these weights are
binary and X(t)Y (t) needs to be replaced by the number of susceptible-infective
pairs of neighbours [XY ](t), say. Thus, a forward equation for E(X(t)) will
involve E([XY ](t)), that for the expected number, E([XX](t)), of susceptible–
susceptible pairs will involve the expected number of triples E([XXY ](t)), while
that for E([XY ](t)) will involve E([XXY ](t)) and E([Y XY ](t)), and so on. By
considering increasingly long strings of susceptible and infective nodes from the
network, where adjacent elements of the string are neighbours, an arbitrary spa-
tial structure can be represented. However, the pair approximation method sim-
plifies this process by replacing the expected number of triples of the form [ABC]
by a simple formula only involving pairs, thus closing the set of simultaneous
equations. The simplest version is to use E([ABC]) � E[AB]E[BC]/E[B], where
we drop the dependence on t for notational simplicity. However, this approxi-
mation will give an overestimate, essentially because it is based on a conditional
independence assumption and does not allow for the fact that if node j is a
neighbour of both i and k, then there is a good chance that i and k are neigh-
bours. A better approximation attempts to allow for this by using a correction
factor of the form (1− 1/m){1−φ +φ(n/m)(E[AC]/E[A]E[C])}, where φ is the
probability that i and k are neighbours given that they are both neighbours of j
(for example, φ = 0.4 for a hexagonal lattice), m is the average number of neigh-
bours per node, and n is the size of the network. There is a similarity between
the methods of pair approximation and moment closure. For moment closure,
there is no spatial structure and the transition rates are functions of the total
numbers in various subpopulations. The set of moment equations characteriz-
ing the joint distribution of these numbers can be closed by an approximation
whereby higher-order moments such as E{X2(t)Y (t)} are specified in terms of
lower-order moments; these relationships may be suggested by distributional
properties. Thus, moment closure gives a set of approximations to the moments
of the joint distribution of the state of the system. With pair approximation,
spatial information is included, but the allowance for spatial structure is at the
expense of stochasticity. Only mean properties are considered, so that the effect
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of the spatial structure of, say, the infectives on the mean number of suscepti-
bles is approximated but there is no attempt to look at other moments of the
distribution, although this would be possible, at least in principle. Thus the ap-
proximation is two-fold, involving both the use of a deterministic model and the
approximation of expected numbers of spatially neighbouring nodes with partic-
ular infection states. In models for populations in continuous spaces, a method
similar to pair approximation—rather confusingly sometimes called the method
of moments (Law and Dieckmann 2000, Dieckmann and Law 2000)—that looks
at the correlation structure of the spatial field used. There, an equation for the
evolution of the expected number of pairs of particular types at a specific sepa-
ration, ζ say, will involve the number of triples [ABC; ζ, ξ] at separations ζ and
ξ. This is then approximated by [AB; ζ][BC; ξ]/[B].

Pair approximation methods were used (Ferguson et al. 2001a,b) to model
the recent UK foot and mouth epidemic, using information on farm positions
and the network of contacts between farms to give numbers of pairs of neigh-
bouring farms in the various infection states, as a means of exploring possible
intervention strategies such as ‘ring’ culling around infected farms, and vacci-
nation. This approach contrasts with a more explicitly spatial and stochastic
approach (Keeling et al. 2001) involving the full spatial structure of the farm
network. In this approach, a matrix of probabilities that each farm will infect
each other farm, if infected itself, is constructed that evolves as an infection
spreads. Realizations of an epidemic can therefore be simulated to predict its
future course, using appropriate parameter values estimated externally. Again,
the model was used as a means of investigating possible control strategies; see
Kao (2002) for comparative discussion of these issues.

1.5 Statistical issues and further discussion
I have concentrated here on the development of stochastic models for the trans-
mission of infection. If these models are to be used to draw conclusions about
specific infections, rather than to gain mathematical understanding of general
classes of infection processes, they will usually have to be fitted and validated
against data. This section will be confined to a few general remarks; for further
discussion and a more detailed introduction to the statistical issues touched
on briefly below see Becker (1989), Becker and Britton (1999) and Andersson
and Britton (2000). Some of the simplest models, such as the SIR model, are
broadly applicable in many situations. In that case, one or both easily inter-
pretable parameters—the reproduction ratio, R0, and the mean infectious pe-
riod, 1/γ—can often be assumed known or can be determined experimentally,
although if necessary they can be easily estimated from data on the course of
an epidemic; see, e.g., Becker (1989). In general, if parameter values are to be
estimated from experiments then these need careful statistical design. If such
estimates are available externally—i.e. independently of the model—then model
properties can be compared with those of empirical data to validate the model.
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With relatively complicated models of specific infections, there will generally be
a need not only to estimate at least some of the parameters of the model from
epidemic data, and to test the sensitivity of the inferences made from the model
to uncertainties in their values, but also to validate the assumed structure of the
model. It is particularly helpful if an inferential framework can be constructed
within which a hierarchy of increasingly complex models can be compared. It is
important to ensure that any conclusions drawn are robust to model uncertainty.
In this regard, and especially when strong simplifying assumptions have been
made, it can be reassuring if similar conclusions result from a range of different
modelling approaches; for example, this was the case in the recent UK foot and
mouth outbreak.

In an ideal world, one would have complete observation of a single epidemic,
or better still, multiple replications thereof, or a series of linked outbreaks of an
endemic infection. More often, the information is incomplete and data are ag-
gregated over time periods—even the whole course of the epidemic as with final
size data—or over large heterogeneous populations. Alternatively, perhaps only
cross-sectional data are available. In such cases, a complete epidemic model spec-
ification may be unnecessary. In this regard, it is interesting to ask to what extent
population structure can be inferred from incomplete data, especially from a sin-
gle realization of an epidemic process. For example, if there is very little mixing
between the two homogenously mixing subgroups in a simple metapopulation
model, and a single infective is seeded in one subgroup, there may be a clear
time-lag between the epidemics in the two groups. As the between-subgroup
mixing increases the time-lag will tend to disappear. To what extent can such
population heterogeneity be inferred from data for a single epidemic realization,
especially when only partial information—perhaps the total numbers of new
cases in the population in discrete time intervals—is recorded?

In predicting the future course of a partially observed epidemic, a range of
predictions can be given incorporating such uncertainties and these should, ad-
ditionally, include the effects of random variation between realizations. If, as is
generally the case, parameters are estimated by model fitting, then the more pa-
rameters are fitted, the more the capability to validate the model by comparison
of observed and fitted properties is reduced, as is the predictive power of the
fitted model with regard to future epidemics. As with any spatial and/or tem-
poral stochastic process, the properties to be used for fitting and for validation
need to be carefully considered and will depend on the purposes for which the
modelling is being carried out. When there is complete observation of the times
of infection and removal (recovery) for an epidemic outbreak, likelihood methods
can be used to obtain parameter estimates. Maximum likelihood estimation is
also sometimes possible with incomplete observation, for example with final size
data. More generally though, likelihood methods tend to be unwieldy with any-
thing other than the smallest populations. Martingale estimating equations or
the use of the EM algorithm to estimate the missing data then provide useful ap-
proaches. However, in recent years, the very rapid growth of computer-intensive



Stochastic models for epidemics 53

methods in general and of Markov chain Monte Carlo methods in particular
has led increasingly to their application in fitting epidemic models (Gibson and
Renshaw 2001, O’Neill 2002), one of the earliest uses being parameter estimation
for a partially observed SIR model in a Bayesian framework (O’Neill and Roberts
1999). Nevertheless, in particular cases, the need for rapid answers during the
course of an outbreak has led to much simpler approaches, such as choosing
parameter values to maximize the likelihood over a fixed grid (as in Riley et al.
(2003) for SARS).

One of the most important purposes in fitting models to epidemic data is
the investigation of potential control strategies. Control may be achieved by re-
ducing the rate of contacts between susceptibles and infectives, the probability
that a contact results in transmission, or the duration of infectivity. As, for ex-
ample, in the case of foot and mouth disease and SARS, these reductions might
be achieved by travel restrictions, biosecurity measures, or quarantine arrange-
ments. Another possibility is to reduce the pool of susceptibles by vaccination. In
this case, models can be used to determine the impact of a range of vaccination
strategies, by making various assumptions about the effects of the vaccine—does
it confer indefinite total protection, total protection for a proportion of the pop-
ulation and none for the rest, partial protection for each individual, does the
immunity wane over time, or perhaps the effect is not to protect the vaccinated
individual from being infected but to make an infective less infectious to others,
and so on? Allowing for vaccination status in the models adds an extra layer to
the heterogeneity of the population. Various measures of vaccine efficacy have
been proposed, and the design of studies and methods of their estimation are
important statistical issues; see, e.g., Datta et al. (1999) and Becker et al. (2003).
Heterogeneity of mixing is an added complication in assessing possible vaccina-
tion strategies. Even for a perfect vaccine, if there is a limited supply, or limited
resources with which to administer it, how should the vaccine be allocated? In
the case of the simple metapopulation models described in Section 1.4.3, aiming
to reduce the numbers of susceptibles in each subgroup to the same level makes
intuitive sense, but assumes that numbers of susceptibles are known and that it
is socially and operationally feasible to carry out such a strategy.

For almost all of the research described above, it has been assumed that a
small number of infectives—perhaps just one—is introduced into a wholly sus-
ceptible population. Then the interest is in the probability that the infection will
spread and lead to a major outbreak, the properties of that outbreak condition-
ally on it doing so, and how best to control transmission. But models also have
a role to play in answering another important problem: how best to detect an
emerging new infection, such as SARS; or a new outbreak of a pre-existing one,
such as foot and mouth disease. This topic that has become especially topical
with the current emphasis on detection of bioterrorism attacks, and has spurred
renewed interest in models for smallpox, which was successfully eradicated world-
wide by 1980. Returning closer to home, however, and with the reason for this
volume in mind, those who have followed David Cox’s interests over the last few
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years will know of his pre-occupation with badgers and the spread of tuberculo-
sis in cattle (Donnelly et al. 2003). Potential models for this exemplify many of
the complications discussed in this chapter including the presence of more than
one host species, uncertain transmission routes, complex spatial considerations
and incomplete observations. This work has recently led David to think about
the question of how to detect a new outbreak of infection, and to know when,
and how, to instigate control measures. Perhaps he will soon provide the answer
to this question in yet another seminal contribution to applied probability!
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2
Stochastic soil moisture dynamics and

vegetation response

Amilcare Porporato and Ignacio Rodŕıguez-Iturbe

2.1 Introduction
In this chapter we present an overview of a stochastic soil moisture model that
was originally proposed in Rodŕıguez-Iturbe et al. (1999) following previous
analysis by Cox and Isham (1986). The model has been used by the authors
and co-workers to investigate analytically the relationship between the hydro-
logic and vegetation dynamics—ecohydrology—in water-controlled ecosystems
(Rodŕıguez-Iturbe and Porporato 2005).

Water-controlled ecosystems are complex evolving structures whose char-
acteristics and dynamic properties depend on many interrelated links between
climate, soil, and vegetation (Rodŕıguez-Iturbe 2000, Porporato and Rodŕıguez-
Iturbe 2002, Rodŕıguez-Iturbe and Porporato 2005). On the one hand, climate
and soil control vegetation dynamics, while on the other hand vegetation exerts
important control on the entire water balance and is responsible for feedback to
the atmosphere.

Two characteristics make quantitative analysis of the problem especially
daunting: the very large number of different processes and phenomena that make
up the dynamics; and the extremely large degree of variability in time and space
that the phenomena present. The first obviously demands simplifying assump-
tions in the modelling scheme while preserving the most important features of
the dynamics, while the second demands a stochastic description of some of the
processes controlling the overall dynamics, especially precipitation.

The dynamics of the soil–plant–atmosphere system are interpreted on the
daily time scale. Moreover, for the sake of simplicity, only cases with negligible
seasonal and interannual rainfall components are considered. The growing season
is thus assumed to be statistically homogeneous: the effects of the initial soil
moisture condition are considered to last for a relatively short time and the
probability distribution of the soil water content to settle in a state independent
of time. Possible extensions to transient conditions are discussed in Rodŕıguez-
Iturbe and Porporato (2005).
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2.2 Soil water balance at a point
2.2.1 Basic model

Soil moisture is the key variable synthesizing the interrelationship between cli-
mate, soil, and vegetation. Its dynamics are described by the soil water balance,
i.e. the mass conservation of soil water as a function of time. We will consider
the water balance vertically averaged over the root zone, focusing on the most
important components as sketched in Fig. 2.1.

The state variable regulating the water balance is the relative soil moisture, s,
which represents the fraction of pore volume containing water. The total volume
of soil is given by the sum of the volumes of air, water, and mineral components,
i.e. Vs = Va + Vw + Vm. The porosity is defined as

h
Rainfall

t

Evapo-
transpiration

Interception-
Evaporation

Throughfall

Runoff

Zr

Zr

Effective porosity, n
Leakage

Effective porosity, n

Runoff

Fig. 2.1. Schematic representation of the various mechanisms of the soil water
balance with emphasis on the role of different functional vegetation types.
After Laio et al. (2001b).
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n =
Va + Vw

Vs
,

and the volumetric water content, θ, is the ratio of water volume to soil volume,
so that the relative soil moisture is

s =
Vw

Va + Vw
=

θ

n
, 0 ≤ s ≤ 1.

If we denote the rooting depth by Zr, then snZr represents the volume of water
contained in the root zone per unit area of ground.

With the above definitions and under the simplifying assumption that the
lateral contributions can be neglected—that is, there are negligible topographic
effects over the area under consideration—the vertically averaged soil moisture
balance at a point may be expressed as

nZr
ds(t)
dt

= ϕ{s(t), t} − χ{s(t)}, (2.1)

where t is time, ϕ{s(t), t} is the rate of infiltration from rainfall, and χ{s(t)} is
the rate of soil moisture losses from the root zone. The terms on the right-hand
side of eqn (2.1) represent water fluxes, i.e. volumes of water per unit area of
ground and per unit of time (e.g. mm/day).

The infiltration from rainfall, ϕ{s(t), t}, is the stochastic component of the
balance. It represents the part of rainfall that actually reaches the soil column,

ϕ{s(t), t} = R(t) − I(t) − Q{s(t), t},

where R(t) is the rainfall rate, I(t) is the amount of rainfall lost through canopy
interception, and Q{s(t), t} is the rate of runoff.

The water losses from the soil are from two different mechanisms,

χ{s(t)} = E{s(t)} + L{s(t)}, (2.2)

where E{s(t)} and L{s(t)} are the rates of evapotranspiration and drainage, re-
spectively. The normalized form of the losses will be denoted ρ(s) = χ(s)/(nZr).

2.2.2 Rainfall modelling

On small spatial scales, where the contribution of local soil-moisture recycling
to rainfall is negligible, the rainfall input can be treated as an external random
forcing, independent of the soil moisture state. Since both the occurrence and
amount of rainfall can be considered to be stochastic, the occurrence of rainfall
will be idealized as a series of point events in continuous time, arising according
to a Poisson process of rate λ and each carrying a random amount of rainfall ex-
tracted from a given distribution. The temporal structure within each rain event
is ignored and the marked Poisson process representing precipitation is physi-
cally interpreted on a daily time scale, where the pulses of rainfall correspond
to daily precipitation assumed to be concentrated at an instant in time.
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The depth of rainfall events is assumed to be an independent random variable
h, described by an exponential probability density function

fH(h) = α−1 exp(−h/α), h ≥ 0, (2.3)

where α is the mean depth of rainfall events. In the following, we will often refer
to the value of the mean rainfall depth normalized by the active soil depth,

1
γ

=
α

nZr
. (2.4)

Both the Poisson process and the exponential distribution are commonly used
in simplified models of rainfall on a daily time scale.

Canopy interception is incorporated in the stochastic model by simply as-
suming that, depending on the kind of vegetation, a given amount of water can
potentially be intercepted from each rainfall event (Rodŕıguez-Iturbe et al. 1999).
The rainfall process is thus transformed into a new marked-Poisson process,
called a censored process, where the frequency of rainfall events is now

λ′ = λ

∫ ∞

∆

fH(h)dh = λe−∆/α,

and the depths have the same distribution as before.

2.2.3 Infiltration and runoff

It is assumed that, when the soil has enough available storage to accommodate
the totality of the incoming rainfall event, the increment in water storage is
equal to the rainfall depth of the event; whenever the rainfall depth exceeds the
available storage, the excess is converted in surface runoff. Since it depends on
both rainfall and soil moisture content, infiltration from rainfall is a stochas-
tic, state-dependent component, whose magnitude and temporal occurrence are
controlled by the entire soil moisture dynamics. The probability distribution of
the infiltration component may be easily written in terms of the exponential
rainfall–depth distribution, eqn (2.3), and the soil moisture state s. Referring to
its dimensionless counterpart y, that is, the infiltrated depth of water normalized
by nZr, one can write

fY (y, s) = γe−γy + δ(y − 1 + s)
∫ ∞

1−s

γe−γudu, 0 ≤ y ≤ 1 − s, (2.5)

where γ is defined in eqn (2.4). Equation (2.5) is thus the probability distribution
of having a jump in soil moisture equal to y, starting from a level s. The mass at
(1− s) represents the probability that a storm will produce saturation when the
soil has moisture s. This sets the upper bound of the process at s = 1, making
the soil moisture balance evolution a bounded shot-noise process.
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2.2.4 Evapotranspiration and drainage

The term E{s(t)} in eqn (2.2) represents the sum of the losses resulting from
plant transpiration and evaporation from the soil. Although these are governed
by different mechanisms, we will consider them together.

When soil moisture is high, the evapotranspiration rate depends mainly on
the type of plant and climatic conditions such as leaf-area index, wind speed,
air temperature, and humidity. Providing soil moisture content is sufficient to
permit the normal course of the plants’ physiological processes, evapotranspira-
tion is assumed to occur at a maximum rate Emax, which is independent of s.
When soil moisture content falls below a given point s∗, which depends on both
vegetation and soil characteristics, plant transpiration on the daily time scale
is reduced by stomatal closure to prevent internal water losses and soil water
availability becomes a key factor in determining the actual evapotranspiration
rate. Transpiration and root water uptake continue at a reduced rate until soil
moisture reaches the so-called wilting point sw. Below the wilting point, sw,
soil water is further depleted only by evaporation at a very low rate up to the
so-called hygroscopic point, sh.

From the above arguments, daily evapotranspiration losses are assumed to
occur at a constant rate Emax for s∗ < s < 1, and then to decrease linearly with
s, from Emax to a value Ew at sw. Below sw, only evaporation from the soil
occurs and the loss rate is assumed to decrease linearly from Ew to zero at sh.

Drainage or deep infiltration is modelled as starting from zero at the so-
called field capacity sfc and then increasing exponentially to Ks at saturation.
The total soil water losses are shown in Fig. 2.2.
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Fig. 2.2. Soil water losses (evapotranspiration and drainage), χ(s), as function
of relative soil moisture for typical climate, soil, and vegetation characteristics
in semi-arid ecosystems. After Laio et al. (2001b).
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2.3 Probabilistic evolution of the soil moisture process
The probability density function of soil moisture, p(s, t), can be derived from
the Chapman–Kolmogorov forward equation for the process under analysis
(Rodŕıguez-Iturbe et al. 1999, Cox and Miller 1965, Cox and Isham 1986)

∂

∂t
p(s, t) =

∂

∂s
{p(s, t)ρ(s)} − λ′p(s, t) + λ′

∫ s

sh

p(u, t) fY(s − u, u)du. (2.6)

The complete solution of eqn (2.6) presents serious mathematical difficulties.
Only formal solutions in terms of Laplace transforms have been obtained for
simple cases when the process is not bounded at s = 1 (Cox and Isham 1986,
and references therein). Here we focus on the steady-state case. Under such con-
ditions, the bound at 1 acts as a reflecting boundary. Accordingly, the solutions
for the bounded and unbounded case only differ by an arbitrary constant of
integration. The general form of the steady-state solution can be shown to be
(Rodŕıguez-Iturbe et al. 1999)

p(s) =
C

ρ(s)
exp

{
−γs + λ′

∫
du

ρ(u)

}
, sh < s ≤ 1, (2.7)

where C is the normalization constant. The limits of the integral in the expo-
nential term of eqn (2.7) must be chosen to assure the continuity of p(s) at the
end points of the four different components of the loss function (Cox and Isham
1986, Rodŕıguez-Iturbe et al. 1999).

Figure 2.3 shows some examples of the soil moisture probability density func-
tion. The two different types of soil are loamy sand and loam with two different
values of active soil depth. These are chosen in order to emphasize the role of
soil in the soil moisture dynamics. The role of climate is studied only in relation
to changes in the frequency of storm events λ, keeping the mean rainfall depth
α and the maximum evapotranspiration rate Emax fixed. A coarser soil texture
corresponds to a consistent shift of the probability density function toward drier
conditions, which in the most extreme case can reach a difference of 0.2 in the lo-
cation of the mode. The shape of the probability density function also undergoes
marked changes, with the broadest probability density functions for shallower
soils.

2.4 Long-term water balance
As described in eqns (2.1) and (2.2), rainfall is first partitioned in interception,
runoff, and infiltration, the last of which is itself divided into drainage and
evapotranspiration. For the purposes of describing vegetation conditions, the
amount of water transpired can be further divided into water transpired under
stressed conditions and water transpired under unstressed conditions.

Figure 2.4 presents examples of the behaviour of the various components of
the water balance normalized by the mean rainfall rate, for some specific rain-
fall, soil, and vegetation characteristics. The influence of the frequency of rainfall
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Fig. 2.3. Examples of probability density functions of relative soil moisture for
different types of soil, soil depth, and mean rainfall rate. Continuous lines
refer to loamy sand, dashed lines to loam. Left column corresponds to Zr = 30
cm, right column to 90 cm. Top, centre, and bottom graphs have a mean
rainfall rate λ of 0.1, 0.2, and 0.5 d−1 respectively. Common parameters for
all graphs are α = 1.5 cm, ∆ = 0 cm, Ew = 0.01 cm/d, and Emax = 0.45
cm/d. After Laio et al. (2001b).

events, λ, is shown in part a) of Fig. 2.4 for a shallow loam. Since the amount of
interception changes proportionally to the rainfall rate, it is not surprising that
the fraction of water intercepted remains constant when normalized by the total
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Fig. 2.4. Components of the water balance normalized by the total rainfall. a)
Water balance as a function of the mean rainfall rate λ, for a shallow loamy
soil (Zr = 30 cm, α = 2 cm). b) Water balance as a function of the soil depth
Zr, for a loamy sand, with α = 2 cm, λ = 0.2 d−1. c) Water balance for a
loamy sand as a function of the frequency of rainfall events for a constant
mean total rainfall during a growing season, Θ = 60 cm. Other common
parameters are Ew = 0.01 cm/d, Emax = 0.45 cm/d, and ∆ = 0.2 cm. After
Laio et al. (2001b).
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rainfall, αλ. The percentage of runoff increases almost linearly. More interesting
is the interplay between drainage and the two components of evapotranspiration.
The fraction of water transpired under stressed conditions rapidly decreases from
λ = 0.1 to about λ = 0.4, while the evapotranspiration under unstressed condi-
tions evolves much more gently. This last aspect has interesting implications for
vegetation productivity.

Part b) of Fig. 2.4 shows the role of the active soil depth in the water balance.
For relatively shallow soils there is a strongly non-linear dependence on soil
depth of all the components of the water balance, with the obvious exception
of interception, which is constant because the rainfall is constant. For example,
changing nZr = 5 to nZr = 20 practically doubles the amount of water transpired
in this particular case.

Part c) of Fig. 2.4 shows the impact on water balance when the frequency and
amount of rainfall are varied while keeping constant the total amount of rainfall
in a growing season. The result is interesting, due to the existence of two opposite
mechanisms regulating the water balance. On one hand runoff production, for
a given mean rainfall input, strongly depends on the ratio between soil depth
and the mean depth of rainfall events. The rapid decrease of runoff is thus
somewhat analogous to that in part b) of Fig. 2.4, where a similar behaviour was
produced by an increase in soil depth. On the other hand, interception increases
almost linearly with λ. The interplay between these two mechanisms determines
a maximum of both drainage and evapotranspiration at moderate values of λ—
of course the position of the maxima changes according to the parameters used.
This is particularly important from the vegetation point of view, since the mean
transpiration rate is linked to productivity of ecosystems. The role not only of
the amount, but also of the timing of rainfall in soil moisture dynamics, is made
clear by the existence of an optimum for transpiration/productivity, which is
directly related to the climate–soil–vegetation characteristics.

2.5 Minimalist models of soil moisture dynamics
A possible simplification of the previous model is to assume that drainage and
runoff losses take place instantaneously above a given value s1, that is, at an
infinite rate, Ks → ∞, so that s1 is the effective upper bound of the process. In
this way, one can introduce a new variable

x =
s − sw

s1 − sw
,

which will be called the effective relative soil moisture, and define the available
water storage as w0 = (s1 − sw)nZr. In the new variable x, the only relevant
parameters are w0, λ, α, and Emax. Using dimensional analysis, the problem can
be expressed as a function of only two dimensionless variables,

γ =
w0

α
,

λ

η
=

λw0

Emax
.
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On the assumption that evapotranspiration losses increase linearly with soil
moisture (Porporato et al. 2004), ρ = ηx, the soil moisture probability density
function turns out to be a truncated gamma density,

p(x) ∝ xλ/η−1 e−γ x, 0 < x < 1; (2.8)

owing to the truncation, the shape of this density depends on both the scale
parameter γ and the shape parameter λ/γ.

The corresponding behaviour of the probability density function of the ef-
fective relative soil moisture as a function of the governing parameters may be
used for a general classification of soil moisture regimes. Accordingly, the bound-
aries between different shapes of the probability density function may be used
to define an ‘arid’ regime, corresponding to probability density functions with
zero mode, an ‘intermediate’ regime, corresponding to soil moisture probability
density functions with a central maximum, and a ‘wet’ regime, with the mode at
saturation, as indicated in Fig. 2.5. A further distinction within the intermediate
regime can be made on the basis of plant response to soil moisture dynamics.
Using the effective relative soil moisture value x∗ as a threshold marking the
onset of plant water stress, the dashed line of slope 1/x∗ in Fig. 2.5 becomes the
place where the mode of the effective relative soil moisture probability density

Fig. 2.5. Classification of soil water balance, based on the shape of the effective
relative soil moisture probability density function, as a function of the two
governing parameters, λ/η and γ, that synthesize the role of climate, soil,
and vegetation. The dashed line, showing γ = 1/x∗(λ/η − 1), is the locus
of points where the mode of the soil moisture probability density function
is equal to the threshold x∗ marking the onset of plant water stress. After
Porporato et al. (2004).



Stochastic soil moisture dynamics and vegetation response 65

function is equal to x∗ and thus where plants are more likely to be at the bound-
ary between stressed and unstressed conditions. Accordingly, it may be used to
divide water-stressed or semi-arid types of water balance on the left side from
unstressed ones on the right side; see Fig. 2.5.

2.6 Crossing properties and mean first passage times
of soil moisture dynamics

2.6.1 General framework

The frequency and duration of excursions of the soil moisture process above and
below some levels directly related to the physiological dynamics of plants are of
crucial importance for ecohydrology. The analysis of the crossing properties is
also important to gain insights on the transient dynamics of soil moisture, either
at the beginning of the growing season, to evaluate the time to reach the stress
levels after the soil winter storage is depleted, or after a drought, to estimate
the time to recover from a situation of intense water stress.

The derivation of exact expressions for the mean first passage times for sys-
tems driven by white shot noise, as is the soil moisture dynamics described above,
has received considerable attention, both because of its analytical tractability
and because of the large number of its possible applications. We follow here Laio
et al. (2001a), where simple interpretable results for the mean first passage times
of stochastic processes driven by white shot noise are derived for cases relevant
to soil moisture dynamics.

In order to analyse the crossing properties of the Markovian process just
described, one obtains the corresponding backward or adjoint equations from
the forward equations. Using the backward equation it is then possible to write
the differential equation that describes the evolution of the probability density,
gT (s0, t), that a particle starting from s0 inside an interval {ξ′, ξ} leaves the
interval for the first time at a time t. For the process under consideration we
obtain

∂gT (s0, t)
∂t

= −ρ(s0)
∂gT (s0, t)

∂s0
−λ gT (s0, t)+λ

∫ ξ

s0

fY (z−s0, s0)gT (z, t)dz. (2.9)

One does not need to solve the partial integro-differential equation (2.9) to ob-
tain the first passage time statistics of the process. An expression involving the
mean time for exiting the interval [ξ′, ξ], T ξ′ξ(s0), is obtained from eqn (2.9) by
multiplying by t and then integrating between 0 and ∞. Using the definition of
the mean time of crossing, T ξ′ξ(s0) =

∫∞
0

t gT (s0, t)dt and integrating by parts
the term with the time derivative, one gets

−1 = −ρ(s0)
d T ξ′ξ(s0)

ds0
− λ T ξ′ξ(s0) + λ

∫ ξ

s0

γe−γ(z−s0) T ξ′ξ(z)dz, (2.10)

where the exponential part of the jumps distribution, fY (z − s0, s0), has been
used in the integral on the right-hand side because, with the hypothesis that
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ξ < sb, the presence of the bound at sb becomes irrelevant. The integro-differential
equation (2.10) was also obtained by Masoliver (1987) in a more general way. A
similar procedure may be followed to derive the equations for the higher-order
moments of gT (s0, t).

On differentiating eqn (2.10) with respect to s0 and reorganizing the terms,
the following second order differential equation is obtained:

ρ(s0)
d2T ξ′ξ(s0)

ds0
2

+
{

λ +
dρ(s0)
ds0

− γρ(s0)
}

dT ξ′ξ(s0)
ds0

+ γ = 0. (2.11)

Equation (2.11) needs two boundary conditions, the first of which may be ob-
tained from eqn (2.10) evaluated at s0 = ξ,

ρ(ξ)
dT ξ′ξ(s0)

ds0

∣∣∣∣
s0=ξ

= 1 − λT ξ′ξ(ξ).

For the second condition one must consider whether the lower limit ξ′ is above
or below sh. In the first case, ξ′ is an absorbing barrier of the model, so that
the boundary condition is T ξ′ξ(ξ′) = 0. In contrast, when ξ′ < sh, ξ′ cannot be
reached by the trajectory, and the average exiting time from the interval becomes
the mean first passage time over the threshold ξ. In this case the second boundary
condition is obtained by setting s0 = sh in eqn (2.10), i.e.,

T ξ′ξ(sh) =
∫ ξ

sh

γe−γ(z−sh)T ξ′ξ(z)dz +
1
λ

.

Below, we will deal with the case where only one threshold, generically indi-
cated as ξ, is effectively present. The mean first passage time over a threshold ξ
above the initial point s0 was obtained as (Laio et al. 2001a)

T ξ(s0) =
P (ξ)

p(ξ)ρ(ξ)
+

∫ ξ

s0

{
λP (u)

p(u)ρ2(u)
− 1

ρ(u)

}
du, (2.12)

where P (x) =
∫ x

0
p(z)dz. When the starting point s0 coincides with the threshold

ξ, the integral on the right-hand side vanishes and the mean crossing time is

T ξ(ξ) =
P (ξ)

p(ξ)ρ(ξ)
. (2.13)

As a consequence, under steady-state conditions the mean rate of occurrence or
frequency of the upcrossing (or downcrossing) events of the threshold ξ can be
obtained from eqn (2.13) as

ν(ξ) = p(ξ)ρ(ξ). (2.14)

Returning to the mean first passage times, some manipulation of eqn (2.12) leads
to the synthetic expression
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T ξ(s0) = T s0(s0) + γ

∫ ξ

s0

Tu(u)du, (2.15)

which, along with eqn (2.13), completely defines the mean first passage time
from s0 to ξ for s0 < ξ.

When instead the mean first passage time over a threshold ξ′ below the initial
point s0 is considered and ξ → ∞, one obtains

T ξ′(s0) =
∫ s0

ξ′

1
ρ2(u)p(u)

{λ − λP (u) + p(u)ρ(u)} du

(2.16)

= T s0(s0) − T ξ′(ξ′) +
1

ν(ξ′)
− 1

ν(s0)
+ γ

∫ s0

ξ′

{
1

ν(u)
− Tu(u)

}
du,

where T s0(s0), T ξ′(ξ′), and Tu(u) are calculated from eqn (2.13) and ν(ξ′),
ν(s0), and ν(u) from eqn (2.14).

Unlike T ξ(s0), T ξ′(s0) depends on the presence of the bound at s = sb and
on the shape of ρ(s) for s > s0. This is clear from the presence in eqn (2.16)
of ν(ξ′), ν(s0), and ν(u), which in turn contain the normalizing constant of the
density.

In Fig. 2.6, T s∗ is studied as a function of the frequency of the rainfall events
λ and of the mean rainfall depth α, in such a way that the product αλ remains

Fig. 2.6. Mean duration of excursions below s∗, T s∗(s∗), as a function of the
frequency of the rainfall events λ when the total rainfall during the growing
season is kept fixed at 650 mm for different values of the maximum evapo-
transpiration rate. The root depth is Zr = 60 cm, the soil is a loam. After
Laio et al. (2001a).
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constant for different values of the maximum evapotranspiration rate. This is to
compare environments with the same total rainfall during a growing season, but
with differences in the timing and average amount of the precipitation events.
In the case of high maximum transpiration rates, plants may experience longer
periods of stress either where the rainfall events are very rare but intense or where
the events are very frequent and light. From a physical viewpoint, this is due to
the relevant water losses by drainage, runoff or canopy interception, indicating
possible optimal conditions for vegetation. Figure 2.6 indicates the existence of
an optimum ratio between λ and α. The same behaviour was encountered in
part c) of Fig. 2.3 in connection with the water balance.

2.6.2 Minimalist model with linear losses

In the case of linear losses bounded above at x = 1, the mean first passage time
of the threshold ξ or ξ′ with starting point x0 can be calculated from eqns (2.14),
(2.15), and (2.16), using the expression for the steady-state probability density
function, eqns (2.8), and (2.9). For x0 = ξ one obtains

T ξ(ξ) =
1
λ

+
1
λ

eγξ(γξ)−λξ/η

{
Γ
(

1 +
λ ξ

η

)
− Γ

(
1 +

λ ξ

η
, γ ξ

)}
=

1
λ

1F1

[
1, 1 +

λ

η
, γξ

]
,

where 1F1 denotes the confluent hypergeometric Kummer function (Abramowitz
and Stegun 1964).

The quantities T ξ(ξ) and ν(ξ) are plotted as functions of ξ in Fig. 2.7. Com-
mon features for all the curves are the increase of T ξ(ξ) with ξ and the presence
of a maximum in the crossing frequency, ν(ξ). In particular, as the maximum
evapotranspiration increases, so does the duration of excursions below any given
threshold ξ, while the value ξmax for which ν(ξ) has a maximum is usually very
close to the mean value of the steady-state distribution. This is because they
both represent levels of x around that the trajectory preferably evolves. How-
ever, the two values only coincide in the unbounded case: in fact, one can set
ρ(x)p(x) = ν(x) and obtain the equation for the threshold that experiences
the maximum crossing frequency. When the loss function is linear, one obtains
ξmax = λ/(γη). Only in the unbounded case is such a value equal to the mean
steady-state value.

It also is interesting to point out that the mean time of crossing, T ξ(ξ),
does not decrease monotonically as ξ goes to zero, since there are very low
soil moisture values below which the process very seldom goes. Although such
levels, which are not shown in Fig. 2.7, are usually very low and thus of little
practical interest in water-controlled ecosystems, they could be higher and thus
more relevant when the conditions are humid, especially in the case of very low
transpiration rates. An example of such a case is shown in Fig. 2.8.
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Fig. 2.7. Mean duration of an excursion below ξ, T ξ(ξ) (top), and frequency of
upcrossing of ξ, ν(ξ) (bottom), as a function of the threshold value ξ for the
minimalist soil moisture process with linear losses. λ = 0.2 d−1 and α = 1
cm, Zr = 100 cm. The three curves refer to different Emax: 0.4 cm/day
(solid), 0.5 cm/day (long dashes), and 0.6 cm/day (short dashes). After
Rodŕıguez-Iturbe and Porporato (2005).

2.7 Plant water stress
2.7.1 Definition

The reduction of soil moisture content during droughts lowers the plant water
potential and leads to a decrease in transpiration. This, in turn, causes a re-
duction of cell turgor and relative water content in plants, which brings about
a sequence of damages of increasing seriousness. Using the links between soil
moisture and plant conditions, the mean crossing properties of soil moisture can
be used to define an index of plant water stress that combines the intensity,
duration, and frequency of periods of soil water deficit. Porporato et al. (2001)
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Fig. 2.8. Mean duration of an excursion below ξ, T ξ(ξ) (continuous line), fre-
quency of upcrossing of ξ, ν(ξ) (dashed line), and soil moisture probability
density function, p(ξ) (dotted line), as a function of the threshold value ξ
for the minimalistic soil moisture process with linear losses. λ = 0.2 d−1

and α = 1 cm, Zr = 100 cm, Emax=0.2 cm/d. After Rodŕıguez-Iturbe and
Porporato (2005).

use the points of incipient and complete stomatal closure as indicators of the
starting and maximum points of water stress. They define a ‘static’ stress ζ that
is zero when soil moisture is above the level of incipient reduction of transpi-
ration, s∗, and grows non-linearly to a maximum value equal to one when soil
moisture is at the level of complete stomatal closure or wilting, sw, i.e.

ζ(t) =

{{
s∗−s(t)
s∗−sw

}q

, sw ≤ s(t) ≤ s∗,

0, otherwise,

where q is a measure of the non-linearity of the effects of soil moisture deficit on
plant conditions. The mean water stress given that s < s∗, indicated by ζ ′, can
be calculated from the soil moisture probability density function.

A more complete measure of water stress, θ, which combines the previously
defined ‘static’ stress, ζ ′, with the mean duration and frequency of water stress
through the variables T s∗(s∗) and ns∗ ; the latter is the mean number of crossings
during a growing season of duration Tseas (Porporato et al. 2001). This is referred
to as ‘dynamic’ water stress or mean total dynamic stress during the growing
season and is defined as

θ =


(

ζ′ T s∗
k Tseas

)n−r
s∗

, ζ ′ T s∗ < k Tseas,

1, otherwise.

The role of the parameters k and r is discussed in Porporato et al. (2001).
The dynamic water stress well describes plant conditions and has been used
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with success in different ecohydrological applications (e.g. Rodŕıguez-Iturbe and
Porporato 2005).

2.7.2 Vegetation patterns along the Kalahari precipitation gradient

As a case study of the stochastic model of soil moisture and plant water stress
dynamics we briefly summarize the application to the Kalahari precipitation
gradient (Porporato et al. 2003).

The mean annual precipitation in the Kalahari decreases from north to south
going from more than 1500 mm/year in the northern tropical region to less than
300 mm/year near the Kalahari desert. Porporato et al. (2003) examined the
historic record of daily rainfall data for a set of stations distributed along the
Kalahari transect and found that the decrease in the mean rainfall amount is
mostly a consequence of a reduction in the rate of storm arrivals. Thus, assuming
a spatially uniform mean rainfall depth per event, α = 10 mm, they varied the
mean rate of event arrivals λ in the range between 0.5 and 0.1 d−1 when going
from north to south along the transect. Mean typical values for tree and grass
parameters were estimated from the literature. Since grass roots are typically
concentrated closer to the soil surface, the parameter Zr representing the effective
rooting depth was assumed to be Zr = 100 cm for trees and Zr = 40 cm for
grasses.

Figure 2.9 shows the dynamical water stress computed as a function of the
rate of event arrivals for the mean parameter values representative of trees and
grasses. As expected, the general behaviour is one of progressive increase of plant

Fig. 2.9. Behaviour of the dynamical water stress as a function of the mean
rate of arrival of rainfall events for trees (dashed line) and grasses (dotted
line). After Porporato et al. (2003).
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stress going from wet to dry climates. The plateau for intermediate values of λ is
a consequence of the interplay between the frequency of periods of water stress,
which attains its maximum in such a zone, and the duration of the stress periods,
which increases with decreasing λ. The dependence of the dynamic stress on λ
is more marked for trees than for grasses. In particular, for very low rainfall
amounts grasses are able to lower water stress more significantly than trees are
able to. This is partially due to their lower wilting point, which reduces the
effect of water deficit on the plant. More importantly, grasses benefit from their
shallow rooting depth, which allows increased access to light rainfall events and
reduces the occurrence of long periods of water stress.

The point of equal stress, which could be interpreted as identifying a general
region of tree–grass coexistence, is located near λ = 0.2 d−1, which corresponds
to a total rainfall of approximately 420 mm for the wet season months October
to April. The fact that the slope of the two curves near the crossing point is fairly
shallow may help to explain the existence of a wide region suitable for tree–grass
coexistence at average rainfall rates. The pronounced interannual variability of
both rainfall parameters might further enhance the possibility of coexistence by
randomly driving the ecosystem from an increase in grasses during dry years to
tree encroachment during wet years (Porporato et al. 2003).

2.8 Conclusions
A simplified stochastic model for the soil water balance that explicitly accounts
for rainfall variability has been used to investigate analytically the impact on
the soil water balance of climate, soil, and vegetation. The crossing analysis of
such a process has been employed to define a measure of plant water stress that
well describes vegetation response in water-controlled ecosystems. The model
presented here demonstrates that, with careful simplifications and the inclusion
of stochastic components, problems with complex dynamics that are encountered
in biogeochemical sciences can be approached theoretically in a coherent and
synthetic way. Further developments, comparison with data, and applications of
the model may be found in Rodŕıguez-Iturbe and Porporato (2005).

Different aspects of theoretical ecohydrology offer further interesting areas
of research. In particular, we mention the analysis of transient properties and
the distribution of crossings of soil moisture dynamics, the extension to include
spatial variability, especially in the presence of topography and river networks,
and the analysis of second- and higher-order stochastic processes resulting from
the coupling of soil moisture dynamics with plant biomass and soil nutrient
dynamics.



3
Theoretical statistics and asymptotics

Nancy Reid

3.1 Introduction
Cox and Hinkley’s Theoretical Statistics (1974) was arguably the first modern
treatment of the foundations and theory of statistics, and for the past thirty
years has served as a unique book for the study of what used to be called
mathematical statistics. One of its strengths is the large number of examples
that serve not only to illustrate key concepts, but also to illustrate limitations of
many of the classical approaches to inference. Since the time of its publication
there has been considerable development of the theory of inference, especially
in the area of higher-order likelihood asymptotics. The paper by Barndorff-
Nielsen and Cox (1979) read to the Royal Statistical Society initiated many
of these developments. There have also been very dramatic advances in the
implementation of Bayesian methodology, particularly with the development of
sampling methods for computing posterior distributions.

A current approach to the study of theoretical statistics should be informed
by these advances. Barndorff-Nielsen and Cox (1994) presents an approach to in-
ference based on likelihood asymptotics, as does Pace and Salvan (1997). Severini
(2000a) covers much of the same material at a somewhat more elementary level.
Bayesian methodology is covered in books on that topic, for example Bernardo
and Smith (1994), while Schervish (1995) presents an encyclopedic treatment
of both classical and Bayesian approaches to inference. Davison (2003) provides
a masterful and wide-ranging account of the use of statistical models in theory
and practice, with a welcome emphasis on many practical aspects, and this ap-
proach is closest in spirit to the one I would like to follow. At a more advanced
level there is not to my knowledge a treatment of the main themes of theoretical
statistics that attempts to incorporate recent advances in a unified framework.

In this chapter I will attempt to set out some ideas for such a framework,
building on topics and examples from Cox and Hinkley (1974), and very heavily
influenced by Barndorff-Nielsen and Cox (1994). The emphasis is on some the-
oretical principles that have their basis in asymptotics based on the likelihood
function. There are, of course, many important advances and developments in
statistical theory and methodology that are not subsumed by asymptotic theory
or Bayesian inference. These include developments in non-parametric and semi-
parametric inference as well as a large number of more specialized techniques
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for particular applications. The explosion in statistical methods in a great many
areas of science has made a comprehensive study of the field of statistics much
more difficult than perhaps it was, or seems to have been, thirty years ago. In
light of David Cox’s view that a theory of statistics forms a basis both for un-
derstanding new problems and for developing new methods, I try here to focus
on how to structure this theory for students of statistics.

In Section 3.2 I sketch a framework for the implementation of higher-order
asymptotics and Bayesian inference into my ideal course or text on the theory
of statistics. In Section 3.3 I note topics from a more standard treatment of
theoretical statistics that have been omitted and provide some brief conclusions.

3.2 Likelihood-based asymptotics
3.2.1 Introduction

The likelihood function provides the foundation for the study of theoretical sta-
tistics, and for the development of statistical methodology in a wide range of
applications. The basic ideas for likelihood are outlined in many books, includ-
ing Chapter 2 of Cox and Hinkley (1974). Given a parametric model f(y; θ)
on a suitably defined sample space and parameter space, the likelihood and log
likelihood functions of θ are defined as

L(θ) = L(θ; y) ∝ f(y; θ) �(θ) = �(θ; y) = log L(θ; y) + a(y).

If θ is a scalar parameter a plot of L(θ) or �(θ) against θ for fixed y provides useful
qualitative information about the values of θ consistent with that observed value
of y. For examples see Barndorff-Nielsen and Cox (1994, pp. 96–97). Particularly
useful summaries include the score function u(θ; y) = �′(θ), the maximum likeli-
hood estimate θ̂ = arg supθ�(θ), the observed Fisher information j(θ) = −�′′(θ)
and the log likelihood ratio �(θ̂) − �(θ). Standardized versions of these are used
to measure the discrepancy between the maximum likelihood estimate θ̂ and the
parameter θ. We define them as follows:

score s(θ) = �′(θ){j(θ̂)}−1/2, (3.1)

Wald q(θ) = (θ̂ − θ){j(θ̂)}1/2, (3.2)

likelihood root r(θ) = sign (q)
√

[2{�(θ̂) − �(θ)}]. (3.3)

With independent identically distributed observations y = (y1, . . . , yn), an ap-
plication of the central limit theorem to the score function u(θ; y) can be used
to show that each of s, q, and r has a limiting standard normal distribution,
under the model f(y; θ), and subject to conditions on f that ensure consistency
of θ̂ and sufficient smoothness to permit the requisite Taylor series expansions.

These limiting results suggest that in finite samples we can approximate the
distribution of s, q, or r by the standard normal distribution. In Figure 3.1 we
illustrate these approximations for a single observation from the location model
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Fig. 3.1. p-value functions from the exact distribution of θ̂ (solid) and the ap-
proximate normal distribution based on the likelihood root r (dash), the
score statistic s (dotted), and the Wald statistic q (long dash). The model
is f(y; θ) = exp{−(y − θ) − e−(y−θ)} and the observed value of y is 21.5.
This illustrates the use of asymptotic theory to give approximate p-values;
in this case the approximations are quite different from each other and from
the exact p-value.

f(y; θ) = exp{−(y − θ) − e−(y−θ)}. I have plotted as a function of θ the exact
probability F (y; θ) and the normal approximations to this exact probability:
Φ(s), Φ(q), and Φ(r), for a fixed value of y, taken here to be 21.5. This is called
here the p-value function, and is used to calibrate the log likelihood function
by identifying values of θ consistent with the data on a probability scale. For
example, the value of θ that corresponds to a p-value of 1 − α corresponds
to a lower 100α% confidence bound for θ. The approximations illustrated in
Figure 3.1 are called first-order approximations, as they are based on the limiting
distribution.

A function of y and θ that has a known distribution is often called a pivotal
statistic, or pivotal function. The p-value functions based on r, q, and s shown
in Figure 3.1 are all pivotal functions, at least approximately, since the distri-
bution of, for example, r, is known to be approximately standard normal, and
so the distribution of Φ(r) is approximately U(0, 1). The exact p-value function
constructed from the known distribution f(y; θ) is an exact pivotal function. An
important aspect of the theory of higher-order asymptotics based on the like-
lihood function is the joint dependence of the likelihood function and derived
quantities on both the parameter and the data.
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Table 3.1. Selected exact p-values compared to the third-order approximation
Φ(r∗), for the location model illustrated in Figure 3.1.

θ 14.59 16.20 16.90 17.82 18.53 20.00 20.47 20.83
Exact 0.999 0.995 0.990 0.975 0.950 0.800 0.700 0.600
Φ(r∗) 0.999 0.995 0.990 0.974 0.949 0.799 0.700 0.600

θ 21.41 21.69 21.98 22.60 22.81 23.03 23.17 23.43
Exact 0.400 0.300 0.200 0.050 0.025 0.010 0.005 0.001
Φ(r∗) 0.401 0.302 0.202 0.051 0.025 0.010 0.005 0.001

Somewhat remarkably, a simple combination of r and s leads to a pivotal
function for which the normal approximation is much more accurate. Table 3.1
compares the exact p-value to that based on a normal approximation to the
quantity

r∗(θ) = r(θ) +
1

r(θ)
log

s(θ)
r(θ)

. (3.4)

The derivation of r∗ uses so-called higher-order asymptotics, the basis of which is
an asymptotic expansion whose leading term gives the first-order normal approx-
imation to the distribution of r. The approximation illustrated in Table 3.1 is
often called a third-order approximation, as detailed analysis shows that the
approximation has relative error O(n−3/2), in the moderate deviation range
θ̂ − θ = Op(n−1/2). However, before theoretical motivation is provided for this
particular construction the numerical evidence is compelling, in this and any
number of continuous one-parameter models. The following sections consider
methods for obtaining similar results in somewhat more complex models. The
emphasis is on constructing p-value functions for a scalar parameter, based on
a scalar summary of the data. Section 3.2.2 considers reduction of the data to a
scalar summary, and Section 3.2.3 discusses models with nuisance parameters.

3.2.2 Marginal and conditional distributions

With a sample of size n = 1 and a scalar parameter the variable is in one-to-one
correspondence with the parameter, and plots and tables are easily obtained.
In some classes of models we can establish such a correspondence and obtain
analogous results. In full exponential families this correspondence is achieved by
considering the marginal distribution of the maximum likelihood estimator or
the canonical statistic. In transformation families this correspondence is achieved
by considering the conditional distribution given the maximal ancillary. Thus,
these two families can serve as prototypes for proceeding more generally. The
discussion of exponential and transformation families in Chapter 2 of Barndorff-
Nielsen and Cox (1994) seems ideal for this, and there are excellent treatments
as well in Pace and Salvan (1997), Severini (2000a), and Davison (2003). An im-
portant and useful result is the derivation, in transformation models, of the exact
distribution of the maximum likelihood estimator conditional on the maximal
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ancillary. The illustration of this is particularly simple for the location model,
where we have (Cox and Hinkley, 1974, Example 4.15),

f(θ̂ | a; θ) =
exp{�(θ; θ̂, a)}∫
exp{�(θ; θ̂, a)}dθ

, (3.5)

with

�(θ; θ̂, a) =
∑

log f(yi − θ) =
∑

log f(ai + θ̂ − θ), (3.6)

where the maximal ancillary a = (a1, . . . , an) = (y1 − θ̂, . . . , yn − θ̂).
Laplace approximation to the integral in the denominator gives an approxi-

mation to the conditional density of θ̂, called the p∗ approximation

p∗(θ̂ | a; θ) = c|j(θ̂)|1/2 exp{�(θ̂) − �(θ)}. (3.7)

An approximation to the integral of this density can be integrated to give the
normal approximation to the distribution of r∗ defined in (3.4); see for example
Davison (2003, Chapter 12). This argument generalizes to transformation fami-
lies, of which the location model is the simplest example (Barndorff-Nielsen and
Cox, 1994, §6.2).

Related calculations can be carried out in one-parameter exponential families
with density f(yi; θ) = exp{θyi − c(θ) − d(yi)}. For y = (y1, . . . , yn) we have

f(y; θ) = exp{θy+ − nc(θ) − d̃(y+)};

where y+ =
∑

yi is a minimal sufficient statistic for θ. A higher-order approx-
imation to the distribution of y+ or θ̂ leads to a normal approximation to the
distribution of

r∗(θ) = r(θ) +
1

r(θ)
log

q(θ)
r(θ)

, (3.8)

where now q(θ) is the Wald statistic eqn (3.2). This approximation can be derived
from a saddlepoint approximation to the density of the sufficient statistic y+, just
as eqn (3.4) is derived by integrating the p∗ approximation (3.7). An example is
given by the Pareto distribution

f(y; θ) = θ(1 + y)−(θ+1), y > 0, θ > 0;

the p-values based on a simulated sample of size 5 are illustrated in Figure 3.2.
The exact distribution is computed using the fact that log(1 + y) follows an
exponential distribution with rate θ.

Examples such as these are perhaps useful for motivation of the study of the
r∗ approximation, but they are also essentially defining the inference goal as a
set of confidence bounds, or equivalently p-values for testing arbitrary values
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Fig. 3.2. A one-parameter exponential family illustration of the asymptotic the-
ory. The approximate p-value based on r∗ cannot be distinguished from the
exact value (solid). The normal approximation to the likelihood root (dashed)
and Wald statistic (dotted) are much less accurate.

of the parameter. The intervals will not be nested if the log likelihood function
is multimodal, so it is important to plot the likelihood function as well as the
p-value function.

In location families, or more generally in transformation families, condition-
ing serves to reduce the dimension of the data to the dimension of the parameter.
Assume we have a model with a single unknown parameter that is neither an
exponential family model nor a transformation model. The solution that arises
directly from consideration of higher-order approximations is to construct a one-
dimensional conditional model using an approximate ancillary statistic.

As an example, consider sampling from the bivariate normal distribution,
with only the correlation coefficient as an unknown parameter (Cox and Hinkley,
1974, Example 2.30; Barndorff-Nielsen and Cox, 1994, Example 2.38). The log
likelihood function is

�(θ) = −n

2
log(1−θ2)− 1

2(1 − θ2)

n∑
i=1

(y2
1i+y2

2i)+
θ

1 − θ2

n∑
i=1

y1iy2i, −1 < θ < 1.

(3.9)

In this model the minimal sufficient statistic (Σ(y2
1i + y2

2i),Σy1iy2i) does not
have a single component that is exactly ancillary, although either of Σy2

1i or
Σy2

2i is ancillary. It is possible to find an approximate ancillary by embed-
ding the model in a two-parameter exponential family, for example by treating
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α1Σ(y1i + y2i)2/{2n(1 + θ)} and α2Σ(y1i − y2i)2/{2n(1 − θ)} as independent
χ2

n random variables, where α1 = α/(1 − θ), α2 = α/(1 + θ), thus recovering
eqn (3.9) when α = 1. An illustration of this approach in a different (2,1) family
is given in Barndorff-Nielsen and Cox (1994, Example 7.1).

It is also possible to use a method based on a local location family, as de-
scribed in Fraser and Reid (1995). The main idea is to define the approximately
ancillary statistic indirectly, rather than explicitly, by finding vectors in the sam-
ple space tangent to an approximate ancillary. This is sufficient to provide an
approximation to the p-value function. The details for this example are given in
Reid (2003, §4), and the usual normal approximation to the distribution of r∗

still applies, where now

r∗(θ) = r(θ) +
1

r(θ)
log

Q(θ)
r(θ)

, (3.10)

and
Q(θ) = {ϕ(θ̂) − ϕ(θ)}{jϕϕ(θ̂)}1/2 (3.11)

is the Wald statistic, eqn (3.2) in a new parametrization ϕ = ϕ(θ; y). This new
parametrization is the canonical parameter in an approximating exponential
model and is computed by sample space differentiation of the log likelihood
function:

ϕ(θ) = �;V (θ; y), (3.12)

jϕϕ(θ̂) = |�θ;V (θ̂)|−2j(θ̂).

The derivation of V is outlined in Reid (2003, §3); briefly if zi(yi; θ) has a known
distribution, then the ith element of V is

Vi = −
(

∂zi

∂yi

)−1 (
∂zi

∂θ

) ∣∣∣∣
θ̂

. (3.13)

For model (3.9) we have

�;V (θ) = n{θ(t − θ̂s) − (s − θ̂t)}/{(1 − θ2)(1 − θ̂ 2)}
�θ;V (θ̂) = n(θ̂s + t)/(1 − θ̂ 2)2,

with s = Σy1iy2i, t = Σ(y2
1i + y2

2i). The pivotal statistic used was (z1i, z2i) =
[(y1i + y2i)2/{2(1 + θ)}, (y1i − y2i)2/{2(1 − θ)}].

The derivations of approximations like these require a fairly detailed descrip-
tion of asymptotic theory, both the usual first-order theory and less familiar
extensions such as Edgeworth, saddlepoint, and Laplace approximations, as set
out, for example, in Barndorff-Nielsen and Cox (1989). It is difficult to know
how much of this is essential for a modern approach to statistical theory, but
one hopes it is possible to describe the main results without being overly techni-
cal or overly vague. I have not been specific about the definition of approximate
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ancillarity, which can become rather technical. The construction using vectors
based on a pivotal statistic gives a means of proceeding, and while the ancillary
statistic related to this is not uniquely determined, the resulting approximation
is unique to third order.

3.2.3 Models with nuisance parameters

We now consider vector parameters θ, and in order to be able to extend the
construction of a p-value function we will assume that the parameter of interest
ψ is a scalar, and that θ = (ψ, λ). The simplest way to obtain a log likelihood
function for ψ is to use the profile log likelihood function �p(ψ) = �(ψ, λ̂ψ) where
λ̂ψ is the constrained maximum likelihood estimate. Properties and illustrations
of the profile log likelihood function are described in Barndorff-Nielsen and Cox
(1994, Chapters 3–5). Asymptotically normal statistics analogous to eqns (3.1),
(3.2), and (3.3) can be obtained from the profile log likelihood.

The profile likelihood does not, in general, correspond to the density of an
observable random variable, however, and as a result the first-order approxi-
mations can be very poor, especially in the case of high-dimensional nuisance
parameters, such as inference for the variance parameter in a normal theory
linear regression, and in more extreme examples where the dimension of the
nuisance parameter increases with the sample size. These examples can be used
to motivate adjustments to the profile likelihood to accommodate the presence
of nuisance parameters.

As an example, consider a one-way analysis of variance (Cox and Hinkley,
1974, Examples 5.20, 9.5, 9.24), in which yij ∼ N(λi, ψ) for i = 1, . . . , n; j =
1, . . . , k. A comparison of the profile log likelihood and the log likelihood from the
marginal distribution of the within-group sum of squares Σij(yij−ȳi.)2 illustrates
both the effect on the maximum point and on the curvature; see Figure 3.3. The
marginal log likelihood for variance components in normal theory linear models
is often called a residual log likelihood, and has been discussed in much more
general settings; see, for example, Cox and Solomon (2003, Chapter 4).

I think the easiest way to motivate the adjustment that in this example
produces the marginal log likelihood is to take a Bayesian approach, and derive
the Laplace approximation to the marginal posterior density

πm(ψ | y) =
∫

exp{�(ψ, λ; y)π(ψ, λ)dλ∫
exp{�(ψ, λ; y)π(ψ, λ)dψdλ

(3.14)

.=
1√
(2π)

exp{�p(ψ) − �p(ψ̂)}{jp(ψ̂)}1/2 |jλλ(ψ̂, λ̂)|1/2

|jλλ(ψ, λ̂ψ)|1/2

π(ψ, λ̂ψ)

π(ψ̂, λ̂)

where jp(ψ) = −�′′p(ψ), and jλλ(ψ, λ) is the nuisance parameter component of
the observed Fisher information matrix.

This approximation is relatively easy to derive, and can be used to de-
velop two important and closely related aspects of higher-order asymptotics in a
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Fig. 3.3. The profile log likelihood (solid) and the marginal log likelihood
(dashed) for σ in the one-way analysis of variance model, with three ob-
servations from each of five groups. Profiling does not properly account for
uncertainty in the estimation of the nuisance parameter λ.

frequentist setting. First, the ‘likelihood function’ associated with this marginal
posterior is an adjusted profile log likelihood

�a(ψ) = �p(ψ) − 1
2

log |jλλ(ψ, λ̂ψ)|.

It seems at least plausible that one could construct non-Bayesian inference for
ψ by ignoring the prior, that is, assigning a uniform prior to both ψ and λ.
This shows directly that the adjusted log likelihood is not invariant to repara-
meterization, and could lead into a discussion of orthogonal parameterization
(Barndorff-Nielsen and Cox, 1994, §2.7; Cox and Reid, 1987).

Second, an extension of the derivation of the r∗ approximation in the location
model leads to an approximation to the marginal posterior survivor function of
the same form ∫ ∞

ψ

πm(ψ | y)dψ
.= Φ(r∗), (3.15)

where

r∗ = r∗(ψ) = rp(ψ) +
1

rp(ψ)
log

qB(ψ)
rp(ψ)

,

rp(ψ) = sign {qB(ψ)}√[2{�p(ψ̂) − �p(ψ)}],

qB(ψ) = −�′p(ψ){jp(ψ̂)}−1/2 |jλλ(ψ, λ̂ψ)|1/2

|jλλ(ψ̂, λ̂)|1/2

π(ψ̂, λ̂)

π(ψ, λ̂ψ)
. (3.16)
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In a non-Bayesian context, higher-order inference in the presence of nuisance
parameters is relatively straightforward in two models that, while specialized,
nonetheless cover a fair number of examples. The first is independent sampling
from the regression-scale model

yi = xT
i β + σei, (3.17)

where the ei are independent with mean zero and follow a known distribution.
A generalization of the location family result, eqn (3.5), gives a density on R

p+1,
where p is the dimension of β, by conditioning on the residuals (yi −xT

i β̂)/σ̂. In
this conditional distribution all nuisance parameters are exactly eliminated by
marginalizing to the t-statistic for a component of β (or for log σ);

tj = (β̂j − β̂)/ŝe(β̂j).

This is essentially the same as Bayesian inference for βj using the prior dβd log σ,
so the approximation given in eqn (3.15) can be used. Software for this is im-
plemented in the marg library of S (Brazzale, 2000, Chapter 6). Table 3.2 gives
95% confidence intervals for a regression coefficient fitting model, eqn (3.17),
with a number of different error distributions. It is computed from the house
price data from Sen and Srivastava (1990). In this example the confidence inter-
vals are quite stable over a range of error distributions, although the first- and
third-order confidence intervals are rather different.

In exponential family models, if the parameter of interest is a component
of the canonical parameter, then the nuisance parameter can be eliminated by
conditioning on the remaining components of the sufficient statistic, leading to
approximations like eqn (3.15) for models such as logistic regression, Poisson
regression, and inference about the shape of a Gamma distribution. The appro-
priate definition of r∗ can be derived from the saddlepoint approximation as

r∗ = r∗(ψ) = rp(ψ) +
1

rp(ψ)
log

qE(ψ)
rp(ψ)

,

rp(ψ) = sign (ψ̂ − ψ)
√

[2{�p(ψ̂) − �p(ψ)}],

qE(ψ) = (ψ̂ − ψ){jp(ψ̂)}1/2 |jλλ(ψ̂, λ̂)|1/2

|jλλ(ψ, λ̂ψ)|1/2
. (3.18)

Table 3.2. Comparison of 95% confidence intervals for a regression parameter
under different models for the error distribution. Fitting and inference is
carried out in R using the marg library of Brazzale (2000). The data set
has 26 observations, 4 covariates, and an unknown scale parameter. The
confidence intervals are for the coefficient of the covariate frontage.

First order Third order

Student (3) −0.07 0.65 −0.16 0.69
Student (5) −0.09 0.65 −0.15 0.70
Student (7) −0.08 0.66 −0.14 0.70
Normal −0.08 0.66 −0.13 0.71
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This is implemented in cond in Brazzale (2000), where a number of examples
are given. In regression models for discrete data, the question of continuity cor-
rection arises, and the correct interpretation of the third-order approximations,
which are inherently continuous, is not completely clear. Experience seems to
indicate that the normal approximation to the distribution of r∗ gives good ap-
proximations to the mid-p-value, pr(y > y0) + (1/2) pr(y = y0). The continuity
correction implemented in Brazzale (2000) instead replaces y0 by y0 ± 1/2, ac-
cording as y0 is in the right or left tail, and computes r∗ at this new data value.
Discussion of continuity correction is given in Davison and Wang (2002), Pierce
and Peters (1992), and Severini (2000b).

Outside these two classes there is not an exact conditional or marginal den-
sity for the parameter of interest. To find an approximate solution, it turns out
that the higher-order approximation is a generalization of the t-pivot result for
regression-scale models. The approach developed by Barndorff-Nielsen (1986)
and outlined in Barndorff-Nielsen and Cox (1994, §6.6) is based on an approxi-
mation to the conditional density of θ̂ given a, which is transformed to the joint
density of (r∗(ψ), λ̂ψ), where now

r∗ = r∗(ψ) = rp(ψ) +
1

rp(ψ)
log

u(ψ)
rp(ψ)

and to show that this leads to the standard normal approximation to the density
of r∗. The complementing statistic u(ψ) is

u(ψ) = |�
;θ̂

(θ̂) − �
;θ̂

(θ̂ψ) �
λ;θ̂

(θ̂ψ)|/{|jλλ(θ̂ψ)||j(θ̂)|}1/2; (3.19)

this assumes that the log likelihood �(θ) can be expressed as �(θ; θ̂, a). In appli-
cations it can be quite difficult to compute the sample space derivatives in u,
and a method of approximating them when the model can be embedded in a
full exponential family is proposed by Skovgaard (1996, 2001).

An approach developed in Fraser (1990) and Fraser and Reid (1995), and out-
lined in Reid (2003) uses the parametrization ϕ(θ) given at (3.12) to generalize
Q of (3.11) to

Q(ψ) = {ν(θ̂) − ν(θ̂ψ)}/σ̂ν

=
|ϕ(θ̂) − ϕ(θ̂ψ) ϕλ′(θ̂ψ)|

|ϕθ′(θ̂)|
|jθθ(θ̂)|1/2

|jλλ(θ̂ψ)|1/2
. (3.20)

The close connection between u and Q is discussed further by Reid (2003) and
Fraser et al. (1999). Both ν and σ̂ν are computed directly from ϕ(θ) and the
matrix of derivatives ϕθT(θ), and can be implemented numerically if necessary.
This enables approximate inference for parameters in generalized linear mod-
els other than linear functions of the canonical parameters. In the two special
cases discussed above this simplifies to the versions discussed there; that is, for
inference in generalized linear models with canonical link function Q simplifies
to qE given in eqn (3.18), and in a regression-scale model, the general version



84 Theoretical statistics and asymptotics

reproduces the marginal approximation using qB, eqn (3.16), but without the
prior.

We illustrate this using the Behrens–Fisher problem (Cox and Hinkley, 1974,
§5.2iv). Suppose we have independent samples of size n1 and n2 from normal
distributions with parameters θ = (µ1, σ

2
1 , µ2, σ

2
2), and the parameter of interest

is ψ = µ1 − µ2. The canonical parameter of the full exponential model is

ϕ(θ) = (µ1/σ2
1 ,−1/2σ2

1 , µ2/σ2
2 ,−1/2σ2

2).

Table 3.3 gives a comparison of the first- and third-order approximations for a
selection of values of n1, n2, σ2

1 and σ2
2 . Except in cases of extreme imbalance,

the third-order approximation is remarkably accurate.
Given that the calculations can be relatively easily implemented in a variety

of models, it would be useful for theoretical discussions to be able to delin-
eate the inferential basis for approximations based on r∗ computed using u in
eqn (3.19) or Q in eqn (3.20), and the situation is still somewhat unsatisfactory.
The quantity r∗ does seem to arise quite naturally from the likelihood ratio, and
the marginal distribution of r∗ is what gives a pivotal statistic, but beyond this
it is I think difficult to see what ‘statistical principle’ is at work. Perhaps the
asymptotic derivation is enough. Some further discussion of this point is given
by Pierce and Bellio (2004).

Table 3.3. Comparison of the normal approximation to r and to r∗, with r∗

using eqn (3.20), for the Behrens–Fisher problem. The table gives the non–
coverages of the nominal upper and lower endpoints for a 90% confidence
interval, in 100,000 simulations. In all rows µ1 = 2, µ2 = 0.

Exact 0.05 0.95 0.05 0.95
n1 n2 σ2

1 σ2
2 r r∗

3 2 2 1 0.015 0.893 0.033 0.965
20 2 2 1 0.127 0.875 0.066 0.934
7 5 2 1 0.069 0.931 0.045 0.950

20 15 2 1 0.057 0.944 0.050 0.950
3 2 4 1 0.104 0.895 0.041 0.959

20 2 4 1 0.109 0.898 0.063 0.938
7 5 4 1 0.058 0.930 0.050 0.949

20 15 4 1 0.057 0.944 0.050 0.950
2 3 2 1 0.124 0.875 0.041 0.959
2 20 2 1 0.155 0.849 0.069 0.933
5 7 2 1 0.074 0.925 0.051 0.949

15 20 2 1 0.057 0.942 0.050 0.949
2 3 4 1 0.137 0.862 0.048 0.951
2 20 4 1 0.162 0.842 0.069 0.933
5 7 4 1 0.077 0.922 0.052 0.948

15 20 4 1 0.058 0.941 0.050 0.949
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The similarity of the approximations in the Bayesian and non-Bayesian ver-
sions suggests the possibility of choosing a prior so that the resulting posterior
distribution has accurate frequentist coverage to some order of approximation.
A discussion of the asymptotic normality of the posterior distribution shows
that Bayesian and non-Bayesian likelihood inference have the same limiting
distributions, so investigating this further requires higher order asymptotics.
Welch and Peers (1963) showed for scalar θ that Jeffreys prior π(θ) ∝ {i(θ)}1/2

ensures that posterior quantiles provide lower confidence bounds with error
O(n−3/2). Extensions to the nuisance parameter setting have been less successful,
as unique priors providing this asymptotic equivalence are not readily available.
An overview of these results is given in Reid et al. (2003). An interesting founda-
tional point was raised in the discussion and reply of Pierce and Peters (1992),
and is illustrated perhaps most clearly in the derivation of the distribution func-
tion for r∗ from the p∗ approximation to the density of θ̂ given in eqn (3.7). A
change of variable from θ̂ to r means the Jacobian includes ∂�/∂θ̂, which in turn
means that the result involves a very particular sample-space dependence of the
log likelihood function.

In the nuisance parameter setting the profile log likelihood plays an important
role, and in particular a plot of the profile log likelihood can often be informative
(Barndorff-Nielsen and Cox, 1994, §3.5). As argued above, adjustments to the
profile log likelihood arise naturally from the asymptotic point of view, although
the simple adjustment using log |jλλ(ψ, λ̂ψ)| is unsatisfactory in its dependence
on the parameterization. More refined adjustments to the profile log likelihood
are based on the same asymptotic arguments as lead to the r∗ approximation,
and a computationally tractable version based on the arguments that lead to
(3.20) is described and illustrated in Fraser (2003).

This discussion has focused on inference for a scalar component of θ, as that
leads to the most tractable, and also most effective, approximations. The p-value
function approach does not extend easily to inference about a vector parameter,
as departures from the ‘null’ point are multidimensional. Bartlett correction
of the log likelihood ratio does provide an improvement of the asymptotic χ2

approximation, which is another motivation for the primacy of the likelihood
ratio over asymptotically equivalent statistics such as the standardized maximum
likelihood estimate. Skovgaard (2001) proposes a different form of correction of
the log likelihood ratio that is closer in spirit to the r∗ approximation. Another
possibility is to derive univariate departures in some way, such as conditioning
on the direction of the alternative vector and examining its length.

The most important advance in Bayesian inference is the possibility of sim-
ulating observations from the posterior density using sophisticated numerical
methods. This has driven an explosion in the use of Bayesian methods in prac-
tice, particularly for models in which there is a natural hierarchy of effects, some
of which can be modelled using priors and hyper-priors. In these settings the
inferential basis is straightforward, and the main difficulties are computational,
but there is less attention paid to the stability of the inference with respect to
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the choice of prior than is perhaps desirable. The approximations discussed here
can be useful in checking this, and perhaps have a role in assessing convergence
of the Markov-chain-based sampling algorithms. From the point of view of the
study of theoretical statistics, an approach that incorporates Bayesian inference
as a major component should spend, I think, considerable time on the choice of
prior and the effect of the prior. The construction of non-informative priors, and
the assessment of the sampling properties of inference based on ‘popular’ priors
should be addressed at length.

3.3 Discussion
More traditional approaches to the study of the theory of statistics emphasize,
to varying degrees, the topics of point estimation and hypothesis testing. The
approach based on likelihood essentially replaces both of these by the p-value
function. The use of this function also sidesteps the discussion of one-tailed
and two-tailed tests. The conditional approach to vector parameter inference
mentioned above extends the discussion in Cox and Hinkley (1974, §3.4iv).

Among the more classical topics, some understanding of some basic concepts
is needed at least for several specific applied contexts, and perhaps more gen-
erally. For example, much of the work in non-parametric regression and density
estimation relies on very generally specified models, and relatively ad hoc choices
of estimators. In this setting the bias and variance of the estimators, usually of
functions, but sometimes of parameters, are the only easily identifiable inferen-
tial quantities, and it is of interest to compare competing procedures on this
basis. As another example, the notion of the power of a test to detect a mean-
ingful substantive difference plays a prominent role in many medical contexts,
including the analysis of data from clinical trials. While the relation of power to
sample size is less direct, and less meaningful, than the relation of the length of
a confidence interval to sample size, the use of fixed level testing is sufficiently
embedded in some fields that students do need to learn the basic definitions of
size and power. In other fields the basic definitions of decision theory, including
loss functions and utilities, will be important.

I see no role beyond historical for extended discussion of optimality consid-
erations, particularly with regard to testing. The existence and/or construction
of most powerful tests under various special circumstances is in my view largely
irrelevant to both practice and theory. The development of admissible or oth-
erwise optimal point estimators may be useful in specialized decision theory
settings, and perhaps has a role in choosing among various estimators of func-
tions in settings like non-parametric regression, but does not seem to me to be
an essential part of the basics of statistical theory.

One concern about the approach based on higher-order asymptotic theory
is whether it is excessively specialized, in view of the many developments in
modelling for complex settings that have been developed along with the rise in
computing power. An important question is whether this theory provides any
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general concepts that may prove useful in much more complex settings, such as
analysis of censored survival data, of longitudinal data, of data with complex
spatial dependencies, of graphical models, or hierarchical models, to name just
a few. The approach outlined in Section 3.2 emphasizes the primacy of the
likelihood function, the isolation of a one-dimensional distribution for inference
about the likelihood function, and the isolation of a scalar parameter of interest.
This can I think be used much more generally.

In many applications of parametric modelling, the role of the likelihood func-
tion is well established, and is often the first step in an approach to constructing
inference from very complex models. The results described in the previous section
indicate that relying on the first-order normal approximation may be misleading,
especially in the presence of large numbers of nuisance parameters. Some adjust-
ment for nuisance parameters seems essential, both for plotting the likelihood
and for inference. A Bayesian adjustment is the most easily implemented, but
raises the difficulty of the dependence of the results on the prior. This dependence
is rather clearly isolated in expressions like eqn (3.15) or eqn (3.16).

The emphasis in Section 3.2 on scalar parameters of interest may be im-
portant for discussion of more realistic models, where the identification of this
parameter may not be obvious. For example, in the transformed regression model
of Box and Cox (1964)

yλ
i = xT

i β + σei, i = 1, . . . , n,

where θ = (β, σ, λ), and we assume ei are independent standard normal variates,
it seems likely that components of β are not the real parameters of interest. In
work as yet unpublished with Fraser and Wong, we suggest that for a simple
linear regression model xi = (1, zi), one version of a parameter of interest is the
rate of change in the median response, at a fixed value z0:

ψ(θ) =
d

dz
(β0 + β1z)1/λ

∣∣∣∣
z=z0

.

The calculations described in Section 3.2.3 are easily carried out in this setting.
In many settings very complex models are constructed at least in part because

there is a vast amount of data available. One example is the use of regression
models in environmental epidemiology that adjust for potential confounders
using methods based on splines. Another is the use of hierarchical modelling
of variance components in models for longitudinal data. The study of asymp-
totic theory can at least serve as a reminder that the models with very large
numbers of nuisance parameters may lead to misleading inference, and that a
Bayesian approach is likely to need fairly careful attention to the specification
of the prior. The theory can also provide a basis for understanding that the
amount of information in the data may be quite different from the apparent
sample size. An excellent illustration of this appears in Brazzale (2000, §5.3.1).
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Recent work by Claeskens (2004) uses marginal likelihood for variance compo-
nents in fitting regression splines in an interesting combination of ideas from
likelihood asymptotics and non-parametric smoothing methods.

Although the study of theoretical statistics, and particularly foundations,
is perhaps not so fashionable today, there are in our journals a great many
theoretical, or at least mathematically technical, papers. Yet most graduate de-
partments seem to be struggling with their basic theory courses, trying to make
them relevant, yet finding it difficult to escape the more classical structure. This
is certainly an evolutionary process, but I think the time is right to accelerate
the modernization that was initiated in Cox and Hinkley (1974).
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4
Exchangeability and regression models

Peter McCullagh

4.1 Introduction
Sir David Cox’s statistical career and his lifelong interest in the theory and
application of stochastic processes began with problems in the wool industry.
The problem of drafting a strand of wool yarn to near-uniform width is not
an auspicious starting point, but an impressive array of temporal and spectral
methods from stationary time series were brought to bear on the problem in Cox
(1949). His ability to extract the fundamental from the mundane became evident
in his discovery or construction of the eponymous Cox process in the counting
of neps in a sample of wool yarn Cox (1955a). Subsequent applications include
hydrology and long-range dependence (Davison and Cox 1989, Cox 1991), models
for rainfall (Cox and Isham 1988, Rodriguez-Iturbe et al. 1987, 1988), and models
for the spread of infectious diseases (Anderson et al. 1989).

At some point in the late 1950s, the emphasis shifted to statistical models for
dependence, the way in which a response variable depends on known explanatory
variables or factors. Highlights include two books on the planning and analysis
of experiments, seminal papers on binary regression, the Box–Cox transforma-
tion, and an oddly titled paper on survival analysis. This brief summary is a
gross simplification of Sir David’s work, but it suits my purpose by way of intro-
duction because the chief goal of this chapter is to explore the relation between
exchangeability, a concept from stochastic processes, and regression models in
which the observed process is modulated by a covariate.

A stochastic process is a collection of random variables, Y1, Y2, . . . , usually
an infinite set, though not necessarily an ordered sequence. What this means
is that U is an index set on which Y is defined, and for each finite subset
S = {u1, . . . , un} of elements in U , the value Y (S) =

(
Y (u1), . . . , Y (un)

)
of the

process on S has distribution PS on R
S . This chapter is a little unconventional

in that it emphasizes probability distributions rather than random variables.
A real-valued process is thus a consistent assignment of probability distribu-
tions to observation spaces such that the distribution Pn on R

n is the marginal
distribution of Pn+1 on R

n+1 under deletion of the relevant co-ordinate. A no-
tation such as R

n that puts undue emphasis on the incidental, the dimension
of the observation space, is not entirely satisfactory. Two samples of equal size
need not have the same distribution, so we write R

S rather than R
n for the set

of real-valued functions on the sampled units, and PS for the distribution.
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A process is said to be exchangeable if each finite-dimensional distribution is
symmetric, or invariant under co-ordinate permutation. The definition suggests
that exchangeability can have no role in statistical models for dependence, in
which the distributions are overtly non-exchangeable on account of differences
in covariate values. I argue that this narrow view is mistaken for two reasons.
First, every regression model is a set of processes in which the distributions are
indexed by the finite restrictions of the covariate, and regression exchangeabil-
ity is defined naturally with that in mind. Second, regression exchangeability
has a number of fundamental implications connected with lack of interference
(Cox 1958a) and absence of unmeasured covariates (Greenland et al. 1999). This
chapter explores the role of exchangeability in a range of regression models, in-
cluding generalized linear models, biased-sampling models (Vardi 1985), block
factors and random-effects models, models for spatial dependence, and growth-
curve models. The fundamental distinction between parameter estimation and
sample-space prediction is a recurring theme; see Examples 5 and 6 below.

Apart from its necessity for asymptotic approximations, the main reason for
emphasizing processes over distributions is that the unnatural distinction be-
tween estimation and prediction is removed. An estimated variety contrast of
50 ± 15 kg/ha is simply a prediction concerning the likely difference of yields
under similar circumstances in future seasons. Although the theory of estimation
could be subsumed under a theory of prediction for statistical models, there are
compelling reasons for maintaining the separation. On a purely theoretical point,
estimation in the sense of inference concerning the model parameter may be gov-
erned by the likelihood principle, whereas inference in the sense of prediction is
not: see Section 4.5.1 below. Second, apart from convenience of presentation and
linguistic style, parameter estimation is the first step in naive prediction. The
second step, frequently trivial and therefore ignored, is the calculation of con-
ditional distributions or conditional expectations, as in prediction for processes
in the standard probabilistic sense. Finally, parameter estimation is equivari-
ant under non-linear transformation: the evidence from the data in favour of
g(θ) ∈ S is the same as the evidence for θ ∈ g−1S. Pointwise prediction, in
the sense of the conditional mean of the response distribution on a new unit, is
not equivariant under non-linear response transformation: the mean of g(Y )
is not g(EY ).

We do not aim to contribute to philosophical matters such as where the
model comes from, nor to answer practical questions such as how to select
a model within a class of models, how to compute the likelihood function, or
how to decide whether a model is adequate for the task at hand. In addition,
while the mathematical interpretation is clear, any physical interpretation of
the model requires a correspondence between the mathematical objects, such as
units, covariates and observations, and the physical objects that they represent.
This correspondence is usually implicit in most discussions of models. Despite
its importance, the present chapter has little to say on the matter.
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4.2 Regression models
4.2.1 Introduction

We begin with the presumption that every statistical model is a set of processes,
one process for each parameter value θ ∈ Θ, aiming to explore the consequences
of that condition for regression models. The reason for emphasizing processes
over distributions is that a process permits inferences in the form of predic-
tions for the response on unsampled units, including point predictions, interval
predictions and distributional predictions. Without the notion of a process, the
concept of further units beyond those in the sample does not exist as an inte-
gral part of the mathematical construction, which greatly limits the possibilities
for prediction and inference. Much of asymptotic theory, for instance, would be
impossible in the absence of a process or set of processes.

To each potential sample, survey or experiment there corresponds an ob-
servation space, and it is the function of a process to associate a probability
distribution with each of these spaces. For notational simplicity, we restrict our
attention to real-valued processes in which the observation space corresponding
to a sample of size n is the n-dimensional vector space of functions on the sam-
pled units. The response value is denoted by Y ∈ R

n. Other processes exist in
which an observation is a more complicated object such as a tree or partition
(Kingman 1978), but in a regression model where we have one measurement
on each unit, the observation space is invariably a product set, such as R

n or
{0, 1}n, of responses or functions on the sampled units.

The processes with which we are concerned here are defined on the set U of
statistical units and observed on a finite subset called the sample. The entire set
or population U is assumed to be countably infinite, and the sample S ⊂ U is a
finite subset of size n. The term sample does not imply a random sample: in a
time series the sample units are usually consecutive points, and similar remarks
apply to agricultural field experiments where the sample units are usually ad-
jacent plots in the same field. In other contexts, the sample may be stratified
as a function of the covariate or classification factor. A process P is a function
that associates with each finite sample S ⊂ U of size n a distribution PS on the
observation space R

S of dimension n. Let S ⊂ S′ be a subsample, and let PS′ be
the distribution on R

S′
determined by the process. If logical contradictions are

to be avoided, PS must be the marginal distribution of PS′ under the operation
of co-ordinate deletion, that is, deletion of those units not in S′. A process is thus
a collection of mutually compatible distributions of this sort, one distribution
on each of the potential observation spaces.

An exchangeable process is one for which each distribution PS is symmetric,
or invariant under co-ordinate permutation. Sometimes the term infinitely ex-
changeable process is used, but the additional adjective is unnecessary when it
is understood that we are dealing with a process defined on a countably infinite
set. Exchangeability is a fundamental notion, and much effort has been devoted
to the characterization of exchangeable processes and partially exchangeable
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processes (De Finetti 1974, Aldous 1981, Kingman 1978). Despite the attractions
of the theory, the conventional definition of exchangeability is too restrictive to
be of much use in applied work, where differences among units are frequently
determined by a function x called a covariate.

Up to this point, we have talked of a process in terms of distributions, not
in terms of a random variable or sequence of random variables. However, the
Kolmogorov extension theorem guarantees the existence of a random variable
Y taking values in R

U such that the finite-dimensional distributions are those
determined by P . As a matter of logic, however, the distributions come first and
the existence of the random variable must be demonstrated, not the other way
round. For the most part, the existence of the random variable poses no difficulty,
and all distributional statements may be expressed in terms of random variables.
The process Y is a function on the units, usually real-valued but possibly vector-
valued, so there is one value for each unit.

To avoid misunderstandings at this point, the statistical units are the objects
on which the process is defined. It is left to the reader to interpret this in a suit-
able operational sense depending on the application at hand. By contrast, the
standard definition in the experimental design literature holds that a unit is ‘the
smallest division of the experimental material such that two units may receive
different treatments’ (Cox 1958a). The latter definition implies random or delib-
erate assignment of treatment levels to units. At a practical level, the operational
definition is much more useful than the mathematical definition. While the two
definitions coincide in most instances, Example 3 shows that they may differ.

4.2.2 Regression processes

A covariate is a function on the units. It may be helpful for clarity to distinguish
certain types of covariate. A quantitative covariate is a function x : U → R or
x : U → R

p taking values in a finite-dimensional vector space. This statement
does not exclude instances in which x is a bounded function or a binary function.
A qualitative covariate or factor is a function x : U → Ω taking values in a set Ω
called the set of levels or labels. These labels may have no additional structure,
in which case the term nominal scale is used, or they may be linearly ordered or
partially ordered or they may constitute a tree or a product set. The exploitation
of such structure is a key component in successful model construction, but that
is not the thrust of the present work. For the moment at least, a covariate is a
function x : U → Ω taking values in an arbitrary set Ω. Ordinarily, of course, the
values of x are available only on the finite sampled subset S ⊂ U , but we must
not forget that the aim of inference is ultimately to make statements about the
likely values of the response on unsampled units whose x-value is specified. If
statistical models have any value, we must be in a position to make predictions
about the response distribution on such units, possibly even on units whose
covariate value does not occur in the sample.

At this point the reader might want to draw a distinction between estimation
and prediction, but this distinction is more apparent than real. If a variety
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contrast is estimated as 50± 15 kg/ha, the prediction is that the mean yield for
other units under similar conditions will be 35–65 kg/ha higher for one variety
than the other, a prediction about the difference of infinite averages. Without
the concept of a process to link one statistical unit with another, it is hard to
see how inferences or predictions of this sort are possible. Nonetheless, Besag
(2002, p. 1271) makes it clear that this point of view is not universally accepted.
My impression is that the prediction step is so obvious and natural that its
mathematical foundation is taken for granted.

Let x : U → Ω be a given function on the units. Recall that a real-valued
process is a function P that associates with each finite subset S ⊂ U a distri-
bution PS on R

S , and that these distributions are mutually compatible with
respect to subsampling of units. A process having the following property for
every integer n is called regression exchangeable or exchangeable modulo x.

(RE)Two finite samples S = {i1, . . . , in} and S′ = {j1, . . . , jn} of equal size,
ordered such that x(ir) = x(jr) for each r, determine the same distribution
PS = PS′ on R

n.

Exchangeability modulo x is the condition that if x takes the same value on
two samples, the distributions are also the same. Any distinction between units,
such as name or identification number that is not included as a component of x,
has no effect on the response distribution. The majority of models that occur
in practical work have this property, but Example 3 below shows that there
are exceptions. The property is a consequence of the definition of a statistical
model as a functor on a certain category, the injective maps, in the sense of
McCullagh (2002) or Brøns (2002), provided that the parameter space is a fixed
set independent of the design.

Exchangeability in the conventional sense implies that two samples of equal
size have the same response distribution regardless of the covariate values, so
exchangeability implies regression exchangeability. For any function g defined on
Ω, exchangeability modulo g(x) implies exchangeability modulo x, and g(x) ≡ 0
reduces to the standard definition of exchangeability. Exchangeability modulo x
is not to be confused with partial exchangeability as defined by Aldous (1981)
for random rectangular matrices.

The first consequence of exchangeability, that differences between distribu-
tions are determined by differences between covariate values, is related, at least
loosely, to the assumption of ‘no unmeasured confounders’ (Greenland et al.
1999). This is a key assumption in the literature on causality. At this stage, no
structure has been imposed on the set U , and no structure has been ruled out.
In most discussions of causality the units have a temporal structure, so the ob-
servation on each unit is a time sequence, possibly very brief, and the notion of
‘the same unit at a later time’ is well defined (Lindley 2002, Singpurwalla 2002,
Pearl 2002). The view taken here is that causality is not a property of a sta-
tistical model but of its interpretation, which is very much context dependent.
For example, Brownian motion as a statistical model has a causal interpretation
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in terms of thermal molecular collisions, and a modified causal interpretation
may be relevant to stock-market applications. In agricultural field work where
the plots are in linear order, Brownian motion may be used as a model for one
component of the random variation, with no suggestion of a causal interpreta-
tion. This is not fundamentally different from the use of time-series models and
methods for non-temporal applications (Cox 1949). Thus, where the word causal
is used, we talk of a causal interpretation rather than a causal model. We say
that any difference between distributions is associated with a difference between
covariate values in the ordinary mathematical sense without implying a causal
interpretation.

The second consequence of regression exchangeability, that the distribution
of Yi depends only on the value of x on unit i, and not on the values on other
units, is a key assumption in experimental design and in clinical trials called
lack of interference (Cox 1958a, p. 19). It is known, however, that biological
interference can and does occur. Such effects are usually short range, such as
root interference or fertilizer diffusion, so typical field trials incorporate discard
strips to minimize the effect. This sort of interference can be accommodated
within the present framework by including in x the necessary information about
nearby plots. Interference connected with carry-over effects in a crossover trial
can be accommodated by defining the statistical units as subjects rather than
subjects at specific time points; see Example 3.

4.2.3 Interaction

Suppose the model is such that responses on different units are independent, and
that x = (v0, v) with v0 a binary variable indicating treatment level, and v a
baseline covariate or other classification factor. The response distributions at the
two treatment levels are P0,v and P1,v. It is conventional in such circumstances to
define ‘the treatment effect’ by a function or functional of the two distributions,

Treatment effect = T (P1,v) − T (P0,v) = τ(v),

such that T (P1,v) = T (P0,v) implies P1,v = P0,v for all model distributions.
For example, T might be the difference between the two means (Cox 1958a),
the difference between the two log-transformed means (Box and Cox 1964), the
difference between the two medians, the log ratio of the two means, the log odds
ratio (Cox 1958c), the log hazard ratio (Cox 1972), or the log variance ratio.
In principle, T is chosen for ease of expression in summarizing conclusions and
in making predictions concerning differences to be expected in future. Ideally,
T is chosen so that, under the model in its simplest form, the treatment effect is
constant over the values of v, in which case we say that there is no interaction
between treatment and other covariates. In practice, preference is given to scalar
functions because these lead to simpler summaries, but the definition does not
require this.

If P1,v = P0,v for each v, the model distributions do not depend on the
treatment level, and the treatment effect τ(v) is identically zero. Conversely, a
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zero treatment effect in the model implies equality of distributions. If τ(v) is
identically zero, we say that there is no treatment effect. The process is then
exchangeable modulo the baseline covariates v, i.e. ignoring treatment. This is
a stronger condition than regression exchangeability with treatment included as
a component of x.

If the treatment effect is constant and independent of v, we say that there is
no interaction, and the single numerical value suffices to summarize the difference
between distributions. Although the process is not now exchangeable in the
sense of the preceding paragraph, the adjustment for treatment is usually of a
very simple form, so much of the simplicity of exchangeability remains. If the
treatment effect is not constant, we say that there is interaction. By definition,
non-zero interaction implies a non-constant treatment effect, so a zero treatment
effect in the presence of non-zero interaction is a logical contradiction.

It is possible to define an average treatment effect ave{τ(v)}, averaged with
respect to a given distribution on v, and some authors refer to such an aver-
age as the ‘main effect of treatment’. Such averages may be useful in limited
circumstances as a summary of the treatment effect in a specific heterogeneous
population. However, if the interaction is appreciable, and in particular if the
sign of the effect varies across subgroups, we would usually want to know the
value in each of the subgroups. A zero value of the average treatment effect
does not imply exchangeability in the sense discussed above, so a zero average
rarely corresponds to a hypothesis of mathematical interest. Nelder (1977) and
Cox (1984a) argue that statistical models having a zero average main effect in
the presence of interaction are seldom of scientific interest. McCullagh (2000)
reaches a similar conclusion using an argument based on algebraic representation
theory in which selection of factor levels is a permissible operation.

4.3 Examples of exchangeable regression models
The majority of exchangeable regression models that occur in practice have
independent components, in which case it is sufficient to specify the marginal
distributions for each unit. The first four examples are of that type, but the
fifth example shows that the component variables in an exchangeable regression
process need not be independent or conditionally independent.

Example 1: Classical regression models In the classical multiple regression
model, the covariate x is a function on the units taking values in a finite-
dimensional vector space V, which we call the covariate space. Each point θ =
(β, σ) in the parameter space consists of a linear functional β ∈ V ′, where V ′ is
the space dual to V, plus a real number σ, and the parameter space consists of
all such pairs. If the value of the linear functional β at v ∈ V is denoted by vTβ,
the value on unit i is xT

i β. In the classical linear regression model the response
distribution for unit i is normal with mean equal to xT

i β and variance σ2. The
model may be modified in a number of minor ways, for example by restricting
σ to be non-negative to ensure identifiability.
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From the point of view of regression exchangeability, generalized linear
models or heavy-tailed versions of the above model are not different in any
fundamental way. For example, the linear logistic model in which ηi = xT

i β
and Yi is Bernoulli with parameter 1/{1 + exp(−ηi)} is an exchangeable re-
gression model in which the parameter space consists of linear functionals
on V.

Example 2: Treatment and classification factors A treatment or classification
factor is a function x on the units taking values in a set, usually a finite set, called
the set of levels. It is conventional in applied work to draw a strong distinction
between a treatment factor and a classification factor (Cox 1984a). The practical
distinction is an important one, namely that the level of a treatment factor may,
in principle at least, be determined by the experimenter, whereas the level of a
classification factor is an immutable property of the unit. Age, sex and ethnic
origin are examples of classification factors: medication and dose are examples
of treatment factors. I am not aware of any mathematical construction corre-
sponding to this distinction, so the single definition covers both. A block factor
as defined in Section 4.5 is an entirely different sort of mathematical object from
which the concept of a set of levels is missing.

Let Ω be the set of treatment levels, and let τ : Ω → R be a function on
the levels. In conventional statistical parlance, τ is called the vector or list of
treatment effects, and differences such as

τ(M) − τ(F ) or τ(Kerr’s pinks) − τ(King Edward)

are called contrasts. We note in passing that the parameter space R
Ω has a

preferred basis determined by the factor levels, and a preferred basis is essential
for the construction of an exchangeable prior process for the effects should this be
required. Without a preferred basis, no similar construction exists for a general
linear functional β in a regression model.

In the standard linear model with independent components, the distribution
of the response on unit i is Gaussian with mean τ{x(i)} and variance σ2. The
parameter space is the set of all pairs (τ, σ) in which τ is a function on the levels
and σ is a real number. For each parameter point, condition (RE) is satisfied by
the process. Once again, the extension to generalized linear models presents no
conceptual difficulty.

Example 3: Crossover design In a two-period crossover design, one observation
is made on each subject under different experimental conditions at two times
sufficiently separated that carry-over effects can safely be neglected. If we re-
gard the subjects as the statistical units, which we are at liberty to do, the
design determines the observation space R

2 for each unit. The observation space
corresponding to a set of n units is (R2)n. Let x be the treatment regime, so
that (xi1, xi2) is the ordered pair of treatment levels given to subject i. In the



Exchangeability and regression models 97

conventional statistical model the response distribution for each unit is bivariate
Gaussian with covariance matrix σ2I2. The mean vector is

E

(
Yi1

Yi2

)
=

(
αi + τxi1

αi + τxi2 + δ

)
,

in which α is a function on the subjects, and δ is a common temporal trend.
The parameter space consists of all functions α on the n subjects, all functions
τ on the treatment levels, plus the two scalars (δ, σ), so the effective dimension
is n + 3 for a design with n subjects and two treatment levels.

This model is not regression exchangeable because two units i, j having the
same treatment regime (xi1, xi2) = (xj1, xj2) do not have the same response
distribution for all parameter values: the difference between the two means is
αi − αj . This model is a little unusual in that the parameter space is not a
fixed set independent of the design: the dimension depends on the sample size.
Nonetheless, it is a statistical model in the sense of McCullagh (2002).

An alternative Gaussian model, with units and observation spaces defined in
the same manner, has the form

E

(
Yi1

Yi2

)
=

(
τxi1

τxi2 + δ

)
, cov

(
Yi1

Yi2

)
=

(
σ2 ρσ2

ρσ2 σ2

)
,

with a fixed parameter space independent of the design. Two samples having
the same covariate values also have the same distribution, so condition (RE)
is satisfied. The temporal effect δ is indistinguishable from a carry-over effect
that is independent of the initial treatment. If there is reason to suspect a non-
constant carry-over effect, the model may be extended by writing

E

(
Yi1

Yi2

)
=

(
τxi1

τxi2 + γxi1 + δ

)
, cov

(
Yi1

Yi2

)
=

(
σ2 ρσ2

ρσ2 σ2

)
.

If there are two treatment levels and all four combinations occur in the design,
the difference γ1 − γ0 is estimable.

Example 4: Biased sampling We consider a biased-sampling model in which
observations on distinct units are independent and, for notational convenience,
real-valued. The covariate w associates with the ith unit a bias function wi such
that wi(x) ≥ 0 for each real number x, The parameter space is either the set
of probability distributions or the set of non-negative measures on the Borel
sets in R such that each integral

∫
wi(x) dF (x) is finite (Vardi 1985, Kong et al.

2003). For each F in the parameter space, the response distribution on unit i is
the weighted distribution such that dFi(x) ∝ wi(x) dF (x). Thus, to each point in
the parameter space the model associates a process with independent but non-
identically distributed components. Two units having the same bias function
also have the same distribution, so the process is regression exchangeable.
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The simplest example is one in which wi(x) = 1 identically for each unit, in
which case the maximum likelihood estimator F̂ is the empirical distribution at
the observations. Size-biased sampling corresponds to w(x) = |x| or some power
of |x|, a phenomenon that arises in a wide range of applications from the wool
industry (Cox 1962, §5.4) to stereology and auditing (Cox and Snell 1979). In
general, the maximum likelihood estimator F̂ is a distribution supported at the
observation points, but with unequal atoms at these points.

Example 5: Prediction and smoothing models Consider the modification of the
simple linear regression model in which unit i has covariate value xi, and, in a
conventional but easily misunderstood notation,

Yi = β0 + β1xi + η(xi) + εi. (4.1)

The coefficients (β0, β1) are parameters to be estimated, ε is a process with
independent N(0, σ2) components, and η is a zero-mean stationary process on
the real line, independent of ε, with covariance function

cov {η(x), η(x′)} = σ2
η K(x, x′).

If η is a Gaussian process, the response distribution for any finite collection of
n units may be expressed in the equivalent distributional form

Y ∼ N(Xβ, σ2In + σ2
ηV ), (4.2)

where Vij = K(xi, xj) are the components of a positive semidefinite matrix. For
each value of (β, σ2, σ2

η), two samples having the same covariate values deter-
mine the same distribution on the observation space, so this model is regression-
exchangeable with non-independent components.

The linear combination η(xi)+ εi in eqn (4.1) is a convenient way of describ-
ing the distribution of the process as a sum of more elementary processes. The
treacherous aspect of the notation lies in the possibility that η or ε might be mis-
taken for a parameter to be estimated from the data, which is not the intention.
The alternative parametric model with independent components and parameter
space consisting of all smooth functions η, is also regression exchangeable, but
very different from eqn (4.2).

The simplest way to proceed for estimation and prediction is first to estimate
the parameters (σ2, σ2

η, β0, β1) by maximum likelihood estimation, or by some
closely related procedure such as residual maximum likelihood estimation—
REML—for the variance components followed by weighted least squares esti-
mation of the regression parameters. With prediction in mind, Wahba (1985)
recommends use of generalized crossvalidation over residual maximum likeli-
hood estimation on the grounds that it is more robust against departures from
the stochastic model. Efron (2001) considers a range of estimators and seems
to prefer the residual maximum likelihood estimator despite evidence of bias.
Suppose that this has been done, and that we aim to predict the response value
Y (i∗) for a new unit i∗ in the same process whose covariate value is x∗ = x(i∗).
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Proceeding as if the parameter values were given, the conditional expected value
of Y (i∗) given the values on the sampled units is computed by the formula

Ŷi∗ = E {Y (i∗) |Y } = β0 + β1x
∗ + k∗Σ−1(Y − µ), (4.3)

where µ,Σ are the estimated mean and covariance matrix for the sampled units,
and k∗

i = σ2
ηK(x∗, xi) is the vector of covariances. The conditional distribution is

Gaussian with mean (4.3) and constant variance independent of Y . Interpolation
features prominently in the geostatistical literature, where linear prediction is
called kriging (Stein 1999).

If η is Brownian motion with generalized covariance function −|x − x′| on
contrasts, the prediction function (4.3) is continuous and piecewise linear: if
K(x, x′) = |x − x′|3, the prediction function is a cubic spline (Wahba 1990,
Green and Silverman 1994). Of course, K is not necessarily a simple covariance
function of this type: it could be in the Matérn class (Matérn 1986) or it could
be a convex combination of simple covariance functions. The cubic and linear
splines illustrated in Figure 4.1 are obtained by fitting model (4.2) to simulated
data (Wahba 1990, p. 45), in which η(x) is the smooth function shown as the
dashed line.

In statistical work, the adjective ‘Bayesian’ usually refers to the operation
of converting a probability pr(A |B) into a probability of the form pr(B |A) by
supplying additional information and using Bayes’s theorem. The transformation
from the joint distribution of (Y ∗, Y ) as determined by the process (4.2), to the
conditional distribution Y ∗ |Y , does not involve prior information or Bayes’s
theorem. Nonetheless, it is possible to cast the argument leading to eqn (4.3) in
a Bayesian mould, so the majority of authors use the term Bayesian or empirical
Bayes in this context (Wahba 1990, Efron 2001). A formal Bayesian analysis
begins with a prior distribution π on the parameters (β, σ2, σ2

η), and uses the
likelihood function to obtain the posterior distribution. The process is such that

0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

Fig. 4.1. Spline prediction graphs (solid lines) fitted by residual maximum like-
lihood, cubic on the left, linear on the right. The ideal predictor η(x) (dashed
line) is taken from Wahba (1990, p. 45).
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the predictive distribution for a new unit has mean (4.3) and constant variance
depending on the parameters. The Bayesian predictive distribution is simply the
posterior average, or mixture, of these distributions. In this context, the adjective
‘Bayesian’ refers to the conversion from prior and likelihood to posterior, not to
eqn (4.3).

Since η is not a parameter to be estimated, the introduction of extra-likelihood
criteria such as penalty functions or kernel density estimators to force smoothness
is, in principle at least, unnecessary. In practice, if the family of covariance func-
tions for η includes a smoothness parameter such as the index in the Matérn
class, the likelihood function seldom discriminates strongly. Two covariance func-
tions such as −|x−x′| and |x−x′|3 achieving approximately the same likelihood
value, usually produce prediction graphs that are pointwise similar. For the data
in Figure 4.1, the maximum log residual likelihood values are 42.2 for the model
in which K(x, x′) = −|x−x′|, 42.1 for the ‘quadratic’ version |x−x′|2 log |x−x′|,
and 41.3 for the cubic. Visually the prediction graphs are very different, so aes-
thetic considerations may determine the choice for graphical presentation.

To illustrate one crucial difference between an estimator and a predictor,
it is sufficient to note that the prediction function (4.3) is not a projection on
the observation space in the sense that the least-squares fit is a projection on the
observation space. However, it is a projection on a different space, the combined
observation-prediction space. Let S0 be the n sampled units, let S1 be the m
unsampled units for which prediction is required, and let S = S0 ∪ S1 be the
combined set. The covariance matrix Σ for the joint distribution in R

S may
be written in partitioned form with components Σ00,Σ01,Σ11, and the model
matrix may be similarly partitioned, X0 for the sampled units and X1 for the
unsampled units. The prediction function is linear in the observed value Y0 and
may be written as the sum of two linear transformations,(

Ŷ0

Ŷ1

)
=

(
P0 0

X1(XT
0 Σ−1

00 X0)−1XT
0 Σ−1

00 0

)(
Y0

�

)
+

(
Q0 0

Σ10Σ−1
00 Q0 0

)(
Y0

�

)
, (4.4)

where P0 = X0(XT
0 Σ−1

00 X0)−1XT
0 Σ−1

00 , Q0 = I − P0, and � is the unobserved
value. Evidently Ŷ0 = Y0 as it ought. The first transformation is the least-squares
projection P : R

S → R
S onto X ⊂ R

S of dimension p. The second transformation
is a projection T : R

S → R
S , self-adjoint with respect to the inner product Σ−1,

and thus an orthogonal projection. Its kernel consists of all vectors of the form
(x, �), i.e. all vectors in X + R

S1 of dimension m + p, and the image is the
orthogonal complement. Direct calculation shows that PT = TP = 0 so the
sum P + T is also a projection.

Most computational systems take X1 = X0, so the predictions are for new
units having the same covariate values as the sampled units. The first compo-
nent in eqn (4.4) is ignored, and the prediction graphs in Figure 4.1 show the
conditional mean Ŷ1 as a function of x, with Σ estimated in the conventional
way by marginal maximum likelihood based on the residuals.
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The preceding argument assumes that K is a proper covariance function,
so Σ is positive definite, which is not the case for the models illustrated in
Figure 4.1. However, the results apply to generalized covariance functions
under suitable conditions permitting pointwise evaluation provided that the
subspace X is such that K is positive semidefinite on the contrasts in X 0

(Wahba 1990).

Example 6: Functional response model Consider a growth-curve model in which
the stature or weight of each of n subjects is measured at a number of time points
over the relevant period. To keep the model simple, the covariate for subject i
is the schedule of measurement times alone. If we denote by Yi(t) the measured
height of subject i at time t, the simplest sort of additive growth model may be
written in the form

Yi(t) = αi + m(t) + ηi(t) + εi(t),

in which α is an exchangeable process on the subjects, m is a smooth random
function of time with mean µ, η is a zero-mean process continuous in time and
independent for distinct subjects, and ε is white noise. All four processes are
assumed to be independent and Gaussian. The distributions are such that Y is
Gaussian with mean E{Yi(t)} = µ(t) and covariance matrix/function

cov {Yi(t), Yj(t′)} = σ2
αδij + σ2

mKm(t, t′) + σ2
ηKη(t, t′)δij + σ2

ε δijδt−t′ .

If the functions µ, Km and Kη are given or determined up to a small set of para-
meters to be estimated, all parameters can be estimated by maximum likelihood
or by marginal maximum likelihood. The fitted growth curve, or the predicted
growth curve for a new subject from the same process, can then be obtained
by computing the conditional expectation of Yi∗(t) given the data. Note that if
σ2

m is positive, Yi∗(t) is not independent of the values on other subjects, so the
predicted value is not the fitted mean µ(t).

The model shown above satisfies condition (RE), so it is regression ex-
changeable even though the components are not independent. It is intended to
illustrate the general technique of additive decomposition into simpler processes
followed by prediction for unobserved subjects. It is ultimately an empirical
matter to decide whether such decompositions are useful in practice, but real
data are likely to exhibit departures of various sorts. For example, the major dif-
ference between subjects may be a temporal translation, as in the alignment of
time origins connected with the onset of puberty. Further, growth measurements
are invariably positive and seldom decreasing over the interesting range. In
addition, individual and temporal effects may be multiplicative, so the decom-
position may be more suitable for log transformed process. Finally, there may be
covariates, and if a covariate is time dependent, i.e. a function of t, the response
distribution at time t could depend on the covariate history.



102 Exchangeability and regression models

4.4 Causality and counterfactuals
4.4.1 Notation

It is conventional in both the applied and the theoretical literature to write the
linear regression model in the form

E(Yi |x) = xT
i β, var(Yi |x) = σ2,

when it is understood that the components are independent. The notation sug-
gests that xTβ is the conditional mean of the random variable Y and σ2 is the
conditional variance, as if x were a random variable defined on the same prob-
ability space as Y . Despite the notation and the associated description, that is
not what is meant because x is an ordinary function on the units, not a random
variable.

The correct statement runs as follows. First, x is a function on the units
taking values in R

p, and the values taken by x on a finite set of n units may be
listed as a matrix X of order n×p with rows indexed by sampled units. Second,
to each parameter point (β, σ), the model associates a distribution on R

n by
the formula N(Xβ, σ2In), or by a similar formula for generalized linear models.
In this way, the model determines a set of real-valued processes, one process for
each parameter point. Each process is indexed by the finite restrictions of x, with
values in the observation space R

n. No conditional distributions are involved
at any point in this construction. At the same time, the possibility that the
regression model has been derived from a bivariate process by conditioning on
one component is not excluded.

Even though no conditional distributions are implied, the conventional no-
tation and the accompanying description are seldom seriously misleading, so it
would be pedantic to demand that they be corrected. However, there are excep-
tions or potential exceptions.

The linear regression model associates with each parameter point θ = (β, σ)
a univariate process: it does not associate a bivariate process with a pair of pa-
rameter values. As a consequence, it is perfectly sensible to compare the prob-
ability Px,θ(E) with the probability Px,θ′(E) for any event E ⊂ R

n, as in a
likelihood ratio. But it makes no sense to compare the random variable Y in the
process determined by θ with the random variable in the process determined by
θ′. A question such as ‘How much larger would Yi have been had β1 been 4.3
rather than 3.4?’ is meaningless within the present construction because the two
processes need not be defined on the same probability space. The alternative
representation of a linear regression model

Yi = β0 + β1xi + σεi

is potentially misleading on this point because it suggests the answer (4.3−3.4)xi.

4.4.2 Exchangeability and counterfactuals

A counterfactual question is best illustrated by examples such as ‘If I had taken
aspirin would my headache be gone?’ or ‘How much longer would Cynthia Crabb
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have survived had she been given a high dose of chemotherapy rather than a
low dose?’ The presumption here is that U consists of subjects or patients,
that x is a function representing treatment and other baseline variables, and
that Y is the outcome. Formally, i = Cynthia Crabb is the patient name, x(i) =
low is the treatment component of the covariate, P{i} is the survival distribution,
and Y : (Ω,F , P ) → R

U is a random variable whose ith component Yi(ω) is
the outcome for Cynthia Crabb. Since the constructed process is a real-valued
function on the units, there is only one survival time for each subject. Within this
framework, it is impossible to address a question that requires Cynthia Crabb
to have two survival times. For a more philosophical discussion, the reader is
referred to Dawid (2000) who reaches a similar conclusion, or Pearl (2000) who
reaches a different conclusion.

If the preceding question is not interpreted as a literal counterfactual, it is
possible to make progress by using regression exchangeability and interpreting
the question in a distributional sense as follows. Among the infinite set of sub-
jects on which the process is defined, a subset exists having the same covariate
values as Cynthia Crabb except that they have the high dose of chemotherapy.
Conceptually, there is no difficulty in supposing that there is an infinite num-
ber of such subjects, identical in all covariate respects to Cynthia Crabb except
for the dose of chemotherapy. By regression exchangeability, all such subjects
have the same survival distribution. Provided that we are willing to interpret
the question as a comparison of the actual survival time of Cynthia Crabb with
the distribution of survival times for patients in this subset, the mathematical
difficulty of finding Cynthia Crabb in two disjoint sets is avoided. The question
may now be answered, and the answer is a distribution that may, in principle,
be estimated given sufficient data.

It is clear from the discussion of Dawid (2000) that most statisticians are
unwilling to forego counterfactual statements. The reason for this seems to be a
deep-seated human need to assign credit or blame, to associate causes with ob-
served effects—this sentence being an instance of the phenomenon it describes.
My impression is that most practical workers interpret counterfactual matters
such as unit-treatment additivity in this distributional sense, sometimes explic-
itly so (Cox 1958a, 2000). However, Pearl (2000) argues to the contrary, that
counterfactual statements are testable and thus not metaphysical.

The directness and immediacy of counterfactual statements are appealing by
way of parameter interpretation and model explanation. Another way of trying
to make sense of the notion is to invoke a latent variable, a bivariate process
with two survival times for each subject, so that all random variables exist in
the mathematical sense. The first component is interpreted as the survival time
at low dose, the second component is interpreted as the survival time at high
dose, and the difference Yi2 − Yi1 or ratio Yi2/Yi1 is the desired counterfactual
difference in survival times. The treatment value serves to reduce the bivariate
process to a univariate process by indicating which of the two components is
observed. The net result is a univariate process whose distributions determine the
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exchangeable regression model described above. From the present point of view
the same process is obtained by an indirect route, so nothing has changed. Unless
the observation space for some subset of the units is bivariate, the counterfactual
variable is unobservable, so counterfactual prediction cannot arise.

Model constructions involving latent or unobserved random processes are
used frequently and successfully in statistical models. The net result in such
cases is a univariate marginal process defined on the finite restrictions of the co-
variate. The introduction of the latent component is technically unnecessary, but
it is sometimes helpful as a pedagogical device to establish a mechanistic inter-
pretation (Cox 1992, §5.1). Provided that inferences are restricted to estimation
and prediction for this marginal process, the technique is uncontroversial. Coun-
terfactual predictions for the latent bivariate survival process are beyond the
observation space on which the marginal process is defined, and thus cannot be
derived from the marginal model alone. Nonetheless, with heroic assumptions,
such as independence of the two survival components that are unverifiable in
the marginal process, counterfactual predictions for the bivariate process may
be technically possible. However, the absence of a physical counterpart to the
mathematical counterfactual makes it hard to understand what such a statement
might mean in practice or how it might be checked.

4.4.3 Exchangeability and causality

Why did Cynthia Crabb receive the low dose when other patients with the same
non-treatment covariates received the high dose? A statistical model does not
address questions of this sort. However, regression exchangeability is a model
assumption implying that, in the absence of a treatment effect, the responses
for all patients in Cynthia Crabb’s baseline covariate class are exchangeable. As
a consequence, all patients whose non-treatment covariate values are the same
as those of Cynthia Crabb have the same response distribution. Any departure
from exchangeability that is associated with treatment assignment may then
be interpreted as evidence against the null model of no treatment effect. In
applications where it is a feasible option, objective randomization is perhaps the
most effective way to ensure that this model assumption is satisfied.

Like all model assumptions, regression exchangeability may prove unsatis-
factory in specific applications. If the treatment assignment is done on doctor’s
advice on the basis of information not available in x, the exchangeability condi-
tion may well be violated. Likewise, if the protocol allows patients to select their
own dose level, the choice may be based on factors not included in x, in which
case there is little assurance that the patients are exchangeable modulo x.

A central theme in much of causal inference is the attempt to deduce or to
predict in a probabilistic sense what would have occurred had the design proto-
col been different from what it actually was. Since the theory of prediction for
processes does not extend beyond the index set on which the process is defined,
this sort of prediction requires an explicit broader and perhaps fundamentally
different foundation. One can envisage a compound doubly randomized design
in which the first arm is a conventional randomized experiment, the response on
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each individual being five-year survival. In the elective arm, patients are permit-
ted to select the drug or dose, so the response is bivariate. This sort of process,
in which the observation space itself depends on the covariate, is certainly un-
conventional, but it is not fundamentally different from the definition given in
Section 4.2. The definition of regression exchangeability is unchanged, but would
usually be considered in a modified form in which the conditional distribution of
survival times given the chosen treatment is the same as the distribution of sur-
vival times for the assigned treatment in the randomized arm. In other words,
the survival distribution depends on treatment and other baseline covariates,
but not on whether the treatment is randomly assigned or freely selected. With
this modified concept of exchangeability in the extended process, it is possible
to extrapolate from the randomized experiment, by making predictions for the
outcomes under a different protocol.

It is invariably the case in matters of causal assessment that closer inspection
reveals additional factors or an intermediate sequence of events that could affect
the interpretation of treatment contrasts had they been included in the model,
i.e. if a different model had been used. A good example can be found in the
paper by Versluis et al. (2000) on the sound-causing mechanism used by the
snapping shrimp Alpheus heterochaelis. Since the shrimp tend to congregate in
large numbers, the combined sound is appreciable and can interfere with naval
sonar. The loud click is caused by the extremely rapid closure of the large snapper
claw, in the sense that a sound is heard every time the claw snaps shut and no
sound is heard otherwise. It had been assumed that the sound was caused by
mechanical contact between hard claw surfaces, and the preceding statement
had been universally interpreted in that way. However, closer inspection reveals
a previously unsuspected mechanism, in which the claw is not the source of the
sound. During the rapid claw closure a high-velocity water jet is emitted with
a speed that exceeds cavitation conditions, and the sound coincides with the
collapse of the cavitation bubble not with the closure of the claw.

In light of this information, what are we to say of causal effects? The ini-
tial statement that the rapid closure of the claw causes the sound, is obvi-
ously correct in most reasonable senses. It satisfies the conditions of repro-
ducibility, consistency with subject-matter knowledge, and predictability by
well-established theory, as demanded by various authors such as Bradford Hill
(1937), Granger (1988), and Cox (1992). However, its very consistency with
subject-matter knowledge invites an interpretation that is now known to be
false. Whether or not the statement is legally correct, it is scientifically mislead-
ing, and is best avoided in applications where it might lead to false conclusions.
For example, the observation that a shrimp can stun its prey without contact,
simply by clicking its claw, might lead to the false conclusion that snails are
sensitive to sonar. The complementary statement that the closure of the claw
does not cause the sound, although equally defensible, is certainly not better.

Rarely, if ever, does there exist a most proximate cause for any observed phe-
nomenon, so the emphasis must ultimately be on processes and mechanisms (Cox
1992). Confusion results when the words ‘cause’ or ‘causal’ are used with one
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mechanism, or no specific mechanism, in mind, and interpreted in the context of
a different mechanism. For clinical trials where biochemical pathways are com-
plicated and unlikely to be understood in sufficient detail, the word mechanism
is best replaced by protocol. The natural resolution is to avoid the term ‘causal’
except in the context of a specific mechanism or protocol, which might, but need
not, involve manipulation or intervention. Thus, the closure of the claw causes
the sound through an indirect mechanism involving cavitation. This statement
does not exclude the possibility that cavitation itself is a complex process with
several stages.

Unless the protocol is well defined, an unqualified statement concerning the
causal effect of a drug or other therapy is best avoided. Thus, following a ran-
domized trial in which a drug is found to increase the five-year survival rate, the
recommendation that it be approved for general use is based on a model assump-
tion, the prediction that a similar difference will be observed on average between
those who elect to use the drug and those who elect not to use it. Equality here is
a model assumption, a consequence of regression exchangeability in the modified
sense discussed above. As with all model assumptions, this one may prove to be
incorrect in specific applications. Unlike counterfactuals, the assumption can be
checked in several ways, by direct comparison in a compound doubly random-
ized experiment, by comparisons within specific subgroups or by comparing trial
results with subsequent performance. In the absence of exchangeability, there is
no mathematical reason to suppose that the five-year survival rate among those
who elect to use the drug should be similar to the rate observed in the ran-
domized experiment. It is not difficult to envisage genetic mechanisms such that
those who elect not to use the drug have the longer five-year survival, but all
such mechanisms imply non-exchangeability or the existence of potentially iden-
tifiable subgroups.

4.5 Exchangeable block models
4.5.1 Block factor

The distinction between a block factor and a treatment factor, closely related
to the distinction between fixed and random effects, is a source of confusion and
anxiety for students and experienced statisticians alike. As a practical matter,
the distinction is not a rigid one. The key distinguishing feature is the anonymous
or ephemeral nature of the levels of a block factor. Cox (1984a) uses the term
non-specific, while Tukey (1974) prefers the more colourful phrase ‘named and
faceless values’ to make a similar distinction.

Even if it is more rigid and less nuanced, a similar distinction can be made
in the mathematics. A block factor B is defined as an equivalence relation on
the units, a symmetric binary function B : U × U → {0, 1} that is reflexive and
transitive. Equivalently, but more concretely, B is a partition of the units into
disjoint non-empty subsets called blocks such that B(i, j) = 1 if units i, j are
in the same block and zero otherwise. The number of blocks may be finite or
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infinite. For the observed set of n units, B is a symmetric positive semidefinite
binary matrix whose rank is the number of blocks in the sample.

A treatment or classification factor x : U → Ω is a list of levels, one for each
unit. It may be converted into a block factor by the elementary device of ignoring
factor labels, a forgetful transformation defined by

B(i, j) =

{
1, if x(i) = x(j),
0, otherwise.

If X is the incidence matrix for the treatment factor on the sampled units, each
column of X is an indicator function for the units having that factor level, and
B = XXT is the associated block factor. It is not possible to convert a block
factor into a treatment factor because the label information, the names of the
factor levels, is not contained in the block factor.

Since the information in the block factor B is less than the information in x,
exchangeability modulo B is a stronger condition than exchangeability modulo x.
A process is called block-exchangeable if the following condition is satisfied for
each n. Two samples {i1, . . . , in} and {j1, . . . , jn}, ordered in such a way that
B(ir, is) = B(jr, js) for each r, s, determine the same distribution on R

n. Block
exchangeability implies that the label information has no effect on distributions.
All one-dimensional marginal distributions are the same, and there are only two
distinct two-dimensional marginal distributions depending on whether B(i, j)
is true or false (one or zero). More generally, the n-dimensional distribution is
invariant under those coordinate permutations that preserve the block structure,
i.e. permutations π such that B(i, j) = B(πi, πj) for all i, j,

For a sample of size n, the image or range of X is the same subspace X ⊂ R
n

as the range of B in R
n, the set of functions that are constant on each block.

In the following linear Gaussian specifications, the distribution is followed by a
description of the parameter space:

(i) Y ∼ N(Xβ, σ2In), β ∈ R
Ω, σ > 0,

(ii) Y ∼ N(Bγ, σ2In), γ ∈ X , σ > 0,
(iii) Y ∼ N(µ, σ2In + σ2

bB), µ ∈ 1, σ > 0, σb ≥ 0,

in which 1 ⊂ R
n is the one-dimensional subspace of constant functions. In

the sense that they determine precisely the same set of distributions on the
observation space, the first two forms are equivalent up to reparameterization.
Even so, the models are very different in crucial respects.

By definition in (i), β ∈ R
Ω is a function on the treatment levels, so inference

for specific levels or specific contrasts is immediate. In (ii), one can transform
from γ to β = XTγ only if the block labels are available. Block labels are not
used in (ii), so the formulation does not imply that this information is available.
Nonetheless, in most applications with which I am familiar, the function x : U →
Ω would be available for use, in which case the two formulations are equivalent.
Both are regression exchangeable but neither formulation is block exchangeable.
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The third form, the standard random-effects model with independent and
identically distributed block effects, is different from the others: it is block ex-
changeable. The expression may be regarded as defining a process on the finite
restrictions of x, or a process on the finite restrictions of the block factor B.
In that sense (iii) is ambiguous, as is (ii). In practice, it would usually be as-
sumed that the block names are available for use if necessary, as for example
in animal-breeding experiments (Robinson 1991). Given that x is available, it is
possible to make inferences or predictions about contrasts among specific factor
levels using model (iii). The conditional distribution of the response on a new
unit with x(·) = 1 is Gaussian with mean and variance

σ2µ + n1σ
2
by1

σ2 + n1σ2
b

, σ2

(
1 +

σ2
b

nσ2
b + σ2

)
, (4.5)

where n1 is the number of units in the sample for which x(·) = 1 and y1 is the
average response. In practice, the parameter values must first be estimated from
the available data. If the function x is unavailable, the blocks are unlabelled so
inference for specific factor levels or specific contrasts is impossible. Nonetheless,
since each new unit i∗ comes with block information in the form of the extended
equivalence relation B, it is possible to make predictive statements about new
units such that B(i∗, 4) = 1, i.e. new units that are in the same block as unit 4
in the sample. The formula for the conditional distribution is much the same as
that given above, so the mathematical predictions have a similar form except
that the block does not have a name. It is also possible, on the basis of the model,
to make predictive statements about new units that are not in the same block
as any of the sample units. Whether such predictions are reliable is a matter
entirely dependent on specific details of the application.

An alternative version of (iii) may be considered, in which the inverse covari-
ance matrix, or precision matrix, is expressed as a linear combination of the same
two matrices, In and B. If the blocks are of equal size, the inverse of σ2

0In +σ2
1B

is in fact a linear combination of the same two matrices, in which case the two
expressions determine the same set of distributions on R

n, and thus the same
likelihood function after reparameterization. However, the second formulation
does not determine a process because the marginal (n − 1)-dimensional distrib-
ution after deleting one component is not expressible in a similar form, with a
precision matrix that is a linear combination of In−1 and the restriction of B.
The absence of a process makes prediction difficult, if not impossible.

It is worth remarking at this point that, for a balanced design, the sufficient
statistic for model (iii) is the sample mean plus the between- and within-block
mean squares. Even for an unbalanced design, an individual block mean such
as y1 is not a function of the sufficient statistic. Accordingly, two observation
points y �= y′ producing the same value of the sufficient statistic will ordinarily
give rise to different predictions in eqn (4.3) or eqn (4.5). In other words, the
conclusions are not a function of the sufficient statistic. One of the subtleties of
the likelihood principle as stated, for example, by Cox and Hinkley (1974, p. 39)
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or Berger and Wolpert (1988, p. 19) is the clause ‘conclusions about θ’, implying
that it is concerned solely with parameter estimation. Since eqns (4.3) and (4.5)
are statements concerning events in the observation space, not estimates of model
parameters or statements about θ, there can be no violation of the likelihood
principle. On the other hand, a statement about θ is a statement about an
event in the tail σ-field of the process, so it is not clear that there is a clear-cut
distinction between prediction and parametric inference.

4.5.2 Example: homologous factors

We consider in this section a further, slightly more complicated, example of
an exchangeable block model in which the covariate x = (x1, x2) is a pair of
homologous factors taking values in the set Ω = {1, . . . , n} (McCullagh 2000).
If there is only a single replicate, the observation Y is a square matrix of order
n with rows and columns indexed by the same set of levels. More generally, the
design is said to be balanced with r replicates if, for each cell (i, j) there are
exactly r units u for which x(u) = (i, j). For notational simplicity, we sometimes
assume r = 1, but in fact the design need not be balanced and the assumption
of balance can lead to ambiguities in notation.

The following models are block exchangeable:

Yij = µ + ηi + ηj + εij ,

Yij = µ + ηi − ηj + εij ,

Yij = ηi − ηj + ε′ij .

In these expressions η/ση and ε/σε are independent standard Gaussian processes,
so the parameter space for the first two consists of the three components
(µ, σ2

η, σ2
ε ). In the third model, ε′ij = −ε′ji, so the observation matrix Y is skew-

symmetric.
These expressions suggest that Y is a process indexed by ordered pairs of

integers, and in this respect the notation is misleading. The ‘correct’ version of
the first model is

Y (u) = µ + ηx1(u) + ηx2(u) + η′
x(u) + ε(u), (4.6)

making it clear that Y and ε are processes indexed by the units, and there may
be several units such that x(u) = (i, j). In plant-breeding experiments, the units
such that x(u) = (i, i) are called self-crosses; in round-robin tournaments, self-
competition is usually meaningless, so there are no units such that x(u) = (i, i).
In the absence of replication, the interaction process η′ and the residual process
ε are not separately identifiable: only the sum of the two variances is estimable.
However, absence of replication in the design does not imply absence of interac-
tion in the model. To put it another way, two distinct models may give rise to
the same set of distributions for a particular design. Aliasing of interactions in
a fractional factorial design is a well-known example of the phenomenon.
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If there is a single replicate, the three models may be written in the equivalent
distributional form as follows:

Y ∼ N
(
µ1, σ2

ηK + σ2
ε In2

)
,

Y ∼ N
(
µ1, σ2

ηK ′ + σ2
ε In2

)
,

Y ∼ N
(
0, σ2

ηK ′ + σ2
ε I ′n2

)
.

The matrices K,K ′, I ′ are symmetric of order n2 × n2 and are given by

Kij,kl = δik + δjl + δil + δjk,

K ′
ij,kl = δik + δjl − δil − δjk,

I ′ij,kl = δikδjl − δilδjk.

Note that δik is the block factor for rows, δjl is the block factor for columns, and
the remaining terms δil, δjk are meaningless unless the two factors have the same
set of levels. Each of the three model distributions is invariant under permuta-
tion, the same permutation being applied to rows as to columns. Accordingly,
the models depend on the rows and columns as block factors, not as classification
factors.

In the standard Bradley–Terry model for ranking competitors in a tourna-
ment, the component observations are independent, and the competitor effect
{ηi} is a parameter vector to be estimated (Agresti 2002, p. 436). Such models
are closed under permutation of factor levels and under restriction of levels, but
they are not invariant, and thus not block exchangeable. By contrast, all three
models shown above are block exchangeable, and competitor effects do not occur
in the parameter space. To predict the outcome of a match between competitors
i, j, we first estimate the variance components by maximum likelihood. In the
second stage, the conditional distribution of Y (u∗) given Y for a new unit such
that x(u∗) = (i, j) is computed by the standard formulae for conditional dis-
tributions, and this is the basis on which predictions are made. This exercise is
straightforward provided that the variance components required for prediction
in eqn (4.6) are identifiable at the design. An allowance for errors of estimation
along the lines of Barndorff-Nielsen and Cox (1996) is also possible.

4.6 Concluding remarks
Kolmogorov’s definition of a process in terms of compatible finite-dimensional
distributions is a consequence of requiring probability distributions to be well
behaved under subsampling of units. Exchangeability is a different sort of crite-
rion based on egalitarianism, the assumption that distributions are unaffected
by permutation of units. Regression exchangeability is also based on egalitari-
anism, the assumption that two sets of units having the same covariate values
also have the same response distribution. The range of examples illustrated in
Section 4.3 shows that the assumption is almost, but not quite, universal in
parametric statistical models.
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Regression exchangeability is a fairly natural assumption in many circum-
stances, but the possibility of failure is not to be dismissed. Failure means that
there exist two sets of subjects having the same covariate values that have dif-
ferent distributions, presumably due to differences not included in the covariate.
If the differences are due to an unmeasured variable, and if treatment assign-
ment is determined in part by such a variable, the apparent treatment effect is
a combination of two effects, one due to the treatment and the other due to the
unrecorded variable. Randomization may be used as a device to guard against
potential biases of this sort by ensuring that the exchangeability assumption is
satisfied, at least in the unconditional sense.

As a function on the units, a covariate serves to distinguish one unit from
another, and the notion in an exchangeable regression model is that differences
between distributions must be explained by differences between covariate val-
ues. However, a covariate is not the only sort of mathematical object that can
introduce inhomogeneities or distributional differences. The genetic relationship
between subjects in a clinical trial is a function on pairs of subjects. It is not
a covariate, nor is it an equivalence relation, but it may affect the distribution
of pairs as described in Section 4.5. Two pairs having the same covariate value
may have different joint distributions if their genetic relationships are different.
The relevant notion of exchangeability in this context is that two sets of units
having the same covariate values and the same relationships also have the same
joint distribution.

Exchangeability is a primitive but fundamental concept with implications
in a wide range of applications. Even in spatial applications, if we define the
relationship between pairs of units to be their spatial separation, the definition
in Section 4.5 is satisfied by all stationary isotropic processes. The concept is not
especially helpful or useful in the practical sense because it does not help much
in model construction or model selection. Nonetheless, there are exceptions,
potential areas of application in which notions of exchangeability may provide
useful insights. The following are four examples.

In connection with factorial decomposition and analysis of variance, Cox
(1984a, §5.5) has observed that two factors having large main effects are more
likely to exhibit interaction than two factors whose main effects are small. To
mimic this phenomenon in a Bayesian model, it is necessary to construct a
partially exchangeable prior process in the sense of Aldous (1981) that exhibits
the desired property. Does exchangeability allow this? If so, describe such a
process and illustrate its use in factorial models.

Given a regression-exchangeable process, one can duplicate an experiment
in the mathematical sense by considering a new set of units having the same
covariate values as the given set. For a replicate experiment on the same process,
the test statistic T (Y ∗) may or may not exceed the value T (Y ) observed in the
original experiment: the two statistics are exchangeable and thus have the same
distribution. The excedent probability or p-value is a prediction on the combined
sample space pr{T (Y ∗) ≥ T (Y ) |Y }, and as such is not subject to the likelihood
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principle. The subsequent inference, that a small p-value is evidence against the
model or null hypothesis, if interpreted as evidence in favour of specific parameter
points in a larger parameter space, is an inference potentially in violation of the
likelihood principle. Bearing in mind the distinction between estimation and
prediction, clarify the nature of the likelihood-principle violation (Berger and
Wolpert 1988).

A mixture of processes on the same observation spaces is a process, and
a mixture of exchangeable processes is an exchangeable process. An improper
mixture of processes is not a process in the Kolmogorov sense. The fact that
improper mixtures are used routinely in Bayesian work raises questions con-
nected with definitions. What sort of process-like object is obtained by this
non-probabilistic operation? Is it feasible to extend the definition of a process
in such a way that the extended class is closed under improper mixtures? For
example, the symmetric density functions

fn(x1, . . . , xn) = n−1/2Γ{(n − ν)/2}π−n/2

{
n∑

i=1

(xi − xn)2
}−(n−ν)/2

are Kolmogorov-compatible in the sense that the integral of fn+1 with respect
to xn+1 gives fn. For n ≥ 2, the ratio fn+1/fn is a transition density, in fact
Student’s t on n − ν degrees of freedom centred at x̄n. In symbols, for n ≥ 2,

Xn+1 = xn +
{

(n2 − 1)s2
n

n(n − ν)

}1/2

εn,

in which s2
n is the sample variance of the first n components, and the components

of ε are independent with distributions εn ∼ tn−ν . However, fn is not integrable
on R

n, so these functions do not determine a process in the Kolmogorov sense,
and certainly not an exchangeable process. Nonetheless, the transition densities
permit prediction, either for one value or averages such as X∞ = xn+snεn/[(n−
1)/{n(n − ν)}]1/2.

In the preceding example, the transition density pn(x; t) = fn+1(x, t)/fn(x) is
a function that associates with each point x = (x1, . . . , xn) a probability density
on R. In other words, a transition density is a density estimator in the conven-
tional sense. By necessity, the joint two-step transition density p2

n(x; t1, t2) =
fn+2(x, t1, t2)/fn(x) is a product of one-step transitions

p2
n(x; t1, t2) = pn(x; t1) pn+1{(x, t1), t2}.

For an exchangeable process, this density is symmetric under the interchange
t1 ↔ t2. Both marginal distributions of p2

n are equal to pn, so two-step-ahead
prediction is the same as one-step prediction, as is to be expected in an ex-
changeable process. Ignoring matters of computation, a sequence of one-step
predictors determines a two-step predictor, so a one-step density estimator de-
termines a two-step density estimator. For commercial-grade kernel-type density
estimators, it appears that these estimators are not the same, which prompts a
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number of questions. Is the difference between the two estimators an indication
that density estimation and prediction are not equivalent activities? If so, what
is the statistical interpretation of the difference? Is the difference appreciable or
a matter for concern? If it were feasible to compute both estimators, which one
would be preferred, and for what purpose?
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5
On semiparametric inference

Andrea Rotnitzky

5.1 Introduction
Modern datasets are often rich, high-dimensional structures but scientific ques-
tions of interest concern a low-dimensional functional β = β (F ) of the supposed
distribution F of the data. Specification of realistic parametric models for the
mechanism generating high-dimensional data is often very challenging, if not im-
possible. Non- and semiparametric models in which the data-generating process
is characterized by parameters ranging over a large, non-Euclidean, space and
perhaps also a few meaningful real-valued parameters, meet the challenge posed
by these high-dimensional data because they make no assumptions about aspects
of F of little scientific interest. Inference about β under semiparametric models
is therefore protected from the possibility of misspecification of uninteresting
components of F .

Loosely speaking, a semiparametric estimator of β is one that converges
in probability to β (F ) under all distributions F allowed by the semiparametric
model. Modern semiparametric theory is fundamentally an asymptotic theory. It
addresses the following questions: do semiparametric estimators of β exist? When
they exist, what are general methods for constructing them? What is a suitable
notion of lower asymptotic bound and information in semiparametric models?
How well does a semiparametric estimator perform—does it succeed in extracting
all the information available in the data for β, at least asymptotically, and if
not, how much information does it lose? How much efficiency is lost through
relaxing assumptions and assuming a semiparametric rather than a parametric
model? Under which conditions is there no information loss? When can we find
asymptotically normal estimators of β that do not require estimation of large
irregular nuisance parameters? Are there general techniques for constructing
asymptotically optimal estimators, when such estimators exist?

In the last two decades there has been an explosive growth in the number of
semiparametric models that have been proposed, studied and applied, primarily
in biostatistics and econometrics. This growth has in great part been due to the
ever-increasing availability of computing resources that have made the fitting of
these models tractable, the development of an optimality theory leading to an
understanding of the structure of inference and therefore providing systematic
answers to several of the above questions, and to the parallel development of
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asymptotic theory, specifically empirical process theory, useful for obtaining the
limiting distribution of semiparametric estimators that depend on estimators of
high-dimensional nuisance parameters.

A key notion in the theory of efficient semiparametric estimation is that
of the semiparametric variance bound of a parameter. Loosely speaking, this
is the variance of the most concentrated limiting distribution one could hope
a
√

n-consistent estimator to have. Informally, β̂ is a
√

n-consistent estimator
of β if

√
n
{

β̂ − β (F )
}

converges to a non-degenerate distribution under any F

allowed by the semiparametric model, where n is the sample size. Unfortunately,
the bound is sometimes meaningless. In many important models, the parameter
β of interest has a finite variance bound but no estimator is consistent for β
uniformly over all the laws allowed by the model. This pessimistic asymptotic
result has severe negative consequences in finite samples. It implies that no
‘valid’ interval estimator for the components of β exists whose length shrinks to
zero in probability as the sample size increases. By ‘valid’ we mean here that
for each sample size and under all laws allowed by the model the coverage is no
smaller than the prescribed level. The essence of this difficulty lies in the fact
that estimation of β requires additional estimation of some infinite-dimensional,
‘irregular’ nuisance parameter that cannot be well estimated over the model due
to the curse of dimensionality.

Despite, or perhaps because of, the aforementioned difficulties, semiparamet-
ric theory is of much value, for it provides the tools for determining in a given
problem if

√
n-consistent estimators of β that do not require estimation of large,

irregular, nuisance parameters exist. When they exist, the theory also provides
guidance as to how to compute estimators that asymptotically extract much of
the information in the data. When they do not exist, the theory can be used to:

(i) identify the parts of the data-generating process that inevitably need to be
smoothed;

(ii) determine how much smoothness is needed to obtain
√

n-consistent estima-
tors of β; and

(iii) point the way to the construction of such estimators when the smoothness
conditions hold.

These theoretical developments can, indeed, be useful in practice. A statistician
can use (i) and (ii) in conjunction with a subjective assessment in the problem at
hand both of the validity of the smoothness requirements and of the possibility
of effectively borrowing the information necessary for smoothing, to determine
if interval estimators based on the estimators in (iii) can be expected to be
approximately valid. It remains largely unresolved as to how to proceed when the
smoothness requirements are not met and/or information cannot be borrowed
for smoothing. One possibility that has been recently examined by Robins (2004)
is mentioned in Section 5.5.

In this chapter we review some key elements of semiparametric theory.
Section 5.2 gives a number of examples that illustrate the usefulness of semipara-
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metric modelling. Section 5.3 gives a non-technical account of the formulation
of the semiparametric variance bound and ways for calculating it. In Section 5.4
we discuss the curse of dimensionality. We show how some key steps in the cal-
culation of the bound can help to determine if in any given problem one can find
estimators that do not require estimation of irregular nuisance parameters and
hence are not afflicted by the curse of dimensionality. In Section 5.5 we discuss
a possibility for approaching inference when estimation of irregular parameters
is inevitable, and raise some unresolved questions.

There exist only a handful of surveys of semiparametric theory. Newey (1990)
gives a non-technical introduction to semiparametric bounds with illustrations
from econometric applications. Bickel et al. (1993) produced the first book to
give a rigorous treatment of the theory of semiparametric inference and it re-
mains a major reference for the study of the topic. It provides the calculation of
the bound in numerous examples, including missing and censored data problems,
truncation/bias sampling problems and measurement error and mixture models.
Newer developments are surveyed by van der Vaart (2000) and van der Vaart
(1998, Chapter 25), placing special emphasis on the technical tools needed for the
derivation of the asymptotic distribution of semiparametric estimators. van der
Laan and Robins (2003) focus on inference in semiparametric models useful for
the analysis of realistic longitudinal studies with high-dimensional data struc-
tures that are either censored or missing. The present chapter borrows material
from all these references.

A survey of the many journal articles on specific semiparametric models is
beyond the scope of this chapter. In addition, many important topics are not
covered here, in particular a discussion of the various proposals for efficient esti-
mation under smoothness conditions, such as maximum semiparametric profile
likelihood, maximum penalized likelihood, maximum sieve likelihood, and one-
step estimation. van der Vaart (2000), van der Geer (2000), and Owen (2001)
are three references where surveys on these methods can be found.

Semiparametric testing theory is much less developed and is not treated here.
We refer the reader to van der Vaart (1998, §25.6), who shows that tests about
regular parameters based on efficient estimators are locally efficient in an appro-
priate sense, and Murphy and van der Vaart (2000) who discuss semiparametric
likelihood ratio tests and related intervals. Bickel et al. (2004) give a promising
new general testing framework based on semiparametric efficient score statistics,
applicable, for example, in constructing goodness-of-fit tests of semiparametric
models with substantial power for specified directions of departure.

We limit our discussion to models for independent identically distributed
observations. By and large, the efficiency theory so far available is for this
case. Optimality results with dependent observations have been developed using
problem-specific arguments in some settings, such as for certain time series mod-
els (Drost et al. 1994) and Markov chains (Greenwood and Wefelmeyer 1995).
However, recent work of Bickel and Kwon (2001), following the ideas of Bickel
(1993) and Levit (1978), has opened up new horizons for defining and calculating
efficiency bounds in a broad class of semiparametric models for dependent data
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where the analogue of a largest nonparametric model with independent, iden-
tically distributed data can be defined. Further developments in this direction
seem promising.

Finally, we limit our discussion to inference for regular parameters, that is,
parameters for which we can at least hope to find

√
n-consistent estimators.

There are many problems where the parameter of interest is ‘irregular’, such
as a conditional mean or a density function. The theory of minimax rates of
convergence for irregular parameters over large models and the construction
of adaptive estimators that estimate the parameter better when it is easier to
estimate, are areas of active research. See Hoffmann and Lepski (2002) and
its discussion for references on adaptive estimation, and van der Geer (2000,
Chapter 7, 9) and van der Vaart (2000, Chapter 8) for general strategies for
determining minimax rates of convergence.

5.2 Semiparametric models
Informally, a semiparametric model is one in which the collection F of possible
distributions that could have generated the observations X1, . . . , Xn is indexed
by a parameter ranging over a big set, that is, a set larger than the parameter
set of any parametric model. If, as we shall assume throughout, the observations
X1, . . . , Xn are a random sample—that is, independent copies—of some random
structure X, then a semiparametric model assumes that the distribution P ∗

of X belongs to a collection F = {Pθ : θ ∈ Θ} of measures on a measurable
space (X ,A) where Θ is some large non-Euclidean set. By a random structure
X we mean a measurable map on some underlying probability space that takes
values in an arbitrary sample space X . The special model in which F does not
restrict the distribution of X, except perhaps for some regularity conditions, is
usually referred to as a non-parametric model. Semiparametric theory studies
the problem of making inference about the value at P ∗ of a map β : F → B where
B is a normed linear space. A special case important for applications, which this
chapter will focus on, is that in which B = R

k and X is a Euclidean sample space.
Then P is in one-to-one correspondence with a cumulative distribution function
F , the semiparametric model F can be regarded as a collection of distribution
functions {Fθ : θ ∈ Θ} and β∗ ≡ β (P ∗) ≡ β (F ∗) ≡ β (θ∗) is a k × 1 parameter
vector.

Throughout the discussion below we use ∗ to indicate the true data-generating
mechanism and the associated true parameter values, we write F (Θ) instead of
F whenever we need to emphasize the parameter set, and we use the subscript
F in EF and varF to indicate that the expectation and variance are calculated
under F .

Example 1: Cumulative distribution function Suppose that we wish to esti-
mate F ∗ (t0) = pr (X ≤ t0) based on a random sample X1, . . . , Xn, under the
non-parametric model F1 that does not restrict the distribution of X. Here,



On semiparametric inference 119

β : F1 → R is defined as β (F ) = F (t0). Because the distribution of X is unre-
stricted, one might expect that the empirical cumulative distribution function,
F̂ (t0) = n−1

∑n
i=1 I (Xi ≤ t0) is a ‘most efficient’ estimator of F ∗ (t0) under the

non-parametric model. Levit (1975) was the first to formalize and prove this
assertion.

Suppose that due to the nature of the problem in hand we know the value
µ∗ of the mean of X and we still want to estimate F ∗ (t0). Then model F2 =
{F : EF (X) = µ∗} encodes our knowledge about the data-generating process.
The empirical cumulative distribution function F̂ (t0) is a semiparametric esti-
mator in this model but it fails to exploit the information about F ∗ (t0) entailed
by knowledge of the mean of F ∗. Semiparametric theory indicates how to con-
struct estimators that exploit such information.

In the following examples, the semiparametric models are indexed with a
Euclidean parameter α of interest and an infinite-dimensional nuisance parame-
ter η ranging in some non-Euclidean set η, so β (Fα,η) = α.

Example 2: Symmetric location Suppose that we know that the distribution of
a continuous random variable X is symmetric and we wish to estimate its centre
of symmetry α∗. Then we consider the model F (Θ) where Θ = α × η in which
α is the real line, η is the collection of all densities η symmetric around 0, that
is, with η (u) = η (−u) for all u and

F (Θ) = {Fα,η : fα,η (x) = η (x − α) , α ∈ α, η ∈ η} .

Stein (1956) showed that the information about α∗ is the same whether or not
the distributional shape η∗ is known, a remarkable finding that was the catalyser
of earlier investigations in semiparametric theory. Later, we will give a precise
definition of information and formalize this statement.

Example 3: Partial linear regression Consider a model for n independent copies
of X = (Z, V, Y ) that assumes that

E (Y | Z, V ) = ω∗ (V ) + α∗Z,

where ω∗ is an arbitrary unknown function and Z is a dichotomous treatment
indicator. In this model, F (α × κ × ω × π) is the collection of distributions

fX (x;α, κ1, κ2, ω, π) = κ1 {y − αz − ω (v) | v, z}π (v)z {1 − π (v)}1−z
κ2 (v) ,

where α ∈ α, the real line, and κ = (κ1, κ2) ∈ κ = κ1×κ2,κ1 is the index set for
the collection of arbitrary distributions of ε (α, ω) = Y −αZ−ω (V ) given Z and
V,κ2 is the set of all distributions of V,π is the set of all conditional distributions
of Z given V, and ω is the set of arbitrary functions of V . Estimation of α∗

in this model under smoothness conditions on ω∗ or variations of it imposing
additional restrictions on the error distribution has been extensively studied.
See, for example, Engle et al. (1984), Heckman (1986), Rice (1986), Bickel and
Ritov (1988), Robinson (1988), Chen (1988), Andrews (1991), Newey (1990),
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Bickel et al. (1993), Robins et al. (1992), Donald and Newey (1994), van der
Geer (2000), and Robins and Rotnitzky (2001).

In biostatistical and econometric applications, the model F (α × κ × ω × π)
is often postulated in order to analyse follow-up observational studies in which n
independent copies of X = (Y,Z, V ) are recorded, V being a high-dimensional
vector of potential confounding factors, many of which are continuous. In the
absence of additional confounders and measurement error, the difference

E (Y | Z = 1, V ) − E (Y | Z = 0, V ) = α

is equal to the average causal treatment effect obtained when comparing treat-
ment Z = 1 with treatment Z = 0 among subjects with covariates V . The
model assumes that there is no treatment–confounder interaction, but makes no
assumption about the form of the functional dependence of E (Y | Z = 0, V ) on
the confounders V , which is not of scientific interest.

If the data had been obtained from a randomized study with known random-
ization probabilities π∗ (v) , then the resulting model would be F (α × κ × ω×
{π∗}). A major advantage of conducting inferences under this model as opposed
to under those that also make parametric assumptions on ω∗ (V ) and on the
error distribution, is that model F (α × κ × ω × {π∗}) is guaranteed to be cor-
rectly specified with α∗ = 0 under the null hypothesis H0 that treatment has no
causal effect on any subject in the population. Thus, using semiparametric esti-
mators of α∗ and their estimated standard error we can construct a test of H0

whose actual level is guaranteed to be nearly equal to its nominal level, at least
in large samples. In Section 5.4 we show how semiparametric theory can be used
to show that estimators of α∗ that do not suffer from the curse of dimensionality
exist in model F (α × κ × ω × {π∗}) but not in model F (α × κ × ω × π).

Many semiparametric models have been proposed in response to the need
to formulate realistic models for the generating mechanisms of complex high-
dimensional data configurations arising in biomedical and econometric studies.
Such complexities arise either by design or because the intended, ideal, dataset is
not fully observed. Examples include coarsened—that is, censored or missing—
data, measurement error/mixture data, and truncated/biased sampling data.
The first two are examples of the important class of models usually referred to
as information-loss models, in which X = q (Y ) where Y is some incompletely
observed structure, generally of high dimension, and q is a many-to-one function.
A model F latent for the law FY of Y is assumed that induces a model Fobs for
the distribution PFY of the observed data X. The goal is to make inference about
some β (FY). Inference is especially sensitive to model misspecification because
the information encoded in F latent is used to impute the unobserved part of Y .
Consequently, semiparametric modelling becomes especially attractive in this
setting.

Coarsened data models have X = q (C,U) , where C is a missingness or
censoring variable, U is the intended data and q (c, u) indicates the part of u
that is observed when C = c. The model F latent is defined by a model F full for
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FU and a model G for the coarsening mechanism, G (C | U). The estimand of
interest is usually a parameter of FU. For example, consider the full-data struc-
ture U =

(
T, V (T )

)
, where V (t) ≡ {V (u) : 0 ≤ u ≤ t} is a high-dimensional

multivariate time-dependent data structure measured until a failure time T . In
clinical and epidemiological studies U is often right-censored in a subset of the
study participants, owing to the end of the study or to dropout. The observed
data then consist of independent realizations of

X = Φ(C,U) =
(
T̃ = min (T,C) ,∆ = I (T ≤ C) , V

(
T̃
))

,

where C is a censoring variable. Consider estimation of the marginal survival
function S (t0) = pr (T > t0) and of the regression parameters α∗ in the time-
independent proportional hazards model pr {T > t | V (0)} = S0 (t)exp{α∗V (0)}

,
where S0 is unrestricted. Semiparametric theory teaches us that the Kaplan–
Meier estimator of S (t0) and the maximum partial likelihood estimator of α∗

(Cox 1975) are semiparametric efficient when the intended data are comprised
of just T , for estimation of S (t0), and of (T, V (0)), for estimation of α∗. These
estimators fail to exploit the information in the time-dependent process V , how-
ever, and are consistent only under the strong and often unrealistic assumption
that censoring is non-informative, that is, G (C | U) = G (C) (Begun et al. 1983).
Semiparametric theory indicates how to construct estimators of S (t0) and of α∗

that allow the analyst to adjust appropriately for informative censoring due to
measured prognostic factors V, while simultaneously quantifying the sensitivity
of inference to non-identifying assumptions concerning residual dependence be-
tween the failure time and censoring due to unmeasured factors (Scharfstein and
Robins 2002). It also points the way to the construction of estimators that re-
cover information by non-parametrically exploiting the correlation between the
process V and the failure times of censored subjects. An important advantage
of such procedures in clinical trials is that they lead to tests of the hypothesis
α∗ = 0 that exploit the information on the post-treatment data V without com-
promising the validity of the usual intention-to-treat null hypothesis of no effect
of assigned treatment on survival (Robins and Rotnitzky 1992).

5.3 Elements of semiparametric theory
5.3.1 Variance bounds

The theory of semiparametric inference is based on a geometric analysis of like-
lihoods and scores. As we shall see, results may be obtained without detailed
probabilistic calculation. The theory starts with the formulation of the semipara-
metric bound. This notion was first introduced by Stein (1956) who, motivated
by the symmetric location problem, gave the following intuitive definition.

A parametric submodel of a semiparametric model F for independent and
identically distributed data assumes that F ∗ belongs to a subset Fpar of F
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indexed by a Euclidean parameter. A semiparametric consistent and asymp-
totically normal estimator of a Euclidean parameter β ≡ β (F ∗) cannot have
asymptotic variance smaller than the Cramér–Rao bound in any parametric
submodel of F . Consequently, such an estimator cannot have variance smaller
than the supremum of the Cramér–Rao bounds for all parametric submodels.
This supremum is referred to as the semiparametric variance bound and is de-
noted here by C (F ). To be precise about the definition of the bound, however, it
is necessary to compute the supremum only over regular parametric submodels
in which the likelihood is a smooth function and the parameter space is open,
so that the Cramér–Rao bound is well defined.

The bound C (F ) is the variance of the ‘best limiting distribution’ one can
hope for

√
n-consistent estimators that are also regular. Regular estimators are√

n-consistent estimators whose convergence to their limiting distribution is uni-
form in shrinking parametric submodels with parameters differing from a fixed
parameter value by O

(
n−1/2

)
. The class excludes superefficient estimators and

more generally, estimators with excellent behaviour under one law at the expense
of excessive bias in neighbourhoods of that law. The following extension due to
Begun et al. (1983) of Hajek’s representation theorem (Hajek 1970) to semipara-
metric models establishes that the normal distribution N (0, C (F )) with mean
zero and variance C (F ) is the best limiting distribution one could hope for a
regular estimator of β.

Theorem 5.1. (Representation Theorem) Let β̂ be a regular estimator of
β (F ) in model F . Then the limiting distribution of

√
n
{

β̂ − β (F )
}

under F

is the same as the distribution of W + U, where W and U are independent and
W ∼ N {0, C (F )}.

It is important to note that the theorem assumes the existence of a regular
estimator. In some problems the bound C (F ) is finite but meaningless because
no

√
n-consistent estimator of β (F ) exists. This situation is further examined

in Section 5.4.
A regular estimator of β (F ) is said to be globally semiparametric efficient in

F if
√

n
{

β̂ − β (F )
} L(F )→ N {0, C (F )} , (5.1)

for all F in the model, and where
L(F )→ denotes convergence in distribution under

F . The estimator is said to be locally semiparametric efficient at the submodel
Fsub if it is regular in model F and satisfies eqn (5.1) for all F in the sub-
model Fsub.

5.3.2 Tangent spaces

Estimators that are
√

n-consistent for parameters β with finite variance
bound may or may not exist but never exist for parameters with an infinite bound
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(Chamberlain 1986). An important issue is therefore the characterization of pa-
rameters β for which the bound is finite, as these are the only ones for which one
can hope to construct a

√
n-consistent estimator. Koshevnik and Levit (1976)

and Pfanzagl and Wefelmeyer (1982) defined a class of estimands, the pathwise-
differentiable parameters, for which the bound is finite. The class naturally arises
from the following argument.

Suppose that β (F ) = EF {ψ (X)} for some known k×1 vector function ψ (X)
with varF {ψ (X)} < ∞ for all F in the model. Then, in any regular parametric
submodel, say, with a set of laws Fpar = {Ft : t ∈ R

p} and Ft=0 = F ∗, for which
β (Ft) is a differentiable function of t, one has

∂

∂tT
β (Ft)

∣∣∣∣
t=0

= EF

{
ψ (X) St (F ∗)T

}
, (5.2)

where St (F ∗) is the score for t in the submodel Fpar evaluated at t = 0 and
T denotes matrix transposition. When interchange of differentiation and integra-
tion is possible and f (x; t) is a differentiable function of t, then eqn (5.2) can

be derived by differentiating β (Ft) =
∫

ψ (x) f (x; t) dx under the integral sign.

More generally, Ibragimov and Has’minskii (1981, Lemma 7.2) showed that eqn
(5.2) remains valid in any regular parametric submodel. Expression (5.2) implies
that the Cramér–Rao bound Cpar (F ∗) for β (F ∗) in the parametric submodel is

EF∗
{
ψ (X) St (F ∗)T

}
EF∗

{
St (F ∗) St (F ∗)T

}−1 EF∗
{
St (F ∗) ψ (X)T

}
,

the predicted value from the population least squares fit of ψ (X) on St (F ∗)
under F ∗. Equivalently,

Cpar (F ∗) = varF∗ [ΠF∗ {ψ (X) | Λpar (F ∗)}] ,

where Λpar (F ) denotes the set {cTSt(F ) : c any conformable vector of con-
stants} and where, for any closed linear space Ω in the Hilbert space L2 (F )
of random variables b (X) with finite variance and with covariance inner prod-
uct 〈b1 (X) , b2 (X)〉 = EF {b1 (X) b2 (X)}, the quantity ΠF {ψ (X) | Ω} denotes
a k × 1 vector with jth entry equal to the projection of the jth entry of ψ (X)
into Ω; here j = 1, . . . , k. A calculation shows that if ∪FparΛpar (F ) is a linear
space, then

C (F ) = sup
Fpar

varF [ΠF {ψ (X) | Λpar (F )}] = varF [ΠF {ψ (X) | Λ (F )}] ,

where
Λ (F ) is the closure of the linear span ∪Fpar Λpar (F ) . (5.3)

The space Λ (F ) is called the tangent space for model F at F . The projection
theorem for Hilbert spaces implies that the projection of ψ (X) into Λ (F ) exists.
Consequently, since the elements of Λ (F ) have finite variance, the bound C (F )
for β (F ) = EF {ψ (X)} is finite.
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Example 1 (continued) The parameter β (F ) = F (t0) can be written as β (F ) =
EF {ψ (X)} with ψ (X) = I (X ≤ t0). In model F1 any mean zero function a (X)
with finite variance is a score in a parametric submodel. For example, a (X)
is the score at t = 0 in the submodel f (x; t) = c (t) f∗ (x) G {ta (x)} where
G (u) = 2

(
1 + e−2u

)−1 and c (t) is a normalizing constant. Thus the tangent
space Λ (F ∗) in the nonparametric model F1 is equal to L0

2 (F ∗) , the space
of all mean zero finite variance functions of X under F ∗. The projection of
ψ (X) = I (X ≤ t0) into Λ (F ∗) is I (X ≤ t0) − β (F ∗). Consequently, the vari-
ance bound for β (F ∗) is C1 (F ∗) = β (F ∗) {1 − β (F ∗)} and hence the empirical
cumulative distribution function, having asymptotic variance equal to C1 (F ∗) ,
is semiparametric efficient.

Consider now estimation in model F2. Since EFt
(X − µ∗) = 0 under any

parametric submodel f (x; t), with t ∈ R
p, say passing through F ∗ at t = 0,

then differentiating with respect to t, we obtain EFt

{
(X − µ∗) St (F ∗)T

}
= 0,

provided varFt
(X) < ∞. It is then natural to conjecture that Λ (F ∗) in model

F2 is equal to the subset of L0
2 (F ∗) comprised of functions of X that are uncor-

related with X − µ∗. This conjecture is indeed true. The projection of ψ (X) =
I (X ≤ t0) into Λ (F ∗) is now equal to

I (X ≤ t0) − EF∗ {I (X ≤ t0) (X − µ∗)} varF∗ (X)−1 (X − µ∗)

and the variance bound equals

C2 (F ∗) = β (F ∗) {1 − β (F ∗)} − EF∗ {I (X ≤ t0) (X − µ∗)}2 varF∗ (X)−1
.

If X > t0 with positive probability, then C2 (F ∗) < C1 (F ∗), so knowledge
of EF∗ (X) improves the efficiency with which we can estimate β (F ∗). The
estimator given by

F̃ (t0) = n−1
n∑

i=1

{I (Xi ≤ t0) − τ̂ (Xi − µ∗)} , τ̂ =
∑n

i=1 I (Xi ≤ t0) (Xi − µ∗)∑n
i=1 (Xi − µ∗)2

,

is semiparametric efficient. The construction in this example mimics the con-
struction in parametric models of efficient estimators of a parameter of interest
when a nuisance parameter is known.

5.3.3 Pathwise differentiable parameters, gradients and
influence functions

In the preceding subsection, C (F ) was finite because it could be represented as
the variance of the projection of the random variable ψ (X) into Λ (F ). Indeed,
identity (5.2) was the sufficient condition for C (F ) to be finite. Consequently,
any parameter β (F ) for which there exists a k × 1 random vector ψF (X) with
finite variance under F such that eqn (5.2) holds for all regular parametric sub-
models has a finite variance bound. Such a parameter β (F ) is called a regular
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or pathwise differentiable parameter at F . The class of regular parameters essen-
tially includes all estimands that admit a regular estimator. This follows from
van der Vaart (1988), who showed that differentiability of β (Ft) and the exis-
tence of at least one regular estimator of β (F ) are sufficient for regularity of
β (F ).

The function ψF (X) is called a gradient of β (F ). Gradients are not uniquely
defined. For example, if ψF (X) is a gradient, then so is ψF (X) + M for any
constant vector M . However, all gradients of β (F ) must have identical projection
into the tangent space Λ (F ). This projection, which in turn is also a gradient,
is called the canonical gradient or efficient influence function, and is denoted
by ψF,eff (X). It follows from eqn (5.3) that the variance bound for a regular
parameter β (F ) equals the variance of its canonical gradient.

Gradients are intimately connected with a special, very broad, class of regu-
lar estimators—the regular asymptotically linear estimators. An estimator β̂ is
asymptotically linear at F if and only if there exists a mean zero, finite variance
function ϕF (X) such that when X has distribution F , then

√
n
{

β̂ − β (F )
}

=
1√
n

n∑
i=1

ϕF (Xi) + op (1) .

The function ϕF (X) is called the influence function of β̂, the name being a
reminder that, up to first order, ϕF (Xi) measures the influence of Xi on β̂
(Hampel 1974).

An important class of asymptotically linear estimators comprises those that
are solutions to unbiased estimating functions. Specifically, suppose that in a
model indexed by (α, η) we can find a function m (x;α) depending on α but not
on the nuisance parameter η such that

EFα∗,η∗ {m (X;α∗)} = 0 (5.4)

at the true parameters α∗ and η∗, regardless of the value of η∗. Then, under
suitable regularity conditions, estimators α̂ of α∗ solving

n∑
i=1

m (Xi;α) = 0 (5.5)

are asymptotically linear at Fα∗,η∗ with influence function given by

ϕFα∗,η∗ (X) =
[
−∂EFα∗,η∗ {m (X;α)} /∂α

∣∣
α=α∗

]−1

m (X;α∗) . (5.6)

Newey (1990, Theorem 2.2) showed that an asymptotically linear estima-
tor β̂ with influence function ϕF (X) satisfying certain regularity conditions is
regular if and only if ϕF (X) satisfies eqn (5.2) with ϕF (X) replacing ψ (X).
Consequently, influence functions of regular asymptotically linear estimators of
β (F ) are gradients quite generally. We shall see in Section 5.4 that this result
and identity (5.6) yield a method for assessing whether estimators that do not
suffer from the curse of dimensionality exist under a given model.
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5.3.4 The semiparametric efficient score

The tangent space of semiparametric models indexed by a parameter α of interest
and an infinite-dimensional nuisance parameter η, has more structure that can
be exploited in calculating the set of gradients and the bound for β (Fα,η) = α.
Specifically, suppose that θ = (α, η) and Θ = α × η, α ⊆ R

k and η is a non-
Euclidean space. The submodel F ({α∗} × η) in which α is fixed at its true value
and η ⊆ η is unknown is called the nuisance submodel. Its tangent space at F ∗,
denoted Λnuis (F ∗) , is called the nuisance tangent space. The scores Sηt

(F ∗) in
regular parametric submodels of F ({α∗} × η) are called the nuisance scores. In
addition, the submodel F (α × {η∗}) in which the nuisance parameter η is fixed
at its true value but α is unknown is a parametric model with score denoted by
Sα (F ∗). It follows that if ψF∗ (X) is any gradient of β (F ∗) in model F (α × η) ,
then

0 =
∂

∂t
β (α∗, ηt)

∣∣∣∣
t=0

= EF∗
{
ψF∗ (X) Sηt

(F ∗)T
}

, (5.7)

Ik =
∂

∂α
β (α, η∗)

∣∣∣∣
α=α∗

= EF∗
{
ψF∗ (X) Sα (F ∗)T

}
, (5.8)

where Ik is the k × k identity matrix. Thus gradients of α are orthogonal to the
nuisance tangent space and have covariance with the score for α equal to the
identity. Indeed, quite generally, the reverse is also true: any function ψF∗ (X)
that satisfies eqns (5.7) and (5.8) is a gradient (Bickel et al. 1993, §3.4, Propo-
sition 1).

The previous derivation yields the following useful characterization of the
efficient influence function. Define

Sα,eff (F ∗) = Sα (F ∗) − ΠF∗ {Sα (F ∗) | Λnuis (F ∗)}

and

ψ∗
F∗ (X) = varF∗ {Sα,eff (F ∗)}−1

Sα,eff (F ∗) ,

where ΠF∗ (· | ·) was defined in Section 5.3.2. By construction, ψ∗
F∗ (X) satisfies

eqns (5.7) and (5.8) and it is an element of Λ (F ∗). Therefore, ψ∗
F∗ (X) is equal

to the efficient influence function ψF∗,eff (X). The vector Sα,eff (F ∗) is called the
efficient score, and its variance is called the semiparametric information bound.
The semiparametric efficient score is the generalization to semiparametric mod-
els of the effective score in a parametric model. Its interpretation is identical to
that in parametric models. When η is known, the variation in the score Sα (F ∗)
corresponds to the information for α. When η is unknown, a part of the infor-
mation about α is lost, and this corresponds to the lost part of the variation
in the score Sα (F ∗) resulting from adjustment for its regression on the infinite-
dimensional score for η.
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Example 2 (continued) A nuisance submodel indexed by t with truth at t = 0
is of the form f (x; t) = η (x − α∗; t). Thus, a nuisance score is of the form

g (X − α∗) =
∂ log η (X − α∗; t)

∂t

∣∣∣∣
t=0

,

where g (u) = g (−u). This suggests that Λnuis (F ∗) is the set of mean zero,
finite variance, functions g (X − α∗) with g (u) = g (−u). This conjecture is
indeed true (see Bickel et al. 1993, §3.2, Example 4). Consequently, any anti-
symmetric function q (u), that is, with q (−u) = −q (u), such that q (X − α∗)
has finite variance has EF∗ {q (X − α∗) g (X − α∗)} = 0. The score for α is
Sα (F ∗) = η∗

u (X − α∗) /η∗ (X − α∗) , where η∗
u (u) = dη∗ (u) /du provided the

derivative exists. Since a symmetric function has an antisymmetric derivative,
we conclude that η∗

u (u) /η∗ (u) is antisymmetric. Consequently,

ΠF∗ {Sα (F ∗) |Λnuis (F ∗)} = 0, Sα (F ∗) = Sα,eff (F ∗) .

Thus, the information for estimating the center of symmetry is the same whether
or not the shape η∗ is known and it is equal to I (η∗) = EF∗ {Sα (F ∗)} =∫
{η∗

u (u)}2
/η∗ (u) du. Beran (1974) and Stone (1975) have shown that it is pos-

sible to construct globally semiparametric efficient estimators α̂ of α∗ under the
minimal condition that I (η∗) is finite.

Estimators like α̂ in Example 2, which are efficient in a model F (α × {η∗})
with η∗ known even though their construction does not require knowledge of η∗,
are called adaptive. A necessary condition for adaptive estimation is orthogonal-
ity of Sα (F ∗) with the nuisance tangent space. Bickel (1982) discussed sufficient
conditions for adaptation.

5.4 The curse of dimensionality
5.4.1 Introduction

We noted earlier that the variance bound of a parameter of interest is sometimes
finite but meaningless. Ritov and Bickel (1990) and Robins and Ritov (1997) gave
several examples of this situation, which occurs when estimation of the parame-
ter of interest also entails additional estimation of a high-dimensional irregular
nuisance parameter such as a conditional mean function. The usual approach to
this problem is to impose minimal smoothness conditions on the irregular para-
meters under which

√
n-consistent estimators of the parameter of interest exist,

and to treat non-existence results in the absence of smoothness conditions as
mathematical curiosities. In a sequence of papers, Robins and colleagues (Robins
and Ritov 1997, Robins et al. 2000, Robins and Wasserman 2000, van der Laan
and Robins 2003) have taken the opposite point of view; see also Bickel and
Ritov (2000). They have argued that even when the smoothed model is known
to be true, an asymptotic theory based on the larger model that does not as-
sume smoothness is a more appropriate guide to small-sample performance. This
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is due to the curse of dimensionality: for example, if a conditional mean on a
highly multivariate covariate needs to be estimated, smoothness conditions are
not relevant even when satisfied because no two units have covariate values close
enough to allow the borrowing of information necessary for smoothing. Robins
(2004) takes an intermediate position, noting the possibility of developing an
asymptotic theory based on a model that assumes sufficient smoothness on the
nuisance parameters to ensure the existence of estimators that converge in prob-
ability to the parameter of interest at some rate but not sufficient to ensure the
existence of

√
n-consistent estimators. Section 5.5 expands on this.

5.4.2 Estimation avoiding the curse of dimensionality

In some models indexed by (α, η) , where α is a Euclidean parameter and η is
infinite dimensional, it is possible to find unbiased estimating functions, that is,
functions of α and X satisfying eqn (5.4) for all η∗. Under regularity conditions,
when such function exists, whatever the value of η∗ there exist a regular estima-
tor α̂ of α∗ solving eqn (5.5). The estimator α̂ has the enormous advantage of
not suffering from the curse of dimensionality because its construction does not
depend on estimation of nuisance parameters. Under some moment conditions,
there exists also a sequence σn (α, η) , n = 1, 2, . . . , such that

sup
(α,η)

∣∣∣∣pr(α,η)

{√
n (α̂ − α)
σn (α, η)

< t

}
− Φ(t)

∣∣∣∣ →
n→∞

0, (5.9)

where Φ is the standard normal cumulative distribution function, pr(α,η) denotes
the probability calculated under Fα,η and to avoid distracting complications we
take the parameter α to be scalar. If α̂ satisfies eqn (5.9) and we can find an
estimator σ̂n such that

sup
(α,η)

pr(α,η)

{∣∣∣∣1 − σ̂n

σn (α, η)

∣∣∣∣ > ε

}
→

n→∞
0, (5.10)

then In = α̂± σ̂nΦ−1 (1 − τ/2) /
√

n is an asymptotic (1− τ) confidence interval;
that is, it satisfies

supFα,η∈F

∣∣∣pr(α,η) (α ∈ In) − (1 − τ)
∣∣∣ →

n→∞
0. (5.11)

Uniform convergence rather than pointwise convergence,

pr(α,η) (α ∈ In) →
n→∞

1 − τ at each (α, η) ,

is relevant when the concern is, as it is of course in practice, to ensure that the
actual coverage of the interval at a fixed and, possibly large, n, is close to
the nominal level. If pointwise but not uniform convergence holds for In, then
there does not exist an n at which the coverage probability of In is guaranteed
to be close to its nominal level under all laws Fα,η allowed by the model.



On semiparametric inference 129

Under mild conditions, when α̂ satisfies eqn (5.9) the bootstrap estimator
σ̂n of the standard error of

√
n (α̂ − α) will satisfy eqn (5.10). Thus, such an

estimator can be used to center confidence intervals with length shrinking to
zero at rate Op

(
n−1/2

)
.

A central question of practical interest is therefore the investigation of con-
ditions under which we can hope to find unbiased estimating functions that
depend only on α. Identity (5.6) and the comment following it give a clue to the
answer. Specifically, if such m (X;α) exists, then apart from a constant factor,
m (X;α∗) must be equal to a gradient ψFα∗,η∗ (X) of α at Fα∗,η∗ . Since α̂ is
consistent regardless of the value of η, then ψFα∗,η∗ (X) must satisfy

EFα∗,η

{
ψFα∗,η∗ (X)

}
= 0 for all η. (5.12)

This condition is therefore necessary for the existence of an unbiased estimating
function. Indeed, taking m (X;α) = ψFα,η∗ (X), we see that the condition is also
sufficient for eqn (5.4) to hold. As we saw earlier, gradients are orthogonal to
the nuisance tangent space, so in the search for unbiased estimating functions
one can restrict attention to Λnuis (Fα∗,η∗)⊥ , the collection of mean zero, finite
variance functions of X which are orthogonal to Λnuis (Fα∗,η∗).

Example 3 (continued) It follows from Bickel et al. (1993, §4.3) that in model
F (α × κ × ω × {π∗}) with π∗ known,

Λnuis (Fα∗,κ∗,ω∗,π∗)⊥ ={mh (X;α∗)={Z−π∗ (V )} {(Y −α∗Z) h1 (V )+h2 (V )} :
h (·) = (h1 (·) , h2 (·)) unrestricted} ∩ L2 (Fα∗,κ∗,ω∗,π∗).

All elements of this set have mean zero under Fα∗,κ,ω,π∗ , regardless of the values
of κ = (κ1, κ2) and ω. Under moment conditions, α̂ solving

∑
i mh (Xi;α) = 0

for arbitrary h satisfies eqn (5.9) where η stands for all nuisance parameters in
the model.

In models like F (α × κ × ω × {π∗}) in Example 3, in which all elements of
Λnuis (Fα∗,η∗)⊥ have mean zero under Fα∗,η for any η, one has the additional
advantage of being able to compute locally efficient estimators of α that do
not suffer from the curse of dimensionality. Specifically, suppose that, as in the
previous example, the set Λnuis (Fα∗,η∗)⊥ is indexed by some parameter h, possi-
bly infinite-dimensional. Then Sα,eff (Fα∗,η∗) corresponds to some optimal index
heff that often depends on α∗ and η∗. Suppose that one uses an estimator ĥeff

that converges in some norm to heff under some guessed dimension-reducing
model for heff , which we call the working model. Under regularity conditions,
the quantity α̂ that solves

∑
i m

ĥeff
(Xi;α) = 0 has the same limiting distri-

bution as the solution of
∑

i mhlim (Xi;α) = 0, where hlim is the probability
limit of ĥeff . The key to the validity of this result is the unbiasedness of the ‘esti-
mated’ estimating function, i.e. the fact that m∗

ĥeff
(α∗) = 0, where for any h and

any α, m∗
h (α) ≡ EFα∗,η∗ {mh (X;α)}. The estimator α̂ has the same asymptotic
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distribution as the solution to the efficient score equation under the working
model and remains asymptotically normal otherwise. Thus, α̂ is locally efficient
at the working model.

Example 3 (continued) The efficient score for α in model F (α × κ × ω×
{π∗}) is

Sα,eff (Fα∗,κ∗,ω∗,π∗) = {Z − π∗ (V )} {Y − α∗Z − ω∗ (V )} c∗ (V )−1
,

where

c∗(V )=π∗ (V ) σ∗ (0, V ) + {1−π∗ (V )}σ∗ (1, V ) , σ∗ (Z, V ) = varF∗ (Y | Z, V ).

Note that Sα,eff (Fα∗,κ∗,ω∗,π∗) = mheff (X;α∗), where heff,1 (V ) = c∗ (V )−1 and
heff,2 (V ) = −ω∗ (V ) c∗ (V )−1 (Bickel et al. 1993, §4.3). Let α̃ be a prelimi-
nary estimator of α, say solving eqn (5.5) using an arbitrary mh (X;α) in
Λnuis (Fα,κ∗,ω∗,π∗)⊥. Let ω̂ (v) be the fitted value at V = v in the regression
of Yi − α̃Zi on Vi, i = 1, . . . , n under some working model for ω∗ (V ), and let

ĉ (v) = π∗ (v) σ̂ (0, v) + {1 − π∗ (v)} σ̂ (1, v) ,

where the quantity σ̂ (z, v) is the fitted value at (Z, V ) = (z, v) in the re-
gression of {Yi − α̃Zi − ω̂ (Vi)}2 on (Zi, Vi, ) , i = 1, . . . , n, under some working
model for varF∗ (Y | Z, V ). Under regularity conditions, the estimator α̂ solving∑

i m
ĥeff

(Xi;α) = 0 where ĥeff is defined like heff but with ω̂ and σ̂ instead of
ω∗ and σ∗, is a locally semiparametric efficient at the working models.

Robins and Ritov (1997) warned that local efficiency must be interpreted with
caution if the working model is large. They noted that the variance bound may be
an overly optimistic measure of the actual sampling variability of the estimator
under some laws allowed by the working model: formally, σ2

n (α, η) /C (Fα,η) →
1 as n → ∞, but not uniformly in (α, η). For instance, suppose that in the
previous example the working model only specifies that ω∗ and σ∗ (z, ·) are
continuous functions. Suppose that the sample is randomly split into two halves,
and separate multivariate kernel smoothers ω̂j and σ̂j (z, ·) of ω∗ and σ∗ (z, ·)
are computed on each half-sample, for j = 1, 2. Suppose that α̂ is a solution
to

∑
i m

ĥeff (i)
(Xi;α) = 0, where ĥeff (i) is the estimator of heff that uses ω̂j and

σ̂j (z, ·) based on the data in the half-sample that does not contain unit i. Under
some moment conditions, α̂ is locally efficient at the working model. However,
the variance of

√
n (α̂ − α∗) is larger than the variance bound under some laws

allowed by the working model. This reflects the fact that at any given sample
size n, there exist very wiggly continuous functions ω∗ and c∗ that cannot be
well estimated by ω̂ and ĉ.

Bickel (1982) has characterized a class of models where eqn (5.12) holds for
all gradients, and for which, therefore, locally efficient estimation is feasible.
These are models such that the collection Fnuis = {Fα∗,η : η ∈ η} is convex in η,
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that is, any mixture of two distributions in Fnuis is also in Fnuis. Identity (5.12)
holds in such models because

f (x; t) ≡ tf (x;α∗, η) + (1 − t) f (x;α∗, η∗) , 0 ≤ t ≤ 1,

belongs to Fnuis for every pair (η∗, η). Consequently

∂ log f (x; t)
∂t

∣∣∣∣
t=0

=
f (x;α∗, η∗)
f (x;α∗, η)

− 1

is a nuisance score. As any gradient ψFα∗,η∗ (X) is orthogonal to nuisance scores,
we see that

0 = Eα∗,η∗

[
ψFα∗,η∗ (X)

{
f (x;α∗, η∗)
f (x;α∗, η)

− 1
}]

= Eα∗,η

{
ψFα∗,η∗ (X)

}
.

Convexity of the nuisance model is a sufficient but not necessary condition for
eqn (5.12) to hold for all gradients. For example, the nuisance model in model
F (α × κ × ω × {π∗}) of Example 3 is not convex but, as noted earlier, all gra-
dients of α satisfy eqn (5.12).

Example 3 (continued) Consider model F (α × η × {ω∗} × {π∗}) in which ω∗

is known. This is a special case of the conditional mean model Fcond (α × η)
defined by the sole restriction that EF∗ (Y | W ) = d (W ;α∗) for some known
function d (W ; ·). An easy calculation shows that the nuisance model is convex.
Chamberlain (1987) showed that Λnuis (Fα∗,η∗)⊥ equals

{mh (X;α∗) = h (W ) {Y − d (W ;α∗)} : h (·) unrestricted} ∩ L2 (Fα∗,η∗) .

As predicted by the theory, the elements of this set have mean zero under Fα∗,η

for any η.

5.4.3 Unfeasible estimation due to the curse of dimensionality

Unfortunately, unbiased estimating functions that depend on α only do not
always exist. In many models Λnuis (Fα∗,η∗)⊥ is of the form

{mh (X;α∗, ρ (η∗)) : h in some index set} ∩ L2 (Fα∗,η∗) , (5.13)

where ρ (η) is some non-Euclidean function of η and

m∗
h {α, ρ (η)} ≡ EFα∗,η∗ [mh {X;α, ρ (η)}]

satisfies m∗
h {α∗, ρ (η∗)} = 0 but m∗

h {α∗, ρ (η)} �= 0 for η �= η∗.

Example 3 (continued) It follows from results in Bickel et al. (1993, §4.3) that
in model F (α × κ × ω × π) with π∗ unknown,

Λnuis(Fα∗,κ∗,ω∗,π∗)⊥ ={mh(X;α∗, ω∗, π∗)=[Z − π∗(V )][Y −α∗Z−ω∗(V )]h(V ) :
h (·) unrestricted} ∩ L2 (Fα∗,κ∗,ω∗,π∗) .

Here η∗ = (κ∗, ω∗, π∗) , ρ (η∗) = (ω∗, π∗) and m∗
h

(
X;α∗, ω†, π†) �= 0 if ω† �= ω∗

and π† �= π∗.
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Estimators satisfying eqn (5.9) may not exist when Λnuis (Fα∗,η∗)⊥ is of the
form of eqn (5.13). Indeed, the situation may be much worse. For example,
Ritov and Bickel (1990) showed that in model F (α × κ × ω × π) of Example 3
there exists no uniformly consistent estimator of α∗, that is, one satisfying the
condition

sup
(α,η)

pr(α,η) (|α̂ − α| > ε) →
n→∞

0 for all ε > 0. (5.14)

The essence of this is seen in the following heuristic argument where, to avoid dis-
tracting technicalities, we assume that V is scalar and uniformly distributed on
the interval (0, 1). For each fixed n, one can find a partition of the interval (0, 1),
with partition bins Bm,m = 1, . . . , M, such that with very high probability, no
two units have values of V in the same bin. Inside each bin, the observed data
capture neither the association between the confounder and the outcome within
each treatment level E (Y | Z = z, V = ·), z = 0, 1, nor the association between
the confounder and treatment pr (Z = z | V = ·). Thus, inside each bin, there is
essentially confounding by the variable V , as the following example illustrates.

Example 4 Divide Bm into two subintervals B1m and B2m of equal length.
Consider a set of 2M probability distributions, fj (x), j = 1, . . . , 2M , satisfying
in each bin Bm one of the two possibilities shown in Table 5.1. Because at most
one V is observed in each bin, with a sample of size n a data analyst will not
be able to distinguish the possibility that one of the 2M laws generated the
data from the possibility that the distribution satisfying E (Y | Z = 0, V ) = 2.8,
E (Y | Z = 1, V ) = 8.2, and pr(Z = 1 | V ) = 0.5 generated the data. However,
α∗ = 0 under any of the 2M former laws while α∗ = 5.4 under the latter. Thus,
α∗ = 0 cannot be discriminated from α∗ = 5.4.

A negative consequence of the lack of uniform consistency is that there exists
no asymptotic 1 − τ confidence interval In satisfying eqn (5.11) with length
shrinking to zero, not even at a rate slower that Op

(
n−1/2

)
. For if such In

existed, its midpoint α̂ would satisfy eqn (5.14).

5.4.4 Semiparametric inference and the likelihood principle

Example 3 illustrates the important general point raised by Robins and Ritov
(1997) that in very high-dimensional models there may exist no procedure with

Table 5.1. Possible values of E (Y | Z = z, V = v) and pr (Z = z | V = v) in
bin Bm; see Example 4.

Possibility 1 Possibility 2

v ∈ B1m v ∈ B2m v ∈ B1m v ∈ B2m

z 0 1 0 1 0 1 0 1
E (Y | Z = z, V = v) 1 1 10 10 10 10 1 1
pr (Z = z | V = v) 0.8 0.2 0.2 0.8 0.2 0.8 0.8 0.2



On semiparametric inference 133

good frequentist properties that obeys the likelihood principle. Specifically, in
Example 3, let

W = {(Zi, Vi) : i = 1, . . . , n} , Y = {Yi : i = 1, . . . , n} .

In model F (α × κ × ω × π) the likelihood equals f (Y | W; α, ω, κ1) f(W;
π, κ2). The preceding discussion implies that whether or not the distribution
of the S-ancillary statistic W (Cox and Hinkley 1974) is known has severe con-
sequences for inference. If (π∗, κ∗

2) are unknown, we have just seen that no uni-
form consistent estimator and hence, no asymptotic confidence interval exists.
In contrast, when (π∗, κ∗

2) is known, there exist both estimators satisfying eqn
(5.9) and asymptotic confidence intervals with length shrinking to zero at rate
Op

(
n−1/2

)
. This is so because, as noted in Section 5.4.2, such procedures exist

when the randomization probabilities π∗ are known even if κ∗
2 is unknown. Now,

in the model with (π∗, κ∗
2) known, any procedure that obeys the likelihood prin-

ciple must give the same inference for α∗ for any known value of (π∗, κ∗
2). But

this implies that such procedure can also be used for inference about α∗ in model
F (α × κ × ω × π) with (π∗, κ∗

2) unknown. Since no well-behaved procedure ex-
ists in model F (α × κ × ω × π) we conclude that any inferential procedure that
works well in the model with (π∗, κ∗

2) known must violate the likelihood principle
and depend on the randomization probabilities π∗or on the law κ∗

2 of V, or both.

5.4.5 Double robustness

The discussion above implies that in Example 3, both in theory and practice,
the size of model F (α × κ × ω × π) must be reduced in order to obtain well-
behaved procedures. One possibility is to consider inference under the submodel
F (α × κ × ωsub × π) , where ωsub is a small subset of ω. If ωsub is sufficiently
small, then there exist estimators of α that satisfy eqn (5.9) where η stands
for all nuisance parameters in the model. For example, if ωsub is a parametric
subset {ω (·;ψ) : ψ ∈ R

q} of ω then the first component α̂ls of the possibly non-
linear least squares estimator

(
α̂ls, ψ̂ls

)
of (α,ψ) satisfies eqn (5.9) under mild

regularity conditions. A second possibility is to assume that π∗ lies in a small,
perhaps parametric, subset πsub of π. Estimators of α∗ satisfying eqn (5.9) exist
in model F (α × κ × ω × πsub). For example, the estimator α̂prop solving∑

i

(Yi − αZi)
{

Zi − π
(
Vi; ξ̂

)}
= 0,

where ξ̂ is the maximum likelihood estimator of ξ under the submodel πsub =
{π (·; ξ) : ξ ∈ R

q}, satisfies eqn (5.9) under mild regularity conditions.
Neither α̂ls nor α̂prop is entirely satisfactory: the first is inconsistent if ω∗ �∈

ωsub, and the second is inconsistent if π∗ �∈ πsub. Fortunately, estimators ex-
ist that are uniformly asymptotically normal and unbiased in the larger model
F (α × η × ((ω × πsub) ∪ (ωsub × π))) that assumes that one of the models
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πsub or ωsub, but not necessarily both, is correctly specified. Such estimators
have been called doubly robust (Robins et al. 2000). For example, the estimator
α̂dr obtained by solving the equation∑

i

{
Yi − αZi − ω

(
Vi; ψ̂ls

)}{
Zi − π

(
Vi; ξ̂

)}
= 0

is doubly robust.
Doubly robust estimators have been derived independently by various au-

thors in specific problems (Brillinger 1983, Ruud 1983, 1986, Duan and Li 1987,
1991, Lipsitz et al. 1999, Robins et al. 2000) but do not always exist. An open
problem in semiparametric theory is to characterize the problems in which dou-
bly robust inference is feasible. Some initial progress is reported in Robins and
Rotnitzky (2001).

5.5 Discussion
Doubly robust inference, even if feasible, does not resolve the difficulties posed
by the curse of dimensionality. It is not honest to severely reduce the size of
the model if we believe that the initial semiparametric model encodes our en-
tire knowledge about the data-generating process. Dimension-reducing strategies
such as double robustness based on parametric submodels lead to estimation
procedures, in particular point and interval estimators, that perform well if we
happen to be lucky enough to be working with data that arose from a law in
the reduced model. But if not, such procedures may lead to quite misleading
inferences.

What then should we do? As Example 4 illustrates, there is very little one can
do when the model is so gigantic that data-generating processes with extreme
anomalies can occur under the model. However, in most realistic problems one
can reasonably exclude such anomalies and assume that the data-generating
process does have some regularity. For instance, in Example 3, one may be
willing to assume that the functions ω∗ and π∗ are Holder ν for some ν < 1;
recall that a map u �→ g (u) between two normed spaces is said to be Holder
ν, for ν < 1, if and only if there exists a constant K such that for all u1, u2,
‖g (u1) − g (u2)‖ ≤ K ‖u1 − u2‖ν . This raises the following important unresolved
issues:

(a) Consider a semiparametric model indexed by a Euclidean parameter α and
a non-Euclidean parameter η. To protect against model misspecification, one
may take a conservative position and assume some but not much smoothness
on η or some of its components, thereby losing the ability to construct

√
n-

consistent estimators of α. Almost nothing is known about how to estimate
α once the smoothness requirements on the nuisance parameter η needed
for

√
n-consistent estimation of α are relaxed. A first challenging question

is: how do we construct estimators that achieve a minimax optimal rate of
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convergence under a large smooth model Fsmooth? By this we mean estima-
tors whose mean squared error converges at the fastest possible rate to zero
in the worse possible scenario. Formally, we want to find estimators α̂ of α
such that for some sequence τn converging to zero as n → ∞,

lim sup
n→∞

sup
Fα,η∈Fsmooth

EFα,η

(
τ−2
n ‖α̂ − α‖2

)
< ∞ (5.15)

and the normalizing sequence τn cannot be improved in order, in the sense
that if α̃ is another estimator for which there exists a sequence ςn such that
eqn (5.15) holds with α̃ and ςn instead of α̂ and τn, then τn converges to
zero at least as fast as ςn.

(b) More importantly, how do we construct honest confidence regions In for α∗,
that is, ones that satisfy eqn (5.11) with Fsmooth instead of F , whose size
converges to zero as n → ∞? We may even be more ambitious and ask that
our honest regions converge to zero at the fastest possible rate, satisfying

supFα,η∈Fsmooth
pr(α,η)

[
ϕ−2

n volume (In) > δ
]
→ 0 as n → ∞

for each δ > 0, where the constant ϕn converges to zero at the fastest possible
rate.

We may even hope to be able to improve on the estimators sought in (a). Over the
last decade the nonparametrics community has spent considerable effort investi-
gating adaptive estimators whose convergence rate is as fast as possible given the
unknown smoothness of the true underlying irregular object being estimated, a
density or conditional expectation for instance. It is therefore not too ambitious
to hope to find rate-adaptive estimators of α∗ as well. However, we doubt the
relevance to practice of adaptive estimators. Since adaptive variance estimators
for adaptive estimators of irregular parameters do not exist, we suspect that
the same would be true for estimators of the variance of adaptive estimators of
α∗. But without an assessment of their uncertainty, the usefulness of adaptive
estimators will be limited. In biomedical applications, for instance, it is com-
mon practice to combine evidence from various studies without access to the
raw data. For meta-analysis it is far more important to have a valid confidence
interval, even if large, than a good point estimator of α∗ without assessment of
its uncertainty.

The reader may feel that the questions raised in (a) and (b) are of mathemat-
ical interest but of little relevance to practice. We disagree: indeed, we view the
answers as one possible way to reconcile asymptotic theory with finite sample
performance. One possibility is to calibrate the assumed degree of smoothness
with the sample size and the dimension of the model. For instance, it may be
known that the data at hand have been generated by η∗ with smoothness obey-
ing the demands for

√
n-consistent estimation of α∗. However, with the available

sample size the ability to estimate η∗ may be severely limited even if the smooth-
ness conditions are imposed. Consequently, the real accuracy with which α can
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be estimated may be much lower than that predicted by the theory, and may
indeed resemble more the accuracy that the theory would have predicted if one
had assumed much less smoothness of η. One could then calibrate inference on
α∗ by assuming a less restrictive model. Precise calibration would be practically
impossible, but a sensitivity analysis to various degrees of assumed smoothness
may be a reasonable strategy to give an indication of the real magnitude of
uncertainty.

We conclude by noting that Robins (2004) and Robins and van der Vaart
(2004), following Small and McLeish (1994) and Waterman and Lindsay (1996),
have outlined a promising new theory of higher-order scores and Bhattacharyya
bases that may yield fruitful ways to resolve the questions posed above.
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6
On non-parametric statistical methods

Peter Hall

6.1 Parametric and nonparametric statistics
David Cox and I have collaborated on just one paper (Cox and Hall 2002), and
I feel sure that we view it in quite different ways. The work is on inference for
simple random effects models in non-normal distributions, and David would, I
feel sure, see it as an account of statistical methodology in cases that are close
to normal, but do not actually enjoy that distribution. In particular, ‘local’
or ‘approximate’ normality can be used to justify the moment-based approach
taken in our work. For my part, I view the research as an account of straight
non-parametric inference, albeit more easy to justify in the case of distributions
with light tails.

The appropriateness of this dual view of contemporary statistical inference
is far more common than one might be led to believe, given the tension that
sometimes is said to exist between finite- and infinite-parameter perspectives of
the statistical universe (see, for example, Breiman 2001). It is trite to say that
the dual view has been with us for a very long while. Thus, the central limit
theorems of Laplace, known early in the nineteenth century, can be viewed as
providing a local view of inference about a mean, as the population distribution
strays from normality.

Additionally, most non-parametric methods are closely linked, in either spirit
or concept, to much older parametric approaches. For example, the distinctly
non-parametric passion for bump hunting, which is often a search for inhomo-
geneity in the form of subpopulations, is close in spirit to the much older art
of fitting mixture models and identifying significant components. Consider, for
example, David Cox’s work on exploring homogeneity by fitting normal mixture
models (Cox 1966). He viewed the marked presence of an additional normal
population to be a ‘descriptive feature likely to indicate mixing of components’.
Non-parametric approaches to bump hunting date from Silverman’s (1981) work
on multimodality.

To take another example, many non-parametric methodologies for dimen-
sion reduction (for example Friedman and Stuetzle 1981, Friedman et al. 1984,
Huber 1985) have at their heart relatively conventional techniques for principal
component analysis.
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These remarks do not in any way detract from the novelty, often very pro-
found, of new developments in non-parametric statistics, for example in bump
hunting or dimension reduction. Rather, they point to a very healthy willing-
ness on the part of modern statistical scientists to borrow, where necessary, the
ingenious and simple ideas of their predecessors. However, the evidence does in-
dicate that the suggestion that two opposing cultures exist in modern statistical
science may need to be evaluated cautiously. Arguably, remarks about opposing
cultures are made more to provoke discussion and debate than to reflect real
division or to indicate genuinely divergent methodological development, in the
past, present, or future. Discussions of the potential future of statistics, address-
ing both parametric and non-parametric ideas, include those of Hall (2001) and
Raftery et al. (2001). Surveys of the past include Titterington and Cox (2001).

6.2 Computation and non-parametric statistics
Non-parametric statistics has benefited far more than its parametric counterpart
from the exponential increase in computing power that Moore’s law (Moore
1965) has visited upon us for the last 40 years. This is at least partly be-
cause much of non-parametric statistics was not really feasible until the desktop-
computer age, which dawned in the 1970s and early 1980s. However, the math-
ematical details of permutation methods, of techniques for bandwidth choice
in curve estimation (see, for example, Pitman 1937, Woodroofe 1970), and of
related topics in non-parametric statistical inference, were worked through in
the pre-dawn of the modern computer age. Of necessity, in this era they were
treated much more as intellectual and technical exercises, lacking authoritative
numerical demonstration, than as ready-to-implement practical methods.

However, these exercises placed us firmly on the right path, and the evo-
lution of statistics benefited greatly from discussion of methodologies that, in
some cases, we were not in a position to apply for more than thirty years. Even
when Simon (1969) was strenuously advocating permutation methods, he sought
acceptance not by showing how to implement the technique, which in 1969 was
still not quite computationally feasible for many of us, but by discussing it in the
context of gambling experiments. The current ‘reality’ view of academic statis-
tics, which focuses firmly on practical implementation using available computing
technology, would have been quite out of place in that era. In important respects,
the present climate of research has moved too far in the direction of demanding
immediate practical justification for every methodological development. In par-
ticular we have been seduced by a view, certainly false but nevertheless firmly
held in some quarters, that we already have all the computing resources that we
should seriously contemplate for today’s research.

Almost unquestionably, the part of parametric statistics that has benefited
most from advances in computing is Bayesian statistics. Non-parametric Bayesian
statistics has undergone its own contemporary revolution, contributing signifi-
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cantly to areas as widely separated as signal denoising and survival analysis.
Recent examples include work of Damien and Walker (2002) on Bayesian non-
parametric methods for the analysis of survival data, Denison et al. (2002) on
Bayesian smoothing, Tardella (2002) on Bayesian non-parametric methods for
analysing capture-recapture data, Wood et al. (2002) and Yau et al. (2003)
on model and variable selection in non-parametric regression, Ghosh and Ra-
mamoorthi (2003) on systematic approaches to Bayesian non-parametric meth-
ods, Guo et al. (2003) on non-parametric Bayesian methods for information
theory, Hasegawa and Kozumi (2003) on the estimation of Lorenz curves in
econometrics, Maras (2003) on signal denoising, and Scaccia and Green (2003)
on non-parametric Bayesian methods for estimating growth curves.

These articles have been selected because they mainly address Bayesian
methods in non-parametric settings. There are many more papers treating both
parametric and non-parametric techniques of Bayesian type, or both frequen-
tist and Bayesian ideas applied to the development of non-parametric meth-
ods. One of the attractions of the Biometrika centenary volume (Titterington
and Cox 2001) is that it does not cross-categorize statistics into Bayesian and
non-Bayesian approaches; classification along broad methodological lines proved
adequate for the volume, as it should.

Some contemporary Bayesian methods share the local frequency-based out-
look that is typical of many non-parametric techniques. Such methods, arguably
more than others, are fielded in the contexts of very large, or very complex, or
very high-dimensional, datasets. These features combine to produce the rela-
tively computationally intensive nature of non-parametric methods.

The features also confer a relatively high degree of adaptivity, which makes
non-parametric methods particularly flexible. For example, some non-parametric
approaches accommodate non-stationarity very easily; and, especially in spatial
problems, where global parametric models can be both cumbersome and re-
strictive, the reliance of non-parametric approaches on little more than local
relationships can be a real boon. Thus, for instance, non-parametric methods
are increasingly popular in studies of spatial seismic data (e.g. Choi and Hall
1999, Ogata 2001, Estevez-Perez et al. 2002, Zhuang et al. 2002), where in the
past unreliable results have sometimes been obtained through fitting inappropri-
ate parametric models. However, non-parametric techniques applied to spatial
data can demand very high levels of computation, especially when bootstrap
methods are employed to develop confidence statements.

Several of the applications we have discussed, and a multitude of others,
for example in genomics, involve machine-recorded data in quantities that have
seldom been seen in the past. Moreover, the inexpensive way in which many
parameters, rather than just a few, can be recorded by a machine often mas-
sively increases the number of dimensions. All these aspects add significantly to
the computational demands placed on contemporary non-parametric technolo-
gies, as well as to the many new circumstances that those techniques have to
address.
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6.3 Mathematics and non-parametric statistics
6.3.1 Introduction

Twenty-five years ago, when I did not have a permanent job and was starting to
become interested in theoretical problems associated with non-parametric sta-
tistics, a senior colleague warned me of the dangers of following this path. The
future of statistics, he assured me, lay in its computational side, and theory
was becoming a sideline. Statistical methodologies would be explored numer-
ically, largely by simulation. Not only were theoretical statisticians becoming
increasingly irrelevant, they were actually impeding the progress of statistics.

He was not alone, among colleagues in Australia, in making remarks such as
this. Similar views were sometimes expressed on the other side of the world, too.
Julian Simon was to counsel that non-parametric statistics, and in particular the
bootstrap, ‘devalues the knowledge of conventional mathematical statisticians,
and especially the less competent ones’. This ‘priesthood,’ he argued, ‘with its
secret formulaic methods is rendered unnecessary’ (draft material for a later
edition of Simon 1993).

The sentiments I heard 25 years ago are still expressed here, in Australia,
from time to time. There is little doubt that during this period, in my country,
the academic pursuit of statistics has become, overall, less mathematical and
more exploratory in nature. This is less true in other some parts of the world.
For example, the theoretical appendices of papers in the Journal of the American
Statistical Association, and perhaps even Biometrika, are more likely, today, to
include a discussion of minimax optimality, or to use a relatively contemporary
result from functional analysis, than they were a quartercentury ago.

This technical sophistication is widely acknowledged by the statistics com-
munity in the context of, say, wavelet methods, which are themselves founded
on relatively new and advanced mathematical technology. However, although
I appreciate that there is some disagreement with my arguments, I suggest
that the usefulness of relatively advanced mathematical theory for elucidating
the properties of far less sophisticated non-parametric methodologies, is also
high.

In fact, this usefulness is increasing, as escalating computer power allows us
to do far more complex things to datasets, and to address much more complex
problems. There is, or at least there should be, more demand than ever for math-
ematical statisticians who can render a complex statistical problem sufficiently
simple, or abstract, to make it mathematically solvable; and at the same time re-
tain the essential features that enable us to capture critical intuition and to link
the mathematical solution directly to the results of practical implementation.
David Cox has lamented the disinclination of contemporary statistics postgrad-
uate students, in the United Kingdom, to study theoretical problems in statistics:
‘It would be good if there were a few more doctoral students saying that they’d
like to continue for a while to do some theory.’ (Cox 2004, interviewed by Helen
Joyce).
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We shall see several instances where the elucidation of non-parametric meth-
ods relies heavily on mathematics, the latter drawn from areas of number theory,
algebraic geometry and operator theory. I appreciate that it is often the case,
particularly in applied problems, that relatively simple mathematical arguments
can convey a great deal of information. But I’d like to make the point, not well
enough appreciated in my view, that there is often a necessity for relatively
sophisticated, even complex, mathematical arguments if we are to properly un-
derstand a wide range of practical issues arising in statistics.

6.3.2 Number theory

There are a number of examples of applications of number-theoretic methods
to statistics. See, for example, Patil (1963), De la Cal (1989), Hirth (1997),
and Athreya and Fidkowski (2002). However, the majority are, perhaps, some-
what removed from either applications or statistical inference. Let us address
three other examples, the connections of which to practicality or to statistics are
arguably stronger. A fourth example will emerge in the Appendix.

Example 1: Digitizing an image Consider laying an infinite straight line across
a regular n×n grid, or lattice, of points or vertices, in the plane. It is unimportant
whether grid points are arranged in squares or triangles or hexagons, but the
square case is more familiar to most of us, so let us settle on that one. Colour
each grid vertex above the line white, and each vertex below the line black. Now
remove the line; allow the value of n to increase, keeping fixed the distances
between adjacent vertices; and attempt to recover the position of the line.

If the line has a rational slope, θ say, relative to the grid axes, and if it
does not pass through one of the vertices of the grid, then neither the slope nor
the intercept of the line can be consistently recovered, even if n = ∞. On the
other hand, if the slope is irrational then we can recover both the slope and the
intercept, with an error that decreases to zero as n increases. The rate at which
we can recover the line depends on the ‘type’ of irrational number that θ is; see
the last paragraph of this example for discussion.

On the other hand, if we place the line across an n × n square in which
there are O(n2) randomly distributed ‘vertices’, for example the points of a
homogeneous Poisson process within an n×n region, then we can always recover
the line as n increases, regardless of its slope.

Thus, the cases of information on a random grid of points, and information on
a regular grid with the same number of points, are quite different. The intuition
here is that, in the rational-gradient case with vertices on a grid, the vertices are
always at least a certain fixed distance from the line, unless the line happens to
actually pass through a vertex. The vertices get arbitrarily close, sufficiently far
out along the line, if θ is irrational, but this happens even for rational θ if the
vertices are arranged in a random way. Hence, in both the latter cases we can
readily approximate the line, but in the rational-gradient case with no vertices
on a grid, we cannot.
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These issues underpin some of the problems facing digital technologies as
they attempt to compete with their analogue predecessors. For a given amount
of ‘information’ about boundaries in an image, obtained through colours on
randomly distributed film grains, in the analogue case, and pixel values, for a
digital image, the analogue method always has a significant edge. This advantage
can be important, for example in subminiature imaging devices.

In practice, of course, the boundary represented by the line is not straight. It
is a curve, the spatial variation of which cannot realistically be modelled param-
etrically. However, ‘estimators’ that are based, like conventional non-parametric
statistical smoothers, on local properties, can be used to approximate the bound-
ary. Even in deterministic cases, familiar arguments from non-parametric statis-
tics offer a very good foundation on which to develop properties of such boundary
approximations. See, for example, Hall and Raimondo (1998).

To conclude this example, let us address the issue of different ‘types’ of irra-
tional numbers, drawing connections between the quality of approximation and
results in number theory. Go back to the case of a straight line placed across
the grid, where we colour vertices above the line black, and those below, white.
There are many ways of constructing good approximations to the line within the
n × n square, using only the pattern of black and white colours. Let Dn denote
the Hausdorff distance of the true line from any one of these good approxima-
tions. If the slope of the line is an ‘algebraic irrational,’ meaning that it can be
expressed as a real root of an equation involving rational coefficients and expo-
nents, then the convergence rate of Dn to zero can be no better than O(n−1−ε)
as n increases, for any ε > 0. This property is equivalent to Roth’s (1955) The-
orem, for which Klaus Roth received a Fields Medal, and it has application to
statistical studies of the performance of imaging methods. More generally, the
type of an irrational number θ is characterized by the rate of convergence, to θ,
of that number’s continued-fraction expansion. We shall discuss this further in
the last three paragraphs of our treatment of Example 2.

Example 2: Estimating multiperiodic functions Some stars in the heavens emit
radiation that may plausibly be modelled as a superposition of periodic func-
tions. In particular, if Yi denotes the intensity of the noisy signal observed at
time Xi, then

Yi = g(Xi) + εi ,

where the errors εi have zero means, g represents the true signal, and

g(x) = µ +
p∑

j=1

gj(x) , −∞ < x < ∞ , (6.1)

with µ denoting a constant, gj a smooth, non-vanishing, real-valued periodic
function with minimal period θj , and 0 < θ1 < · · · < θp < ∞. If p = 1 then
we drop µ from the right-hand side of eqn (6.1); if p ≥ 2 then we centre gj by
asking that

∫ θj

0
gj = 0.
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It is believed that, in at least some instances, the multiperiodic character
of some stellar radiation may arise because the radiation is emitted by one or
more single-period sources. If there is more than one such source then they may
be so close together that they cannot be resolved. Some 30 years ago it was
discovered that so-called cataclysmic variable stars are actually pairs of nearby
binary stars, the radiation of each varying in a periodic fashion with periods
measured in hours. In other instances, multiperiodicity probably arises for quite
different reasons.

There is a variety of ways of estimating θ1, . . . , θp, and the associated func-
tions g1, . . . , gp, but none of them will give consistent results unless each ratio
θi/θj , for 1 ≤ i < j ≤ p, is an irrational number. Indeed, this condition is neces-
sary and sufficient for identifiability, in particular for the value of p to be as small
as possible subject to g being uniquely representable, in terms of periodic func-
tions, by eqn (6.1). However, the nemesis of rational versus irrational numbers,
and its implications for estimator performance, arise even in the uniperiodic
case, as we shall shortly relate.

One class of estimator of period is based on the periodogram, of which the
square is

A(ω)2 ≡ Acos(ω)2 + Asin(ω)2 ,

where ω denotes a potential frequency and

Acs(ω) =
1
n

n∑
j=1

Yj cs(ωXj) or Acs(ω) =
1
n

n∑
j=1

(Yj − Ȳ ) cs(ωXj) ,

with cs denoting either cos or sin. In general, in the uniperiodic case, where
p = 1 in eqn (6.1) and the period is simply θ, a graph of A(ω) has spikes in the
vicinities of points 2kπ/θ, for integers k. The heights of these spikes decrease
quite quickly with increasing |k|.

Of course, these properties are analogous to their better-known parametric
counterparts, where g is expressed as a finite superposition of trigonometric
series. See, for example, Quinn and Thompson (1991), Quinn (1999), and Quinn
and Hannan (2001). The difference in the present setting is that we make only
non-parametric assumptions about g; it need satisfy only smoothness conditions,
rather than the more explicit shape constraint required for a low-dimensional
Fourier representation.

However, the properties described two paragraphs above rely on an approx-
imately uniform distribution of the observation times, Xi. If the distribution of
the Xis is itself periodic, then the period of the density, f = fn, of the Xis is
confounded, in the context of the periodogram estimator, with the periods of
the functions gj .

Unfortunately, in the setting of stars data, f is almost certain to be periodic.
Stars cannot be observed during daylight hours, and so the observation times
can hardly be uniformly distributed; they are more likely to have a periodic
distribution, with period equal to one day.
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Thus the period of the distribution of observation times will usually be
known. There are still complications, however. First, even in the uniperiodic
setting, if the period of g is to be estimable solely from data on the locations
of peaks in the periodogram then it should be an irrational number on a scale
where units are days. Second, the spikes in the periodogram now occur with
greater multiplicity than before. When p = 1 they arise at points of the form
2kπ + (2�π/θ), where k, � are arbitrary integers and θ denotes the period of g.
Some information about θ is available in the heights of periodogram peaks, al-
though we shall not address that topic here.

The condition that the period of g, assumed to be a uniperiodic function,
be irrational, is relatively strong. Using other estimation methods, for example
those based on smoothing and least-squares, rather then the periodogram, the
assumption is unnecessary. However, the periodogram-based approach is partic-
ularly popular in astronomy, dating from Deeming (1975) in that context. Recent
work employing the method includes that of Alcock et al. (2003), Kilkenny et al.
(2003) and Oh et al. (2004).

For all estimator types, if the observation times Xi are not randomly distrib-
uted then they should be ‘jittered’ in some way, to ensure that, modulo θ, they
are reasonably well distributed across the support of g.

In many problems of this type, including estimation of the θjs in the multi-
periodic case, rates of convergence depend on the ‘type’ of irrational number θ,
where the latter could denote a period ratio or, in the uniperiodic case, the
period itself. The type is governed by the continued-fraction expansion of θ,

θ = ν0 +
1

ν1 + 1
ν2+

1
ν3+ 1

ν4+···

,

where ν0, ν1, . . ., are positive integers. The mth ‘convergent’ of θ is defined to
be the ratio

θm =
pm

qm
= ν0 +

1
ν1 + 1

ν2+··· 1
νm

,

where pm, qm > 0 are relatively prime. One might fairly say that ‘θm is the most
accurate rational approximation to θ whose denominator does not exceed qm.’

Roughly speaking, periods for which θm converges to θ relatively slowly give
poor rates of convergence. The rate can be arbitrarily slow, at least along a
subsequence, depending on the value of θ. So, while knowing that θ is irrational
does guarantee consistency, it does not tell us much about rates.

Nevertheless, we can say something helpful in an ‘average’ sense. To adopt
a teleological stance for a moment, not altogether out of line with the problem
of estimating the periods of heavenly radiation, let us suppose that when God
constructed the universe He or She chose the periods of multiperiodic periodic-
variable stars in a stochastic way, by selecting them according to a continu-
ous distribution on the real line. Suppose too that astronomers happen upon
periodic-variable stars in a similarly random manner. Then, writing m = m(r)
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for the largest integer such that qm ≤ r, it may be shown that with proba-
bility 1, qm(r) equals O(r), multiplied by a logarithmic factor. From this and
related results it can be proved that, for the assumed randomly constructed
universe, period estimators converge at rate n−3/2 as sample size, n, increases.
The necessary number-theoretic properties are given by, for example, Khintchine
(1964).

Example 3: Estimation in errors-in-variables problems Many non-parametric
function estimators are based on orthogonal series. The best-known recent ex-
amples are wavelet estimators, but especially in engineering settings, methods
founded on trigonometric series estimators are common; see, for example, Hart
(1997, §3.3). Their accuracy is largely determined by the rate of convergence, to
zero, of Fourier coefficients.

When Fourier-series methods are used in deconvolution problems, in par-
ticular to estimate response curves when there are experimental errors in the
explanatory variables (see, for example, Efromovich 1994, 1999), the inverses of
Fourier coefficients appear in formulae for variances. For example, if a Fourier-
series expansion to p terms is used, in the context of symmetric experimental
errors and a sample of size n, then a variance formula may contain a series such
as

s(p) = n−1

p∑
j=1

a−2
j , (6.2)

where aj =
∫
I cos(jx) f(x) dx denotes the jth cosine term in a Fourier expansion

of the density, f , of explanatory-variable error, and I = [−π, π].
In the context of Berkson’s (1950) errors-in-variables model it seems quite

realistic to suppose that f is symmetric and compactly supported. Without loss
of generality, the scale is chosen so that f is supported within I. Usually the
support is not known exactly, although plausible outer bounds for the support
can be deduced either empirically or from physical knowledge of the process that
gave rise to the errors. A simple model for an f with support inside I might be

f(x) = C (θπ − |x|)ρ , |x| ≤ θπ ,

where 0 < θ < 1, ρ ≥ 0 and C = C(θ, ρ) > 0 is chosen to ensure that f integrates
to 1. Then f is ‘rougher’ for smaller ρ.

For simplicity, let us consider just the cases ρ = 0 or 1. Here, simple calculus
shows that

|aj | �
{

j−1 |jθ − 〈jθ〉|, if ρ = 0,
j−2 |12 jθ − 〈1

2 jθ〉|, if ρ = 1 ,

where 〈x〉 denotes the integer nearest to x and the notation aj � bj means that
aj/bj is bounded away from zero and infinity as j → ∞. Clearly, aj vanishes
infinitely often if θ is rational. Then, s(p), defined in eqn (6.2), is not even finite;
we must confine attention to the case of irrational θ. So, the ‘irrational nemesis’
is with us again.
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Provided θ is an algebraic irrational (see Section 6.3.1) it may be proved
that a−2

j is dominated by constant multiples of j4 or j6, in the respective cases
ρ = 0 or 1. This leads to bounds for s(p). Delving at greater depth into the
mysteries of number theory, we find that if the continued-fraction expansion of θ
(see Section 6.3.2) uses only a finite number of distinct integers, and in particular
if θ equals the square root of a rational number, then s(p) ≤ const. p2ρ+2, for all
p ≥ 1. See Siegel (1942).

Thus, once again, results in number theory play a central role in determining
properties of estimators.

6.3.3 Algebraic geometry

Suppose a population consists of p different subpopulations, and that the sam-
pled data from each subpopulation are vectors of length k. For example, the
‘full’ or ‘mixed’ population might represent people who visit a doctor, concerned
that they could be suffering a certain illness; and the two subpopulations might
represent people who suffer the illness, and those who do not have the illness, re-
spectively. In this setting, p = 2. For each presenting patient the doctor records
a vector of k continuous measurements. However, the doctor can determine for
certain whether a patient is ill or not only by invasive surgery, which is both
expensive and potentially dangerous.

Even though we can never be certain whether a given patient actually has the
illness, it is of practical interest to know the distributions of symptom vectors for
the subpopulation of ill patients, and for the subpopulation of well patients; and
it is also desirable to know the percentage of presenting patients in the population
who are actually ill, even though these patients cannot be identified individually.
How much structure must we assume in order to be able to accurately estimate
these unknowns from data?

It is conventional to solve such problems in a parametric setting, by fitting
a model to the k-variate distributions of each of the p subpopulations. See Tit-
terington et al. (1985), and MacLachlan and Peel (2002), for discussion of the
parametric setting. However, even there the number of parameters can be large.
For example, if the models are Gaussian then in each subpopulation there are k
parameters for the mean and 1

2k(k + 1) parameters for variance and covariance,
so there are 1

2pk(k+3) parameters in all. Even if p is as small as 2, i.e. in the case
of the doctor–patient example above, there are still k(k +3) unknowns to be es-
timated. It is convenient, and often necessary, to make simplifying assumptions
to reduce this level of complexity.

For example, if we suppose that the marginal distributions of each subpopula-
tion are mutually independent then the number of parameters needed to describe
the variance, in a Gaussian model, is only k, and the total number of parameters
reduces, when p = 2, to only 4k. However, when the marginals are independent
then, provided p = 2, the model is fully identified in a non-parametric sense as
long as k ≥ 3 (Hall and Zhou 2003). Moreover, all the distribution functions,
and the mixture proportions, can be estimated root-n consistently.
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The methods of proof used by Hall and Zhou (2003) shed no light on the
case of general p ≥ 3, however. It is tempting to conjecture that for each p
there is a least value of k, kp, say, such that, whenever k ≥ kp, the problem
is non-parametrically identified; in particular, it can be consistently estimated
under only smoothness conditions on the distributions. That is, in a curious
counterpoint to the more conventional ‘curse of dimensionality’, the problem
becomes simpler as the number of dimensions increases.

One approach to solving this problem is to adopt a constructive viewpoint,
and consider a method that might potentially be employed for inference. Write
the k-variate, p-population mixture model, with independent marginals, as

π1

k∏
i=1

F1i + · · · + πp

k∏
i=1

Fpi = G . (6.3)

Here, the πjs are mixing probabilities and the Fjis are marginal distribution
functions. We observe data having the k-variate distribution G on the right-
hand side, and so we can estimate G. Likewise, we can estimate any �-variate
subdistribution, Gi1...i�

, obtained by integrating out the other k − � marginals
of G:

π1

�∏
m=1

F1im
+ · · · + πp

�∏
m=1

Fpim
= Gi1...i�

, 1 ≤ � ≤ k, 1 ≤ i1 < · · · < i� ≤ k.

(6.4)
Therefore, if k can be chosen so large that all the marginals Fji, and all the
mixture proportions πj , can be expressed as smooth functionals of the �-variate
distributions Gi1...i�

, for 1 ≤ � ≤ k, then we shall have shown that for each
p, if k is sufficiently large, all marginals Fji, and all joint distributions, can be
identified, and estimated, from data on G.

In the sense that the order of the p populations can always be permuted, there
are always at least p! solutions to this problem. Supposing that no two of the πis
are identical, we can remove this redundancy by insisting that π1 < · · · < πp;
we shall make this assumption below.

A lower bound to kp is not difficult to find, although the argument involves
a little more number theory. It can be shown that

kp ≥ Kp ≡ inf
{
k : 2k − 1 ≥ k p + 1

}
. (6.5)

Particular values of Kp are 3, 4, 5, 5, 5, 6, . . . , 6 for p = 2, 3, . . . , 10, respectively;
and Kp ∼ (log p)/(log 2) as p increases. See the Appendix for details.

Obtaining an upper bound to kp, and thus proving that the independent-
marginal mixture model in eqn (6.3) is always identifiable, from a non-parametric
viewpoint, if k is sufficiently large, is more difficult. It is here that the theory of
birational maps, applied to algebraic varieties, makes an entrance (Elmore et al.
2003). This approach enables it to be shown that kp is finite, and in fact is no
larger than a quantity that equals {1 + o(1)} 6p log p as p increases.
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More generally, applications of algebraic geometry to statistics include those
to problems involving contingency tables, graphical models, and multivariate
analysis. The Institute of Mathematics and its Applications, based at the Uni-
versity of Minnesota, will host a Special Thematic Year, from September 2006
to June 2007, on these and other applications of algebraic geometry.

6.3.4 Operator theory

Perhaps the best-known area of contemporary non-parametric statistics where
operator theory has found application is the study of functional principal com-
ponent analysis. There, the spectral expansion of a symmetric linear operator is
the functional-data analogue of a decomposition into principal components.

Indeed, if X is a random function on an interval I, and if

K(u, v) = cov {X(u), X(v)}
denotes the covariance function, then we may expand K in the form

K(u, v) =
∞∑

j=1

θj ψj(u)ψj(v) , (6.6)

where θ1 ≥ θ2 ≥ · · · ≥ 0 is an enumeration of the eigenvalues of the symmetric,
linear operator with kernel K; that is, of the transformation, κ, that takes a
function ψ to the function κψ, defined by

(κψ)(u) =
∫

K(u, v)ψ(v) dv .

The corresponding orthonormal eigenvectors are ψ1, ψ2, . . ., and in particular
ψj is a solution of the equation κψj = θj ψj . The functions ψj are the principal
components of the distribution of X. See Rice and Silverman (1991), Ramsay
and Silverman (1997, Chapter 6), and Ramsay and Silverman (2002) for accounts
of functional principal components, including the empirical setting discussed
immediately below, and Indritz (1963, Chapter 4) for an accessible development
of theory for linear operators, in particular of properties of expansions such as
eqn (6.6).

Of course, in practice we do not know either the functions ψj or the numbers
θj ; we need to estimate them from data. The empirical analogue of K, based on
a dataset X1, . . . , Xn, is, of course, K̂ defined by

K̂(u, v) =
1
n

n∑
i=1

{Xi(u) − X̄(u)} {Xi(v) − X̄(v)} , (6.7)

where X̄ = n−1
∑

i Xi. Analogously to eqn (6.6) we may write

K̂(u, v) =
∞∑

j=1

θ̂j ψ̂j(u) ψ̂j(v) ,

where θ̂1 ≥ θ̂2 ≥ · · · ≥ 0 are eigenvalues of the operator with kernel K̂, and the
respective eigenvectors are ψ̂1, ψ̂2, . . ..
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The explicitness of eqn (6.7) ensures that we may easily discover properties
of K̂, viewed as an approximation to K. However, no such obvious tools are
available when we attempt to elucidate the far more important problem of how
accurate θ̂j and ψ̂j are as approximations to θj and ψj , respectively. For this,
we need to know how the closeness of K̂ to K translates into properties of the
differences θ̂j − θj and ψ̂j − ψj .

Results of this type may be developed, but they require tools that are not
widely known to the statistics community. In particular, while ‘Taylor expan-
sions’ of θ̂j − θj and ψ̂j − ψj may be obtained, they require relatively elaborate
manipulation of properties of linear operators. Thus, operator theory lies at the
heart of the elucidation of properties of functional principal component analysis.

However, it is not just in the setting of functional principal component analy-
sis that operator theory has important contributions to make to statistics. It
makes critical appearances in connection with a range of modern deconvolution
problems, in as well as in spline-smoothing and related problems.

For example, in the context of deconvolution, consider the task of estimating
a function α by inverting a functional transformation, such as

β(u) =
∫

γ(u, v)α(v) dv , (6.8)

where β and γ may be estimated from data. Many practical problems may
be phrased in this setting. They range from instrumental variables problems
in econometrics (e.g. Blundell and Powell 2003) to deconvolution problems in
biology (e.g. Troynikov 1999). See Donoho (1995) for a discussion of wavelet
methods in settings such as these.

We may rewrite eqn (6.8), in many cases equivalently, as

b(u) =
∫

g(u, v)α(v) dv , (6.9)

where b(u) =
∫

γ(w, u)β(w) dw and g(u, v) =
∫

γ(w, u) γ(w, v) dw. If β and γ
are estimable then so too are b and g, and so we seek to invert eqn (6.9) rather
than eqn (6.8). The advantage of eqn (6.9) is that the function g is guaranteed
to be symmetric; γ, in eqn (6.8), typically is not.

Statistical methods based on eqn (6.9), where data are used to estimate g, are
versions of Tikhonov, or quadratic, regularization; see, for example, Tikhonov
(1963). By passing from eqn (6.8) to eqn (6.9) we have set up the deconvolution
problem as one involving operator-theoretic methods. In order to study prop-
erties of those methods one should press into service the sorts of techniques,
discussed earlier in this subsection, for exploring the properties of empirical ap-
proximations to deterministic operators.

6.4 Conclusion
We have discussed the evolution of non-parametric statistics, noting that its
extraordinary growth over the last quartercentury has been intimately linked
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to a corresponding expansion in computing power. Particularly through devel-
opments in non-parametrics, statistics makes demands on computing, and on
numerical skills, that are much greater ever before. But it is no contradiction to
say that, at the same time, the mathematical methods needed to gain insight
into the properties and performance of non-parametric statistics are advanced
and challenging, and that the demands that statistics makes of mathematics
remain especially high.

Appendix: Derivation of eqn (6.5)
Let us view eqn (6.4) as representing kp unknown functions Fji, expressed in
terms of the estimable functions Gi1...i�

; and endeavour to solve the equations
for the unknowns. If π1, . . . , πp are given, we require at least kp such equations
in all. The number is kp + 1, rather than kp + p − 1, since the πjs are scalars
rather than functions. Now, the total number of equations of the type in eqn
(6.4) is 2k − 1. We may uniquely write 2k − 1 = kpk + qk, where pk and qk are
integers and 1 ≤ qk ≤ k − 1. To appreciate why qk cannot vanish, see Gleason
et al. (1980, problem 6 of 1972)—number theory makes an appearance, again.

In particular, 2k−1 ≥ kpk +1. Therefore, if kr denotes the infimum of values
of k such that pk ≥ r, then Kp is the least value of k for which we can hope
to estimate the univariate distributions Fji, and mixing proportions πj , for a
given number p of populations, by solving the simultaneous equations that arise
from eqn (6.4). Particular values of (pk, qk) are (2, 1), (3, 3), (6, 1), (10, 3) for
k = 3, . . . , 6, respectively. Hence, Kp = 3, 4, 5, 5, 5, 6, . . . , 6 for p = 2, 3, . . . , 10,
respectively. The result in eqn (6.5) also follows.



7
Some topics in social statistics

David Firth

7.1 Introduction
The term ‘social statistics’ has various meanings in current usage, including:

(a) statistics reported by national and other official statistics agencies, based on
censuses and surveys;

(b) the collation and social-scientific interpretation of data from official and other
sources, a good recent example being Halsey and Webb (2000);

(c) the development of methods for drawing samples from a population and
for making inferences from such samples about well-defined population
quantities;

(d) statistical methods of particular value in substantive research fields such as
criminology, demography, economics, education, geography, politics, psychol-
ogy, public health, social policy and sociology.

This chapter will be concerned mainly with statistical methods that fall within
meaning (d), a specialization that largely reflects the author’s own interests and
limitations; meanings (a) and (c) will also be touched upon, briefly. The broad
aim will be to summarize some recent themes and research topics and to identify
particular areas in which further work seems likely to be fruitful. It should
be obvious that (d) does not describe a specific subset of statistical methods:
research problems in social-scientific disciplines are very varied in character, and
benefit from the application of general statistical principles for their solution.
Likewise, methods developed for specific social-science contexts often have much
wider applications (e.g. Clogg 1992).

On the day when this introduction was written, the BBC’s UK national
news programmes gave prominent coverage to some interesting, just-published
research that exemplifies some of the issues that commonly arise in connection
with social-scientific statistical work and its interpretation. Head et al. (2004)
report on a large, prospective cohort study of non-industrial London-based civil
servants, in which the relationship between alcohol dependence and characteris-
tics of the work environment is explored. Of particular interest was to establish
the role played by two distinct psycho-social notions of stress at work, these
being ‘job strain’ (characterized by high employer demands and low employee
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control) and effort–reward imbalance. The analysis involved measurement of the
two types of stress and of alcohol dependence, and the careful use of a sequence
of multiple logistic regressions to establish and measure association between
stress and alcohol dependence and to control for other factors such as age and
job grade. The main substantive finding was that, for men, effort–reward im-
balance at work is positively related to alcohol dependence. This finding is,
from the public-health viewpoint, suggestive rather than conclusive: a causal
link between effort–reward imbalance and alcoholism is not established; and the
generalizability of the results to groups other than London-based, white-collar,
civil-servant study participants is unclear. At a more technical level, though
ultimately no less important, are questions about the robustness of the mea-
suring instruments involved—summaries of questionnaire responses, and formal
logistic regressions—to possible failure of the detailed modelling assumptions
upon which they are based. Finally, an interesting aspect of the BBC’s report-
ing of this research is that it neglected entirely the main result just mentioned,
which was found only for men, and instead focused exclusively on the incidental
finding that among women working in Whitehall the prevalence of alcohol de-
pendence is markedly greater for higher than for lower job grades; the same was
not found for men. Aside from considerations of newsworthiness, which are hard
to judge, it seems clear that a large part of the appeal of this incidental finding
is the simplicity of the statistics involved: alcohol dependence affected only 4%
of women employed in the lowest grade, rising to 14% in the highest, and this
gradient persists even after adjusting for age. In contrast, the ‘main’ finding of
the study required a combination of rather complex statistical analyses whose
results demand a relatively large table for their proper presentation. For the
effective communication of statistical results to the broader public, and perhaps
also to policymakers, transparency of method is highly desirable; this creates a
difficult tension with the tendency for statistical methods to become ever more
elaborate in the pursuit of realism and scientific validity.

The coverage of the present article is far from an exhaustive survey of the
field, and many topics will be mentioned only rather superficially with the aim
of providing an entry to the relevant literature. The collection of vignettes pub-
lished recently in the Journal of the American Statistical Association (e.g.,
Fienberg 2000, Sobel 2000, Beck 2000, Raftery 2000, Browne 2000) provides
useful commentary and references on many aspects that will be neglected here.

7.2 Aspects of statistical models in social science
In social science as in other research fields, statistical models are central to the
interpretation of data and can play a key role also in study design. For general
discussion of types of statistical model and the various roles played by models
in statistical analysis, see, for example, Cox and Snell (1981), Cox (1990) or
Cox (1995). In this section some aspects will be discussed that are of particular
relevance to current social research.
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7.2.1 Multilevel models

The use of ‘multilevel’—or ‘hierarchical’ or ‘mixed effects’—models of depen-
dence, in which residual variation has more than one component in order to
reflect clustering or other structure in the study design, has become common-
place in recent years with the advent of suitable software packages. For a recent
introductory treatment see Snijders and Bosker (1999). A fairly general formula-
tion is the generalized linear mixed model in which the mean of response vector
y is related through a link function to linear predictor

η = Xβ + Zu,

in which β is a vector of regression parameters of interest, and u is a vector of
random effects having some assumed distribution, for example u ∼ N(0,Σu).
A commonly encountered special case is the hierarchical model with random
intercepts, for example if cases are students (j) within schools (i) a two-level
model is

ηij = xT
ijβ1 + xT

i β2 + ui,

in which β1 captures the effect of student-level covariates in vector xij , β2 the
effect of school-level covariates in vector xi, and ui represents a residual effect
for school i. More complex versions might allow that schools vary also in their
dependence on xij ,

ηij = xT
ij(β1 + vi) + xT

i β2 + ui,

in which case it is usually necessary on grounds of invariance to allow ui and vi

to be correlated.
Models of this kind have been found very useful, and can rightly be regarded

as essential, in many situations where the data are collected in identifiable clus-
ters (schools in the example above). The prevailing culture in much of empirical
social science is such that a regression analysis that does not use multilevel mod-
els might be seen as flawed, or at best be viewed with suspicion along the lines
of ‘do they not know about multilevel?’ This has had some unfortunate conse-
quences, ranging from the use of multilevel models in inappropriate contexts to
the often no-less-serious reliance on ‘black box’ approaches to analysis.

An example of an inappropriate context would be a comparative study of,
say, political attitudes in 15 or so European nations. This typically would in-
volve extensive survey data from each nation. To regard the nations as ‘clusters’,
drawn randomly from a larger population of such nations, and then proceed to
a multilevel model in which nation effects are random, seems misguided in two
respects. First, nations are distinct entities, often with very different political
structures, and it is unclear what a notional ‘superpopulation’ of nations from
which the 15 or so are drawn would represent. Secondly, this is a context in which
the information per nation is large but the number of nations—and hence the
information available to estimate the variance of any random effect ui, even ac-
cepting that there is a meaningful notion of ‘superpopulation’—is small. It makes
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more sense in this context to estimate fixed nation effects. The random-effects
formulation is most valuable at the other extreme, where clusters are a large
sample from a clear superpopulation and the information per cluster is modest.

The ‘black box’ aspect arises from the need for specialized computer pro-
grams, and is especially severe in the case of non-linear models, for example
generalized linear mixed models with non-identity link function. Whereas linear
mixed models with normally distributed random components yield an analyti-
cally explicit likelihood, in non-linear cases the likelihood

L(β,Σ) = Eu{p(y | β, u)}

in general requires computation of an integral in as many dimensions as the
dimensionality of u. In the simplest cases—for example a 2-level model with
random intercepts—the problem reduces to a set of one-dimensional integrals
that can be approximated accurately by, for example, adaptive quadrature. More
generally though, the integral is irreducible and resort must be made either to
simulation methods (e.g. Gilks et al. 1996, Evans and Swartz 2000) or to ‘penal-
ized quasi-likelihood’ based on a large system of estimating equations motivated
by Laplace-approximation arguments (Breslow and Clayton 1993); in either case
the quality of the resultant approximation is unclear without a great deal of care-
ful checking.

There is a need for more transparent approaches that perhaps sacrifice some
statistical efficiency. One such that merits further study is explored in Cox and
Solomon (2003, §§4.2–4.4). For example, in the case of a 2-level logistic regression
with random intercept and random slope,

logit πij = ηij = β0 + ui + (β1 + vi)xij ,

the suggested procedure is to fit separate logistic regressions

logitπij = β0i + β1ixij

to obtain estimates (β̂0i, β̂1i) for each cluster i, then examine the empirical co-
variance matrix of these estimates to assess whether variation between clusters
is predominantly internal (i.e. binomial variation within a cluster) or attribut-
able to real cluster differences; in the latter case (β0, β1) is estimated by the
unweighted mean of the separate estimates, while in the former case a weighted
mean or the fixed-effects-only maximum likelihood estimate is used. This proce-
dure generalizes straightforwardly to more complex models, e.g. multiple logistic
regression, and, as is argued by Cox and Solomon (2003), typically involves only
a small loss of efficiency relative to ‘optimal’ methods that can involve substan-
tially more computation. In practice, care is needed in the method of calculation
of the separate (β̂0i, β̂1i), since the information in each cluster i may be modest;
in logistic regression, for example, separate maximum likelihood for each i would
at least occasionally yield infinite-valued estimates, and some form of shrinkage
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is needed. But a relatively intuitive method such as this provides a useful check,
at least, on the results obtained from more efficient but less-transparent ap-
proaches. Other non-likelihood approaches may have similar merits, for example
the use of a pseudo-likelihood as described in Cox and Reid (2004) based on
one- or two-dimensional marginal distributions of the response variable, or the
somewhat related estimating-equation approach of Zeger et al. (1988).

7.2.2 Model as prediction engine: small-area estimation

In some applications a statistical model is assumed only in order to generate
predictions, either of future values of a variable or of values hidden on account
of cost of observation or other reasons. One such context is the production of
estimates for small areas, based on regional or national survey data in which per-
haps not all areas are represented; the importance attached to such estimates by
policymakers, as a guide in the distribution of public funds for example, appears
to be growing. The state-of-the-art is authoritatively surveyed in Rao (2003). In
the United Kingdom, for example, the Office for National Statistics (ONS) uses
regression models, either linear or generalized-linear, to estimate, from large-
scale survey data involving a variable y of interest, the mean value of y for every
small area (where ‘small area’ might mean a local-government ward, of which
there are around 8000 in England). Variables appearing in the linear predictor
are external to the survey and are available for every local area; these ‘predictor’
variables would usually include census summaries and administrative data. In
typical ONS applications the predictors used are a small subset, perhaps five to
ten in number, selected from a larger set of ‘candidate’ predictors compiled on
grounds of supposed relevance; current ONS procedure is to use stepwise subset
selection based on significance tests. The use of statistical models in this way is
quite different from their use in the more usual social-science context where pri-
mary interest is in establishing regularities and explaining them. Here the model
is merely a device for pooling information from ‘similar’ small areas, with simi-
larity being defined in effect by the selected predictors. Various methodological
questions arise, including:

(i) Should pooling of information take place also across areas that are geo-
graphically close? In view of the rather arbitrary nature of area boundaries
this seems desirable. Some work in this direction appears in Ghosh et al.
(1998), where a generalized linear model is combined with a spatially cor-
related error process; the Bayesian analysis suggested requires substantial
computation and the careful specification of prior distributions.

(ii) How much can be gained by using parameter-shrinkage methods—such as
ridge regression or variants—in place of subset selection? Better still, per-
haps, would be to consider the use of hybrid shrinkage/selection methods
such as the lasso (Tibshirani 1996). It seems clear on general grounds that
such methods should yield more stable predictions than approaches based
on selection alone.
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(iii) How is stability over time best achieved? This is important in terms of the
reporting and use of small-area estimates, where changes from one year to
the next should ideally be attributable to real change ‘on the ground’ rather
than to changes in the statistical model used for prediction. The avoidance
of subset selection should help, but in addition some explicit smoothing of
the model’s evolution through time seems desirable.

(iv) How should interaction structure among the predictors be explored and,
where appropriate, exploited? In some applications it might be better to
use a recursive-partitioning—or ‘regression tree’—approach, the piecewise-
constant nature of which makes it relatively safe for predictive extrapolation,
rather than to construct the more usual kind of linear predictor.

(v) How should the uncertainty of model-derived small-area estimates be as-
sessed, and reported? The present ONS approach, which in essence assumes
the selected predictive model to be the data-generating process, seems likely
to be rather optimistic in its assessment of precision. A more realistic as-
sessment might involve crossvalidatory estimation of predictive accuracy.
Conceivably the outcome could be a set of very wide intervals, at least for
some areas, making the estimates effectively useless; it is surely important
to report such imprecision where it is known to exist.

(vi) How is consistency across two or more levels of aggregation best achieved?
For some purposes it is important that aggregates of model-based estimates
agree with ‘raw’ survey estimates for well-defined regions that contain many
small areas. Possibilities include ad hoc scaling of the model-based estimates,
and the forced inclusion of region effects in the model.

There is substantial scope on at least some of these points for interplay with
recent epidemiological work on geographical mapping of disease incidence (e.g.
Green and Richardson 2002).

7.2.3 Model as measuring instrument

Quite frequently in social-scientific work a statistical model is used in a rather
formal way as a device that, in effect, defines a scale of measurement. Three ex-
amples that illustrate various aspects will be discussed briefly here. A key consid-
eration in such settings is usually the extent to which measurements made using
the model remain useful when the model fails in detail to match the population
or process being measured.

Example: Comparative social fluidity In intergenerational studies of class mo-
bility, the notion of fluidity captures the extent to which the social class of a
son, say, can be predicted from his father’s class; if father’s class and son’s class
are statistically independent, there is perfect fluidity. Empirically, evidence of
non-fluidity corresponds to evidence of non-unit odds ratios in a square table
that cross-classifies a sample of father–son pairs by their respective social classes.
For the comparison of social fluidity across nations or through time, much use
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has been made in recent years of the log-multiplicative or uniform difference
model (Erikson and Goldthorpe 1992, Xie 1992), in which the cell probability
pijt for father’s class i and son’s class j in table t, corresponding to nation t or
time-point t, is given by

log pijt = αit + βjt + γtδij . (7.1)

In this model the three-way association is structured as a common pattern of log
odds ratios {δij} whose amplitude is modulated by non-negative table-specific
parameters {γt}, with, say, γ1 set to 1 for identifiability. The relative values
of γt then become primary objects of interest: for example, if γ2 > γ1 then
under this model all of the odds ratios in table 2 are further from unity than
the corresponding odds ratios in table 1, indicating unambiguously that table 1
represents the more fluid society. In many applications of model (7.1) there
is significant lack of fit to the data, meaning that the assumption of a common
association pattern {δij} does not hold. Of interest then is whether the estimated
values of {γt} continue to represent relative fluidity. The general theory for the
large-sample regular behaviour of maximum likelihood estimates in misspecified
models is given in Cox (1961): in particular, if u(θ) is the score function for
model parameters θ, the maximum likelihood estimator of θ has as its limit in
probability the value θ∗ such that E{u(θ∗)} = 0. After some reparameterization
the expected score equations for δij and γt in model (7.1) can be written as∑ πi+tπ+jt

π++t
{exp(δijt) − exp(γtδij)} γt = 0 for all i, j,

and ∑ πi+tπ+jt

π++t
{exp(δijt) − exp(γtδij)} δij = 0 for all t.

Both sets of equations imply weighted averaging of the true log odds ratios
δijt to determine the ‘approximating’ log odds ratios γtδij . The weights depend
on the marginal distributions via πi+tπ+jt/π++t. The weights in the first set of
equations are also proportional to the multipliers γt: a table with γt close to zero
gets relatively little weight in the combination of δijt across tables to determine
the ‘common’ log odds-ratio structure {δij}. Even under modest lack of fit, these
properties can completely invalidate the standard interpretation of the estimated
{γt}. The use of odds ratios is often motivated by non-dependence upon marginal
distributions, which here is violated. The weights given to odds-ratio patterns
from different tables are essentially arbitrary. When model (7.1) fails to fit, then,
relative fluidity should be assessed by other methods. A promising approach
would seem to be to re-express the saturated model—for which lack of fit is
not an issue—using parameters with direct interpretation in terms of a notional
stochastic process; there are parallels here with a similar problem in molecular
biology, namely the measurement of evolutionary distance between species using
DNA or protein sequence data (e.g. Li 1997, Chapters 3 and 4).
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Example: Factor scores Factor analysis has a long history as a model for mea-
surement: see, for example, Knott and Bartholomew (1999). The standard theory
in which errors are multivariate normal is well understood, and in the case of
the one-factor model

yj = λjf + uj ,

with the {uj} independent given f , interpretation is straightforward: the yj are
independent measurements of the assumed common factor f .

In some application contexts the values of f , the factor scores, are of primary
interest. A recent example appears in the work of Noble et al. (2000), where the
one-factor model was used in order to combine several indicators of local-level
deprivation into a single-number summary for each area; this was done separately
for each of several ‘domains’ of deprivation, such as income, health, education,
etc. The one-factor model was used in a rather formal way, essentially as a
device for obtaining the factor score for each area. In addition to its rotation-
free interpretation, a further advantage of the one-factor model in this regard
is that the two most standard methods for obtaining factor scores give results
that are identical up to a constant scale factor. Noble et al. (2000) report, for
at least one of the domains studied, that the one-factor model exhibits lack of
fit, which is significant at conventional levels, but that no interpretable second
factor is apparent. The fitted one-factor model must then be viewed as the best-
fitting single-factor approximation, in the Kullback–Leibler sense, to the true,
underlying multivariate distribution. Questions that arise in this context are:

(i) Are the standard methods for obtaining factor scores in any sense optimal
or even valid when the one-factor model fails to fit? If not, what is a better
method?

(ii) Regardless of lack of fit, how should outliers be handled? The factor score
for an area is simply a fixed weighted combination of that area’s values of
the manifest indicators {yj}. The one-factor model implies a particular joint
distribution for the {yj}, and ‘outlier’ here means any area whose y-values
clearly depart from that joint distribution. For example, it may be that y1 for
some area is not predicted as it should be by the remaining yj , in which case
it would seem sensible to downweight y1 in the factor-score calculation for
that area. Recent work on robust approaches to factor analysis (e.g. Pison
et al. 2003) focuses more on model estimation than on factor scores, but
seems likely still to be relevant here.

It might reasonably be argued, of course, that factor analysis should really be
avoided in situations like this, and that it would be preferable either to use a set
of indicator weights on which there is wide agreement, or to use an agreed set of
indicators for which equal weighting is broadly acceptable (cf. Cox et al. 1992).
In general, this is surely right. In the case of the deprivation indices reported by
Noble et al. (2000), however, with eligibility for substantial regeneration funds
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at stake, no such consensus was available and the weights were determined by
factor analysis as a method of last resort.

Example: Relative index of inequality The notion of a relative index of inequal-
ity has been used recently in the study of social inequalities in health, especially
following the influential work of Kunst and Mackenbach (1995). The broad pur-
pose of such an index is to compare rates of incidence, for example of death
or disease, between those having lowest and highest socio-economic status. The
resultant measure of social inequality is typically used for comparative purposes,
or to study time trends. For a recent example see Davey Smith et al. (2002),
where it is shown that in Britain socio-economic inequality in mortality rates
continued to rise during the 1990s.

In the simplest setting, every individual has a notional socio-economic rank
x, scaled to take values between 0 (lowest) and 1 (highest). The rate of incidence
of the outcome of interest, such as a specific type of ill health or death, is f(x)
per unit of exposure, and the relative index of inequality is defined as f(0)/f(1).
In practice, f(x) is unknown and must be estimated from available data, which
may be data for the whole population of interest or for a sample. Moreover, x
itself typically is not fully observed; rather, individuals are categorized into or-
dered social classes, and so measurement of x is interval-censored. The standard
procedure in common use (e.g. Kunst and Mackenbach 1995, Hayes and Berry
2002) is then as follows:

1. For each of the k ordered social classes (i = 1, . . . , k), let ci be the fraction of
the population in class i or lower (with c0 = 0 and ck = 1).

2. For each class i let xi = (ci +ci−1)/2 be the median social rank for that class,
and ri the rate of incidence of the outcome of interest.

3. Estimate f(x) by linear regression, possibly weighted for different class sizes,
of ri on xi. This yields a straight-line estimate a + bx, say.

4. Compute the estimated relative index of inequality as a/(a + b).

This approach assumes that f(x) is linear, and seems a reasonable method
of estimation under that assumption. If, however, f(x) in reality is non-linear,
the standard procedure will, in general, induce a bias in the estimated relative
index of inequality. The magnitude and direction of such bias depend on the
nature of the non-linearity. If α + βx denotes the notional straight-line fit to all
pairs {x, f(x)} in the population of interest, to first order the bias is α/(α + β)−
f(0)/f(1).

There is no strong reason in principle to expect f(x) to be linear, except per-
haps as an approximation in situations where inequality is known to be both slight
and monotonic in x. In practice, even when a graph of ri versus xi appears roughly
straight, there is very often clear evidence of departure from linearity; typical ap-
plications involve the use of census, registry or large-scale survey data, in which
even modest departures from linearity are readily detected by standard tests.
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In general, i.e. when f(x) is not assumed linear, estimation of the relative
index of inequality based on a straight-line fit is inconsistent. Some care is needed
here over the notion of consistency. The standard notion, based on behaviour
as data size goes to infinity with all else fixed, is not useful in the present
context, on account of the interval-censored observation of x. For, if the class
widths ci − ci−1 are fixed, information on f(0) and f(1) increases with the
amount of data only under strong parametric assumptions about f(x), such as
linearity. Consistency should, rather, be framed in terms of behaviour under ideal
data conditions, which for relative index of inequality estimation would require
increasing amounts of data in vanishingly narrow intervals close to both x = 0
and x = 1. Under such conditions, and with the weakest possible assumption that
f(x) is continuous at x = 0 and x = 1, increasingly precise estimation of f(0) and
f(1) becomes possible. The simplest consistent estimator of the relative index
of inequality in this asymptotic framework is r1/rk, which discards data from
all classes other than the lowest and highest. The main appeal of the ‘standard’
relative index of inequality calculation described above is its simplicity. It is of
interest to study the extent, if any, to which a more elaborate method would be
worthwhile. Possible elaborations include:

(i) development of an approach that is consistent in the above sense and that
also exploits assumed smoothness of f(x) to make use of data from all k
classes;

(ii) the use of maximum likelihood based on a Poisson approximation—justified
by general arguments as in Brillinger (1986), for example—which properly
takes into account the interval-censored observation of x, in place of least-
squares fitting to class midpoints;

(iii) an integrated treatment of ‘standardizing’ variables such as age, which are
usually present and important in studies of this kind; and

(iv) improved assessment of precision, which properly distinguishes between sam-
pling variability and lack of fit of the straight-line model.

These are the subject of recent work by J. Sergeant of Nuffield College, Oxford.

7.2.4 Role of sampling weights

Survey data from probability samples have associated ‘sampling weights’, which
are equal to or proportional to 1/πi for each sampled case i, with πi the first-order
inclusion probability. The use of such weights in ‘enumerative’ applications of
survey sampling, which aim to estimate one or more well-defined functions of all
population values, is essential and well understood. For example, the population
mean of variable y from a sample S is estimated approximately unbiasedly by∑

i∈S

(yi/πi)/
∑
i∈S

(1/πi),

which can be viewed as weighted least squares based on the simple model
E(yi) = µ. The weights 1/πi correct for systematic under- or over-representation
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of population members in the sample, in notional repeated sampling. The use
of such weights in conjunction with enumerative estimators derived from linear
and generalized-linear models is surveyed in Firth and Bennett (1998). Care
is needed if the range of proportionate variation of πi is very large, with one
or more of the πi close to zero, for then a small number of sampled cases may
dominate the estimate. There are clear parallels here with notions of importance
sampling and auxiliary variables in Monte Carlo simulation for approximating
integrals (e.g. Hesterberg 1996). For analytical work using survey data the use
of sampling weights seems less clear-cut. Pfeffermann (1993) provides a useful
review. For concreteness, suppose that interest is in the dependence of y on
x, to be summarized through the conditional mean function m(x) = E(y | x).
A central line of argument in the survey-sampling literature—see Pfeffermann
(1993) or Chambers and Skinner (2003)—is that if, for example, B is the pop-
ulation least-squares value of β in the linear model y = α + βx + error, then
weighted least squares estimation of β in the same model from the sample, with
weights 1/πi, yields an asymptotically unbiased estimator of B; and this result
holds regardless of whether m(x) is actually linear in x. This is sometimes given
as a robustness rationale for the use of sampling weights with analytical mod-
els. In effect, though, this argument converts the analytical objective into an
enumerative one, and its relevance to inference on m(x) is unclear. If m(x) is
linear, then standard arguments point to the use of 1/ var(y | x) for weights
that maximize efficiency, rather than the sampling weights. If m(x) is not lin-
ear, then B is merely one of many possible incomplete summaries of m(x). For
example, if the true m(x) is µ + αI(x > k) for some threshold k, with α > 0
say, then B is positive but its numerical value fails to capture the nature of the
dependence; the use of sampling weights should not be viewed as an alternative
to careful model search and model criticism. The preceding discussion assumes
implicitly that, for any given x, selection into the sample is independent of y.
The opposite case, so-called non-ignorable sampling (after Rubin 1976), is less
straightforward. In such situations sampling weights, where known, are used in
order to provide protection against systematic bias even if the assumed model
is correct (e.g. Pfeffermann 1993, Fienberg 1989, Hoem 1989). This is connected
with the notion of propensity score (see Section 7.3.2).

7.3 Other topics
This section collects brief comments and references on a small selection of further
topics of current interest.

7.3.1 Incomplete data

In a sense, all of statistical inference concerns incomplete data, but most usually
the term refers to data that would have been observed under ideal conditions
but that are, for some reason, missing. The mechanism for missingness plays
a crucial role (Rubin 1976). For an overview see Little and Rubin (2002) or
Schafer (1997). In social research, missingness most often arises through survey
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non-response: sample-selected cases might fail to provide some or all of the de-
sired data; in panel studies a common problem is dropout. An important avenue
for further research is the continued systematic study of practical methods for
minimizing the extent of such missingness. However, some degree of missing-
ness is inevitable, and so analytical methods have been developed that seek to
overcome the resultant problems, which for standard statistical methods can be
crudely characterized as systematic bias and misstatement of precision. The main
general approaches are based on weighting and imputation. Weights calculated
as reciprocals of estimated response probabilities can be used in some settings
to reduce bias. Imputation methods are rather more general in scope, and in
particular they can be used where the pattern of missingness is arbitrarily com-
plex. Most attention has been paid to the method of multiple imputation (Rubin
1987, 1996), in which missing values are imputed at random, repeatedly in order
to produce a set of m different ‘completed’ datasets; the completed datasets are
then analysed by standard methods, and the observed between-imputed-datasets
variation contributes an important component to the estimated imprecision of
derived estimates. In this regard it is remarkable that in typical applications m
is chosen to be a small number, such as 5. Motivation for this is given in Rubin
(1987), where it is shown that efficiency loss in estimation of the parameters
of interest is slight, and that interval estimates after a degrees-of-freedom cor-
rection are valid to a reasonable degree of approximation, with m as small as
5 in contexts with typical missing-data fractions. The estimation of a variance
component using as few as 5 observations is, however, hugely ambitious: for ex-
ample, a simple calculation based on the normal distribution shows that to be
90% sure of the first significant digit of σ2 around 50 observations are needed.
The use of m as small as 5 thus carries the risk of a poor estimate of precision in
any particular application. A much greater value of m would, however, diminish
the practical appeal of the method, especially for large datasets.

7.3.2 Policy evaluation and selection bias

The effectiveness of social policies, such as training schemes to help people out of
long-term unemployment, is an important topic on which there is some method-
ological debate. In certain countries randomized experiments are routinely used,
though care is needed in their design and interpretation; it may be, for exam-
ple, that the measurable effect of a training scheme is different for those who
would and those who would not have elected to follow the scheme if given a
free choice. Where randomized study is not possible, evaluation typically pro-
ceeds by careful analysis of observational data, in which scheme participation is
determined by the participants themselves. In order to minimize the potential
impact of bias caused by such self-selection, analysis often compares outcomes
for matched individuals, the matching being on attributes thought to be good
predictors of scheme participation. This notion is distilled in propensity score
matching (Rosenbaum and Rubin 1983, Rosenbaum 2002), where a logistic re-
gression or other such model is constructed that estimates the probability of
scheme participation—the propensity score—as a function of available predictor
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variables; participating and non-participating individuals with similar values of
the estimated propensity score are then compared in order to estimate the ef-
fect of interest. Various aspects of this approach deserve further study, including
properties in cases where true propensity is not fully independent of outcome
given available predictor variables, and the impact of the detailed methods used
in the estimation of propensity scores (e.g. Heckman et al. 1998). A useful col-
lection of papers, giving a fairly broad view of current approaches in practice,
resulted from a Royal Statistical Society meeting in July 2000 and is introduced
by Dolton (2002).

7.3.3 Causality and graphical models

Questions of causal inference from observational data do, of course, extend far
beyond the evaluation of policy interventions, and are at the core of much so-
cial science. A general consensus on interpretation of the word ‘causal’ is elu-
sive. Common to most if not all social-scientific work, however, is that multiple
causes operate, and this creates a prominent role for statistical analysis. Cox and
Wermuth (2001) review three of the most prominent statistical interpretations
of causality, and their relation to social research: causality as stable associa-
tion, as the effect of intervention, and as explanation of a process. The last of
these, in which subject-matter theory and statistical analysis combine to estab-
lish processes that are potentially causal, is common also in the natural and
physical sciences; in social science the relevant substantive theory will most of-
ten derive from notions of rational choice. Where cause is taken to be the effect
of an intervention, counterfactual reasoning is often used, in which a statisti-
cal comparison is made between responses in the presence and in the absence
of the intervention (the difficulty in practice being that only one of those two
responses is observed); this might involve the exclusion of certain types of vari-
able, such as gender, as a potential cause, and it often demands great care in
defining which other variables should be held fixed and which allowed to vary
as the intervention is (hypothetically) introduced or removed. The deduction of
causality from stable patterns of association requires temporal or subject-matter
justification for the direction of any putative causal relationship, and—usually
much more difficult—the elimination of alternative explanations. In statistical
thinking on causality, graphical and structural-equation models based on condi-
tional independence relations play a key role, and this has been an area of rapid
development. Such models codify which variables might conceivably be related
causally, and the direction of possible causal links. The strongest representation
is a directed acyclic graph (DAG), from which conditional independence relation-
ships may be read off using the central notion of d-separation. In many practical
applications it is undesirable or impossible to assign a DAG-style direction to
every possible association, and this has led to the development of chain-graph
models in which variables are grouped as a partial ordering, with causal di-
rection between groups specified. A good introduction to statistical aspects of
causality is still Holland (1986); for more recent references see Sobel (2000) and
Cox and Wermuth (2004). Pearl (2003), in a recent review paper with the same
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title as Holland’s, emphasises the role of assumptions and the use of structural
equation models; see also Pearl (2000). For graphical chain models and their
interpretation, inter alia, Cox and Wermuth (1996) is essential reading.

7.3.4 Event histories

Event-history data is very common in some branches of social science, for ex-
ample the study of individual careers. The dominant analytical approach, fol-
lowing the influential work of Cox (1972), is based on regression models—either
parametric or semiparametric—for the log-hazard function of waiting-time dis-
tributions; see, for example, Blossfeld et al. (1989). Some common features of
social-science applications are:

• recurrent events, for example repeated spells of unemployment;

• several states, for example {employed, unemployed, not in the labour force};
• discrete-time observation, e.g. data collected annually with no recall of precise

dates of transition.

Other approaches aim to describe and explain ‘whole history’ aspects rather than
transition intensities. One such is the ‘optimal matching’ analysis of Abbott and
Hrycak (1990), where methods of alignment and distance estimation from DNA-
sequence analysis are applied directly to suitably encoded career histories, a
device that then allows the use of clustering and other such exploratory methods.
The results are interesting, and it would be useful to consider whether a more
tailored approach to the summary and comparison of such histories—which, for
example, respects the direction of time, in contrast to the methods imported
from molecular biology—might yield still stronger results.

7.3.5 Ecological inference

The topic of inference on individual-level relationships from aggregate data has a
long history as well as various recent developments, which are critically reviewed
in Wakefield (2004). The inherent difficulties are not ones that can readily be
massaged away by clever modelling, and conclusions are often highly sensitive
to detailed model assumptions. A promising general approach is to combine
aggregate data with some additional information at the individual level. This
raises some interesting methodological questions when, as seems likely often to
be the case in practice, the individual-level data are in some way unreliable.
For example, in the study of voter transitions over a pair of successive elections,
the aggregate data—total votes cast at each election—are essentially perfect;
but even an exit poll, probably the best type of individual-level data available
in this context, will inevitably suffer from problems of differential refusal, false
replies, faulty recall of previous vote, and so forth.

7.3.6 ‘Agent-based’ models

Conventional statistical models typically establish and explain social regularities
through associations between variables. The ‘agent-based’ approach aims instead
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to represent macro-level phenomena as consequences of the actions of interacting
individuals who influence one another in response to the influences they them-
selves receive; for a variety of applications see, for example, the collection of
papers summarized in Bankes (2002). Work with such models uses computer
simulation, which often has no stochastic element, to study the evolution of
large systems of individuals over long periods of time, perhaps many genera-
tions. Inference is made by ‘tuning’ micro-level behavioural rules to achieve an
acceptable match between simulation results and established real-world regular-
ities. This is largely unfamiliar territory for statisticians, but seemingly progress
can be made at least under certain assumptions that relate system inputs and
outputs through a Bayesian probability model (e.g. Poole and Raftery 2000).
This is a topic on which further statistical input seems likely to be valuable.

7.3.7 Public-service ‘league tables’ and performance monitoring

The use of administrative and other data to rank institutions on aspects of their
performance has become commonplace, at least in the UK, and has largely taken
place without much statistically informed input. Recently, the Royal Statistical
Society published a wide-ranging report by its Working Party on Performance
Monitoring in the Public Services (Bird et al. 2005). The report stresses the im-
portance of a clear protocol covering the design and implications of performance
indicators, as well as methods for data collection, analysis, presentation and
dissemination. Presentation, for example, should always reflect uncertainty due
to measurement and/or haphazard variation, making use where appropriate of
such devices as the ‘funnel plot’ (Spiegelhalter 2002). More work is needed both
on the design of such presentational methods and on establishing their place in
routine reporting of institutional-performance data, as well as on suitable meth-
ods of analysis for the clustered, multidimensional data that typifies this kind
of work.

7.3.8 S (or R) is for social science

The uptake of new statistical methods by social scientists has for many years
been patchy, and has been hampered to some extent by the dominance of one or
two large commercial software packages which, although excellent for their core
purposes, respond only rather slowly to novel statistical developments. Typically
such packages do not encourage, or even necessarily allow, the programming
of new methods by researchers themselves. By contrast, for statisticians the S
language (Becker et al. 1988) has become the lingua franca for data analysis and
for the rapid implementation of new models and methods. An important recent
development is the open-source R project (Ihaka and Gentleman 1996), which
provides both the S language and a rapidly growing array of fully documented
‘packages’ for specific methods. The availability of R, coupled with accessible
introductory material for social scientists such as Fox (2002) and courses such as
those given at the Inter-University Consortium for Political and Social Research
Michigan Summer School and the Economic and Social Research Council Oxford
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Spring School, has already had a marked effect on graduate research-methods
teaching, and it suggests a future in which statistical methodology will play a
still more important and immediate role in social research.
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Biostatistics: the near future

Scott Zeger, Peter Diggle, and Kung-Yee Liang

8.1 Introduction
Over the last half-century, the influence of statistical ideas and methods has
continued to expand from the foundation laid by Karl Pearson and Sir Ronald
Fisher in the first half of the twentieth century. Statistical tools have advanced
many areas of empirical science but perhaps none more than biology and medi-
cine. The goal of this chapter is to look forward over the next decade to consider
the future of biostatistics.

Biostatistics is a term with slightly different meanings in Europe and the
United States. Here we take it to refer to statistical science as it is generated
from and applied to studies of human health and disease. We distinguish it
from the broader term biometrics that refers to the interface of statistics and all
biological sciences including for example agricultural science and from medical
statistics, which refers more narrowly to clinical than biomedical sciences.

In this chapter, we argue that a substantial component of the success of
biostatistics derives not from the utility of specific models, even though there
are many such successes, but rather to a model-based approach that Fisher,
Sir David Cox and others have so forcefully advanced. We believe that this will
be central to the continued advancement of biostatistics, at least for the near
future. This approach:

• is built on a foundation of careful design and measurement;

• formulates scientific questions or quantities in terms of parameters θ in proba-
bility models f(y; θ) that represent in a parsimonious fashion, the underlying
scientific mechanisms (Cox 1997);

• partition the parameters θ = (ψ, λ) into a subset of interest ψ and other
‘nuisance parameters’ λ necessary to complete the probability distribution
(Cox and Hinkley 1974);

• develops methods of inference about the scientific quantities that depend as
little as possible upon the nuisance parameters (Barndorff-Nielsen and Cox
1994); and

• thinks critically about the appropriate conditional distribution on which to
base inferences.
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This chapter starts with a brief review of what we believe are exciting bio-
medical and public health challenges capable of driving statistical developments
in the next decade. We discuss how they may influence biostatistical research
and practice. Section 8.3 then discusses the statistical models and inferences that
are central to the model-based approach. We contrast the model-based approach
with computationally intensive strategies for prediction and inference advocated
by Breiman and others (e.g. Breiman 2001), and with more traditional methods
of inference whose probabilistic basis is the randomization distribution induced
by the particular experimental design (Fisher 1935), and that we might there-
fore call a design-based approach. We discuss the so-called hierarchical or mul-
tilevel specification of a statistical model as an example of the future challenges
and opportunities for model-based inference. In Section 8.3, we also discuss the
role of increasingly complex models in science and statistics. A key question is
how to quantify the uncertainty in target parameters, incorporating more than
the usual sampling variability. In Section 8.4, we discuss conditional inference.
Recent examples from genetics are used to illustrate these issues. Sections 8.5
and 8.6 discuss causal inference and statistical computing, two other topics
we believe will be central to biostatistics research and practice in the coming
decade.

8.2 Biomedical and public health opportunities
8.2.1 The last 50 years

If we start our look forward with a brief look back at the past, it is clear that we
live in a revolutionary period for biological science, and particularly for biomedi-
cine and public health. It has been only 50 years since Watson, Crick, Franklin,
Gosling, and others elucidated the basic mechanisms of molecular biology (Wat-
son and Crick 1953, Franklin and Gosling 1953). Since then, the parallel ad-
vances in biotechnology and computer technology have produced a panoply of
new measurements that are now driving statistical innovation.

In biomedical laboratories, we now routinely measure DNA sequences, gene
and protein expression levels, protein structures and interactions. The new bio-
technologies make it possible to control systems by breeding genetically designed
laboratory animals, adding or removing putative genes, fabricating molecules,
inserting human genes in other organisms, and so forth. Biomedical investigators
have remarkable new tools to measure and to control systems permitting more
informative studies of the mechanisms underlying health and disease.

The same fifty years has given rise to equally powerful technologies for pop-
ulation medical research. The modern randomized controlled trial has its roots
in 1947 with the Medical Research Council Streptomycin in Tuberculosis Trial
(MRC Streptomycin in Tuberculosis Trials Committee 1948). There are now
generally accepted protocols for human experimentation such as the Nurem-
berg Code (Kious 2001) and the controlled clinical trial has become the single
leading tool of clinical research. The advent of systematic testing of preventive
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and therapeutic therapies using controlled trials is arguably the most important
development in clinical medicine during this period.

In 1952, Sir Richard Doll and Sir Austin Bradford Hill changed the practice
of epidemiology with the development of the case-control study to investigate
the association of smoking and lung cancer. Cornfield (1951) formulated the
statistical framework for the analysis of case-control studies. Like the randomized
trial in clinical research, the case-control study and related designs are now
essential tools for every clinical and public-health researcher.

The progress in biostatistics over the last few decades has reflected the ad-
vances in medical and public-health research. The productivity in the subfields
of statistical genetics, survival analysis, generalized linear models, epidemiologi-
cal statistics, and longitudinal data analysis demonstrates the opportunities that
medical and public-health breakthroughs of the last half-century have created
for statistical science, and vice versa.

8.2.2 The next decade

A consideration of the near future of biostatistics best starts with consideration
of the emerging opportunities in biomedicine and public health. The United
States National Institutes of Health ‘Roadmap’ (Zerhouni 2003) and the United
Kingdom Medical Research Council strategic plan (Medical Research Council
2001) present similar visions for the future. Collins et al. (2003) give an excellent
review of how genomics will change biomedical research and practice.

There is consensus that, while the twentieth century has produced lists of
genes and proteins, the priority for the next decade is to determine their func-
tions. The goals are to identify and understand the gene–protein networks cen-
tral to normal biology, aberrations and interactions with the environment that
produce disease, and corrective interventions that can prevent or treat disease.
The Medical Research Council plan states: ‘The focus will shift to questions
of protein structure, function and interactions, developments of physiological
pathways and systems biology’ (Medical Research Council 2001). The National
Institutes of Health Roadmap identifies ‘Building Blocks, Biological Pathways
and Networks’ as the first of its five priorities (Zerhouni 2003).

In the next decade, exhaustive gene lists will be refined for organisms at
all levels. Once the sequence has been determined for a species, biologists will
characterize the covariation across a population in key DNA markers and single
nucleotide polymorphisms, differences among persons in the DNA bases that
appear in particular locations. Parsimonious summaries of these patterns of as-
sociation will be needed.

Associations—many of them false—of disease occurrence with single nu-
cleotide polymorphisms, gene and protein expression levels will be discovered.
Some associations will lead to the identification of biochemical pathways for nor-
mal biology and mistakes that cause disease. We should not be surprised if some
aspect of the basic paradigm of molecular biology is supplanted or dramatically
revised. For example, the field of epigenetics (e.g. Feinberg 2001) pre-supposes
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that molecular mechanisms other than DNA sequence contribute substantially
to the control of cellular processes. Such a discovery could radically change the
nature of biomedical research in the next decade.

The biotechnology industry will continue to produce more powerful labora-
tory methods to quantify genes and their RNA and protein expressions. There
will be a key role for statistical design and evaluation of the measurement process
itself. For example, the early gene expression measurements by Affymetrix, a
leading manufacturer of microarrays, have been substantially improved by care-
ful statistical analysis. Affymetrix quantified expression by comparing the bind-
ing of short sequences of DNA, roughly 25 bases to the target sequence RNA—
so-called ‘perfect match’—to a background rate of binding with a sequence whose
middle base is changed. The idea was sensible: to correct for non-specific binding
of RNAs with a sequence similar to but not exactly the same as the target. But
Irizarry et al. (2003) have shown that there is an enormous price in variance
to pay for the small improvement in bias when making this baseline correction.
Similar opportunities certainly exist in quantifying protein expression, protein–
protein interactions, and other fundamental measurements.

Measurement is also central to clinical research. For example, diagnosis and
severity assessment for many psychiatric disorders such as depression and
schizophrenia are based upon symptom checklists. Quality of life or health status
is also measured via longer lists of items. Cox (1997) has discussed the oppor-
tunities for improved measurement in these situations where the basic datum is
a multivariate vector of item responses.

Having quantified tens of thousands of gene or protein expression levels, the
natural question is: which of these best predict the incidence or progression
of disease, or the efficacy of a novel treatment? We should expect many more
studies like the one by van de Vijver et al. (2002), who followed 295 patients
with primary breast carcinoma for time to metastases. Gene expression levels for
25 000 genes were used to develop a ‘risk profile’ based upon roughly 70 genes.
The profile was a strong discriminator of persons with early versus late progres-
sion. While crossvalidation was used to estimate the prediction error, the number
of models with only main effects and two-gene interactions is too numerous to
contemplate. The potential for false discoveries is enormous. Effective methods
for searching model space, informed by current biological knowledge are needed.
Ruczinski et al. (to appear) developed logic regression, a novel approach to ad-
dress this problem of contending with high-dimensional predictor space when
predicting protein structure from amino-acid sequences.

Similar problems are common in image analysis. See for example, Chetelat
and Baron (2003), who predict onset of Alzheimer’s disease using data from
functional magnetic resonance images with activation intensities at 105 or so
spatial locations or voxels in the brain.

The study of complex interactions or ‘systems biology’ is an emerging theme
in biomedical research. Harvard University Medical School has recently created
a new Department of Systems Biology intended to
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bring together a new community of researchers—biologists, physicists, engi-
neers, computer scientists, mathematicians and chemists—to work towards a
molecular description of complex cellular and multicellular systems, with an
emphasis on quantitative measurement and mathematical and computational
models.

There is no reference to statistics here! An illustration is the work by von
Mering et al. (2003), who compare how proteins bind to one another for differ-
ent species to identify critical subsets of interacting proteins that are preserved
across species.

The next decade of clinical and public health research will also be driven
by the twin genomics and computing revolutions. In epidemiology, the study of
gene and environmental interactions will remain centre stage. For example, Caspi
et al. (2003) reported results of a prospective study that identified two versions—
‘short’ and ‘long’ alleles—of the serotonin transporter 5-HT T gene. Persons
with one or two copies of the short allele exhibited more depression in response
to stressful life events than individuals homozygous for the long allele. Similar
research on gene–environment interactions will be central to cardiovascular and
cancer epidemiology.

The amount of data and computing power will also make possible a new level
of public-health surveillance (e.g. Dominici et al. 2003). For example, in their
most recent work, Dominici, McDermott, and colleagues have assembled and
crosslinked public databases for the USA over the period 1999–2002 comprising
administrative medical records with diagnostic codes for the more than 40 million
adults in the Medicare population, hourly air pollution time series for six major
pollutants from thousands of Environmental Protection Agency monitors, hourly
air and dew-point temperature from major weather centres, and census data at
the postal-code level on socio-economic status, education, housing, and other
factors that influence health. They are using these data to quantify the numbers
of deaths, cases of disease and medical costs attributable to air pollution and
its possible interaction with socio-economic status and other community-level
factors.

In summary, biotechnology and modern computing have created new win-
dows into the workings of biological systems in the form of new measurements
that are inherently high-dimensional. We have now assembled long lists of genes,
proteins and other biological constituents and are in the process of uncovering
the interactions and networks that define normal and abnormal biology. These
problems and similar ones in epidemiology and public health are likely to drive
the development of statistical reasoning and methods for a decade or more.

8.3 Statistical models and inference
8.3.1 Statistical models

The word ‘model’ has many meanings in science and statistics. In toxicology,
it may refer to an animal or cell system, in engineering, to a scaled physical
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approximation. Within statistical disciplines, the term model can cover any
mathematical representation of the genesis of a set of data, y. From a scien-
tific perspective, a useful distinction is between models that can be deduced
from known or hypothesized scientific mechanisms underlying the generation of
the data, and models that are simply empirical descriptions; we refer to these
as mechanistic and empirical models, respectively. The dichotomy is an over-
simplification but, we feel, a useful one. Consider for example the homogeneous
Poisson process. As a model for the time sequence of positron emissions from a
radioactive specimen, it has a well-accepted interpretation as a large-scale con-
sequence of assumptions about fundamental physical processes operating at the
submolecular scale; as a model for the time sequence of seizures experienced by
an epileptic patient, its value rests on empirical validation against observed data.
Besag (1974) argued, cogently in our view but ultimately unsuccessfully, for the
use of the term ‘scheme’ rather than ‘model’ when referring to an empirical
model.

From a statistical perspective, the key modelling idea is that data, y, con-
stitute a realization of a random variable, Y : in other words our models are
probabilistic models. We then need to ask where the randomness comes from.
R. A. Fisher’s answer, in the context of the analysis of agricultural field tri-
als, was that the randomness was induced by the use of randomization in the
allocation of experimental treatments to plots, leading to inferences that were
essentially non-parametric. A second answer, which underlies most current main-
stream statistics teaching and practice, is that the randomness is an inherent
property of the process that produces each individual datum. Under this para-
digm, the vector of plot-yields y in a field trial are modelled as a realization of
a multivariate Gaussian random variable Y with appropriately structured mean
vector and variance matrix, and inferences are based on calculated probabilities
within this assumed distributional model.

These two approaches to inference can be termed design-based and model-
based, respectively. In the context of the general linear model, the connection
between the two was made by Kempthorne (1952). It is ironic that Fisher’s
analysis of variance methods are now taught almost exclusively under Gaussian
distributional assumptions. The collection of papers published in the December
2003 issue of the International Journal of Epidemiology includes a fascinating
discussion of the contrasting arguments advanced by Fisher and by Bradford Hill
for the benefits of randomization in the contexts of agricultural field experiments
and clinical trials, respectively (Chalmers 2003, Armitage 2003, Doll 2003, Marks
2003, Bodmer 2003, Milton 2003).

Most statisticians would accept that model-based inference is appropriate in
conjunction with a model that, to some degree at least, is mechanistic. It is less
clear how one should make inferences when using an empirical model. In prac-
tice, design-based inference copes more easily with problems whose structure is
relatively simple. The development of progressively more complex data struc-
tures involving multidimensional measurements, together with temporal and/or
spatial dependence, has therefore led to an increased focus on model-based



Biostatistics: the near future 173

inference, which then raises the awkward question of how sensitive our inferences
might be to the assumed model. To quote Coombs (1964), ‘We buy information
with assumptions’, with the unspoken corollary that what is bought may or may
not give good value.

The model-based approach lends itself equally well to classical likelihood-
based or Bayesian modes of inference. The last decade has seen a strong shift
towards the use of Bayesian inference in many branches of statistics, including
biostatistics. Whether this is because statisticians have been convinced by the
philosophical arguments, or because the computing revolution and the develop-
ment of Monte Carlo methods of inference have apparently reversed the historical
computational advantage of classical methods over their Bayesian rivals, is less
clear. For a thought-provoking discussion of likelihood-based inference, including
a critique of Bayesian inference, see Royall (1997).

In recent years, a third broad approach to inference has developed, which
we might call algorithm-based. This sits naturally at the interface between sta-
tistics and computing, and can be considered as a computationally intensive
version of John Tukey’s early ideas concerning exploratory data analysis (Tukey
1977), in which the traditional emphasis on formal inference is replaced by a
less formal search for structure in large, multidimensional datasets. Examples
include a range of non-parametric smoothing methods, many originating at Stan-
ford University and the University of California at Berkeley (e.g. Breiman et al.
1984, Friedman 1991, Breiman and Friedman 1997), and classification meth-
ods based on neural networks (Ripley 1994). The cited examples illustrate the
key contributions that statisticians continue to make to algorithm-based infer-
ence. Nevertheless, its emergence also represents a challenge to our discipline
in that algorithm-based methods for data analysis are often presented under
the computer-science-oriented banner of ‘informatics,’ rather than as an integral
part of modern statistical methodology.

8.3.2 Hierarchically specified models and model-based inference

A recurrent theme during the last fifty years of statistical research has been
the unification of previously separate methods designed for particular problems.
Perhaps the most important to date has been Nelder & Wedderburn’s (1972)
unification of numerous methods including analysis of variance, linear regression,
log-linear models for contingency tables, and logit and probit models for binary
data, within the class of generalized linear models; for a comprehensive account,
see McCullagh and Nelder (1989). This class represents the state-of-the-art for
modelling the relationship between a set of mutually independent univariate
responses and associated vectors of explanatory variables.

Hierarchically specified models represent a comparable unification of mod-
els for dependent responses. Their defining feature is that observed responses
Y = (Y1, . . . , Yn) are modelled conditionally on one or more layers of latent ran-
dom variables that are usually of scientific interest but are not directly observ-
able. Using the notation [·] to mean ‘the distribution of’, the simplest hierarchical
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model specification would take the form [Y, S] = [Y | S][S], where S denotes a
latent random variable. The emphasis here is on the hierarchical nature of the
specification, rather than the model itself. For example, consider the hierarchical
specification for an observeable quantity Y as Yi | S ∼ N(S, τ2), with the Yi

conditionally independent given S, and S ∼ N(µ, ν2). This is identical to the
non-hierarchical specification Y ∼ Nn(µ1n, ν21n1T

n + τ2In), where 1n and In

are, respectively, the n × 1 unit vector and n × n identity matrix. The model
arises in the context of longitudinal data analysis where, Y represents a sequence
of measurements on a single subject. In that context, a possible advantage of
the hierarchical specification is that it invites a mechanistic interpretation for
the assumed covariance structure of Y , namely that it arises as a consequence of
random variation between the average response obtained from different subjects,
as represented by the latent random variable S. More elaborate examples are
discussed below.

In contrast to classical generalized linear models, it is hard to identify a single,
seminal paper on hierarchically specified models. Rather, the essential idea was
proposed independently in different settings, and these separate contributions
were only later brought together under a common framework.

The Kalman filter (Kalman 1960) is an early example of a hierarchical model
for time-series data. In its basic form, it models an observed univariate time-
series Yt with t = 1, 2, . . . in relation to an unobserved ‘state variable’ St by
combining a linear stochastic process model for St—the state equation—with a
linear regression for Yt conditional on St—the observation equation—and uses
the model to derive a recursive algorithm for computation of the minimum mean
square error predictor for St, given the observed data Ys for s ≤ t. This results in
the standard hierarchical factorization [Y, S] = [Y |S][S]. Within the time-series
literature, models of this kind have become known as state-space or dynamic
time-series models (Harvey 1989, West and Harrison 1997).

Cox (1955a) had earlier introduced a class of hierarchically specified models,
now known as Cox processes, for point process data. A Cox process is an inho-
mogeneous Poisson process whose intensity Λ(x) is itself the realization of an
unobserved, non-negative valued stochastic process. For example, a log-Gaussian
Cox process (Møller et al. 1998) takes Λ(x) = exp S(x), where S(x) is a Gaussian
process. Models of this kind are likely to become increasingly important for
modelling spatial point process data in which the local intensity of points is
modulated by a combination of observed and unobserved environmental fac-
tors, and will therefore play a key role in environmental epidemiology. Although
the Gaussian assumption is a strong one, it is attractive as an empirical model
because of its relative tractability and the ease with which it can incorporate ad-
justments for observed, spatially referenced explanatory variables. Incidentally,
Cox processes bear the same relationship to Poisson processes as do frailty mod-
els for survival data to the classic Cox proportional hazards model (Cox 1972a).
In each case, an unobserved stochastic effect is introduced into the model to
account for unexplained variation over and above the variation compatible with
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a Poisson point process model for the locations of events in space or time, re-
spectively.

Lindley and Smith (1972) were concerned not so much with developing new
models as with reinterpreting the classical linear model from a Bayesian per-
spective. Hence, their use of the hierarchical specification was to consider the
linear regression relationships as applying conditional on parameter values that
were themselves modelled as random variables by the imposition of a prior dis-
tribution. The same formalism is used in classical random effects linear models.

Motivated primarily by social science applications, Goldstein (1986) used
hierarchically specified models to explain how components of random variation
at different levels in a hierarchy contribute to the total variation in an observed
response. For example, variation in educational attainment between children
might be decomposed into contributions arising from components of variation
between schools, between classes within schools, and between children within
classes.

Finally, note that one way to extend the generalized linear model class for
independent responses is to introduce a latent stochastic process into the linear
predictor, so defining a generalized linear mixed model. Breslow and Clayton
(1993) review work on such models up to that date, and discuss approximate
methods of inference that have been largely superceded by subsequent develop-
ments in classical or Bayesian Monte Carlo methods (Clayton 1996).

Hierarchically specified models of considerably greater complexity than the
examples given above are now used routinely in a wide range of applications,
but especially as models for spatial or longitudinal data. Spatial examples in-
clude models for smoothing maps of empirical measures of disease risk (Clayton
and Kaldor 1987, Besag et al. 1991), or for geostatistical interpolation under
non-Gaussian distributional assumptions (Diggle et al. 1998). Longitudinal ex-
amples include joint modelling of longitudinal measurements and time-to-event
data in clinical trials (Wulfsohn and Tsiatis 1997), in which stochastic depen-
dence between the measurement process and the hazard function for the time-
to-event process are induced by their shared link to a latent Gaussian process.

Despite the widespread, and widely accepted, application of hierarchically
specified models, their routine use is not without its attendant dangers. More
research is needed on some fundamental issues concerning model formulation,
computation and inference.

With respect to model formulation, a key issue is the balance between sim-
plicity and complexity. Simple models tend to be well identified. Complex models
promise greater realism, but only if they are scientifically well founded. When
models are empirical, simplicity, consistent with achievement of scientific goals,
is a virtue. A challenge for the next decade is to develop a theory of model
choice that appropriately combines empirical and subject-matter knowledge. In
our opinion, it is doubtful whether such a theory could ever be reduced to a
mathematical formalism, and we are skeptical about the role of automatic model-
selection algorithms in scientific research.
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With respect to computation, we need a better understanding of when off-
the-shelf Markov chain Monte Carlo algorithms are and are not reliable, and
better tools for judging their convergence. At least for the near future, we also
need to recognize that many applications will continue to need mechanistic mod-
els and tailored fitting algorithms, using the combined skills of subject-matter
scientists, applied statisticians, and probabilists.

Perhaps the most challenging questions of all concern inference for hierarchi-
cally specified models. For Bayesian inference, how should we choose joint priors
in multiparameter models? How can we recognize poorly identified subspaces
of the parameter space? And, whether or not we choose to be Bayesian, when
might unverifiable modelling assumptions unduly influence our conclusions? In
a sense, all of these questions have straightforward formal answers, but deal-
ing with them thoroughly in practice is impossible because of the multiplicity
of cases that need to be examined. Furthermore, there seems to be an increas-
ing divergence between Bayesian philosophy, in which the notion of a ‘good’
or ‘bad’ prior has no meaning, and Bayesian practice, in which there appears
to be a decreasing emphasis on topics such as prior elicitation through expert
opinion, and a de facto shift to using computationally convenient families of
prior within which location and/or scale parameters act as ‘tuning constants’
somewhat analogous to multidimensional bandwidth choices in non-parametric
smoothing. The coming decade will provide better tools for the Bayesian data
analyst to quantify the relative amounts of information provided by data and
by prior specification, whether at the level of model choice or parameter val-
ues within a chosen model, and a better understanding of how these influence
estimates and substantive findings.

8.3.3 Sources of uncertainty

The endproduct of a piece of statistical work is the result of a long sequence of
decision-making in the face of uncertainty. An oversimplified representation of
this process is that we iteratively address the following questions:

1. What is the scientific question?
2. What experimental design will best enable the question to be answered?
3. What statistical model will incorporate an answer to the question whilst

dealing adequately with extraneous factors?
4. How should we analyse the resulting data using this model and interpret the

estimates and measures of their uncertainty?

Currently, statistical theory deals explicitly and very thoroughly with the
last of these, through the theory of statistical inference. In essence, inference
allows us to say: ‘this is what we have observed, but we might have observed
something different’, and to moderate our conclusions accordingly. To a limited
extent, techniques such as Bayesian model averaging, or classical nesting of the
model of interest within a richer class of possible models, allow us to take account
of uncertainty at the level of model formulation, but here the methodology is



Biostatistics: the near future 177

less well developed, and less widely accepted. Rather, it is generally accepted
that model formulation is, at least in part, a subjective process and as such not
amenable to formal quantification. All statisticians would surely agree that care-
ful attention to design is of vital importance, yet our impression is that in the
formal training of statistical graduates, courses on design typically occupy a very
small fraction of the syllabus by comparison with courses on inference, modelling
and, increasingly, computation. We predict that some relatively old ideas in ex-
perimental design, such as the construction of efficient incomplete block designs,
will soon enjoy a revival in their importance under the perhaps surprising stimu-
lus of bioinformatics, specifically gene expression microarray data. As discussed
above, microarray data are in one sense spectacularly high-dimensional, but a
typical microarray experiment is cost limited to only a small number of arrays
and these, rather than the many thousands of individual gene expression levels,
are the fundamental experimental units at which design questions must be ad-
dressed. See, for example, Kerr and Churchill (2001), Yang and Speed (2002),
and Glonek and Solomon (2004).

Finally, the best comment we can offer on the importance of addressing the
right question is to quote Sir David Cox in an interview published in volume
28, issue 1, page 9 of the newsletter of the International Statistical Institute. In
answer to the question of what advice he would offer to the head of a new uni-
versity department of statistics, he included ‘the importance of making contact
with the best research workers in other subjects and aiming over a period of
time to establish genuine involvement and collaboration in their activities.’

8.3.4 Model complexity

The new measurements enabled by biotechnologies will certainly lead some to
increasingly complex descriptions of biological systems. For example, Figure 1
of Jeong et al. (2001) represents protein–protein interactions for 1870 proteins
shown as nodes, connected by 2240 direct physical interactions for the yeast
Saccharomyces cerevisiae. They represent by the colour of a node, the phenotypic
effect of deleting the gene that encodes its corresponding protein, and argue that
proteins with more connections are more essential to yeast survival.

Biostatisticians have long recognized the trade-off of biological realism against
parsimony in their models estimated from a finite set of observations. As the rich-
ness of datasets increases, more complex models will surely be contemplated. An
important question for the next decade will be where to find the new balance
between realism and parsimony.

Cox (1997) offered a hierarchy of probability models according to their sci-
entific basis that extends the two categories we discussed above:

1. purely empirical models;
2. ‘toy’ models;
3. intermediate models; and
4. quasi-realistic models.
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Types 1 and 4 of this list correspond essentially to what we have called ‘empirical’
and ‘mechanistic’, models. Moving down the list, the scientific complexities are
represented to an increasing degree. It seems plausible for at least two reasons
that biostatistical models will strive for increasing biological content over the
coming decade.

First, parameters in more realistic models are inherently more useful and in-
teresting to scientists. The enormous success of the proportional hazards model
(Cox 1972) is partly because its parameters are relative risks with simple bio-
logical interpretations. The hierarchical models discussed above are especially
popular among social scientists who study the effects of covariates at the indi-
vidual and community levels because their regression parameters can be given
causal interpretations.

Second, imposing scientific structure is a partial solution to the dimension-
ality of our outcome measures. For example, in early statistical analysis with
DNA microarrays, gene expressions were most often treated as exchangeable
(e.g. Hastie et al. 2000). But there is substantial scientific knowledge that can
be used to arrange genes into prior clusters, for example because they encode
proteins involved in a common metabolic pathway. Bouton et al. (2003) have de-
veloped DRAGON, a software tool that queries genomic databases and creates
such gene groupings. Biological knowledge can be used to reduce the number of
variables from the order of 104 genes to 102 classes of genes.

As is well known to statisticians, there is a price to pay for increasing ‘realism’
in the face of limited data. Often, key parameters are difficult to identify. For
example, Heagerty and Zeger (2000) have shown how parameter estimates in
hierarchically specified conditional random effects models depend quite strongly
on difficult-to-verify assumptions about the variances of the unobserved random
effects.

8.4 Conditional inference
8.4.1 Introduction

Sir David Cox published two seminal papers in 1958. The first (Cox 1958b) ad-
dressed the statistical principle of conditioning. The second (Cox 1958c) applied
this idea to the analysis of binary responses, in particular using the logistic re-
gression model. In the fifty years since their publication, these and subsequent
articles have established conditional inference as a cornerstone of model-based
applied statistics. In this section, we discuss three reasons why conditioning
has had so much impact to date and consider its role in the future of biosta-
tistics. As above, we will represent the full set of parameters by θ = (ψ, λ)
where ψ represents the subset of scientific interest and λ represents the nuisance
parameters.

8.4.2 Inducing the proper probability distribution

One fundamental argument in favour of conditioning is to ensure that the prob-
ability distribution used for inference about ψ is consistent with the data in
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hand (Cox 1958b). Specifically, it implies use of a probability distribution for
the observed data conditional on ancillary statistics defined as those functions
of sufficient statistics whose distributions are independent of ψ. The idea is to
focus on models for random variables that are directly relevant to ψ without
investing time in modelling less relevant ones. A simple example of an ancillary
statistic is the sample size because, in most situations, the probability mecha-
nism for an observation does not depend on the choice of sample size. Because
the likelihood function and statistical uncertainty about ψ do depend upon
the sample size, this dependence must be made explicit, as happens through
conditioning.

The most compelling argument for conditional inference was a toy example
given in Cox (1958b). Here, the parameter of interest is the mean value for a
biological measurement. A coin is tossed to determine which one of two compet-
ing laboratories will be selected to run the biological assay. One laboratory has
high precision, that is, low variance, and the other has low precision. The con-
ditioning principle demands that inferences about the unknown mean be drawn
conditional on the lab that actually made the measurement. That another lab-
oratory, with very different precision, might have made the measurement, is
ancillary information.

8.4.3 Elimination of nuisance parameters

The closely related second objective of conditioning is to focus inferences on the
parameters of interest ψ, minimizing the impact of assumptions about the parts
of the probability mechanism indexed by nuisance parameters λ. The parameters
λ are necessary to jointly specify the mechanism but are not of intrinsic interest
to investigators. Examples are common in biomedical studies. In case-control
studies of disease etiology, ψ is the odds ratio relating a risk factor to disease,
and λ is the probability of exposure for the control group. In the proportional
hazards model (Cox 1972), ψ is the log of relative hazards comparing individuals
with covariate value X = x versus those with X = 0. The nuisance parameters
comprise the hazard function for the reference group, which is left unspecified.

A key issue mentioned in Section 8.1 is how to develop methods of inference
about the parameters of interest that depend as little as possible on the nuisance
parameters. This is important because it is well documented that the quality of
inference for ψ depends critically on how these two sets of parameters are inter-
twined with each others (e.g. Cox and Reid 1987, Liang and Zeger 1995). Neyman
and Scott (1948) demonstrated that the maximum likelihood estimates for ψ can
be inconsistent when the dimension of λ increases with the sample size. This is
the situation epidemiologists face in the matched case-control design, which is
commonly used when confounding variables are difficult to measure. Examples
include controlling for a case’s neighborhood or family environment or genes.
In this situation, the number of nuisance parameters is roughly equal to the
number of cases. Cox (1958c) showed how to eliminate the nuisance parameters
by conditioning on sufficient statistics for the nuisance parameters. The modern
version of this approach, conditional logistic regression, is in routine use.
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Conditional logistic regression has had important application in genetic link-
age where the primary goal is to find the chromosomal region of susceptibility
genes for a disease using phenotypic and genetic data from family members. One
design that is attractive because of its simplicity is known as the case–parent
trio design (Spielman et al. 1993). Blood samples are drawn from diseased off-
spring and both of their parents. Each parent–child dyad forms a matched pair.
The ‘case’ is defined to be the target allele of a candidate gene that was trans-
mitted from the parent to the offspring. The ‘control’ is the allele that was
not transmitted to the offspring. Thus for each trio, two matched pairs are
created and one can test the no-linkage hypothesis by testing whether the tar-
get allele is preferentially transmitted to diseased individuals. The connection
between the conventional one-to-one matched case-control design and the case–
parent trio design enables investigators to address important questions that the
new technologies for genotyping large numbers of markers have made possible.
A key question for the coming decade is how to quantify evidence that the can-
didate gene interacts with environmental variables to cause disease. Conditional
inference is likely to be essential here.

8.4.4 Increasing efficiency

In the coming decade, genetic research will continue to focus on complex diseases
that involve many genes and more complicated gene–environment interactions.
Traditional genetic linkage methods are designed to locate one susceptibility gene
at a time. Unless one has large numbers of homogeneous families, the power to
detect the putative gene is small. Recently, Nancy Cox and colleagues (Cox
et al. 1999) applied statistical conditioning to address this issue in a search for
genes associated with Type-I diabetes. Taking advantage of a previous linkage
finding on chromosome 2, they carried out a genome-wide scan on the remaining
chromosomes by conditioning on each family’s linkage score from chromosome 2.
Through this process, strong linkage evidence on chromosome 15 was discovered.
This constitutes a sharp contrast to the previous analysis without conditioning,
which found no evidence of linkage on chromosome 15. This approach was further
developed for studies that use identical-by-descent sharing by Liang et al. (2001).
They have similar findings in data from an asthma linkage study reported by
Wjst et al. (1999).

The examples above illustrate that proper conditioning can help to address
the challenging issue of gene–gene interaction by increasing the statistical power
in locating susceptibility genes. A limitation of this approach is that it is con-
ditional on one region at a time. With thousands of single nucleotide polymor-
phisms, an important research question is how best to extend the conditional
approach to higher-dimensional cases. Similar opportunities exist when searching
for associations between gene or protein expression levels and disease outcomes
or with voxel-specific image intensities and disease outcome or progression. The
model-based approach provides a way forward.
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8.5 Determining cause
Most biostatisticians would agree that quantification of the evidence relevant to
determining cause and effect is an essential responsibility of statistical science.
For example, the practice of medicine is predicated upon the discovery of treat-
ments that cause an improvement in health by reversing a disease process or by
alleviating its symptoms.

The meaning of the term ‘cause’ is generally accepted among statisticians
to be close to the Oxford English Dictionary definition: ‘That which produces
an effect’ (Simpson and Weiner 1989). But how this idea is best implemented
in empirical research has been, is today, and will be for the next decade, the
subject of important work.

In the biomedical sciences, Koch’s postulates were among the earliest at-
tempts to implement causal inference in the modern era. Robert Koch, a
nineteenth-century physician who discovered the anthrax and tubercle bacilli,
proposed four criteria by which an infectious agent would be established as the
cause of an illness: the organism must be present in all cases; it must be isolated
from the host and grown in culture; it must cause the disease when adminis-
tered to a susceptible host; and it must be isolated from the newly infected
host. The Koch postulates remain an important example of the integration of
biological reasoning with experimental data to establish cause (Munch 2003). In
addition to establishing the modern randomized clinical trial and case-control
study, Sir Austin Bradford Hill posited a number of desirable factors to deter-
mine whether an association is causal (Bradford Hill 1965): strength of evidence,
consistency of association across studies, specificity of the association, that the
causal agent precedes its effect, a dose–response relationship, biological plausibil-
ity, and coherence with other relevant knowledge, and the ability to draw analogy
from other similar problems (Rothman and Greenland 1998). Like Koch, Hill en-
visaged a qualitative, interdisciplinary process to establish cause. His ideas grew
out of the debate in the 1950s about whether smoking caused lung cancer, and
his attributes are relied upon today in text books (e.g. Rothman and Greenland
1998) and court rooms.

Biological reasoning about mechanisms is central to the Koch and Brad-
ford Hill approaches to causal inference. Is there a biological mechanism that
explains the statistical association? Are there alternative mechanisms that would
give rise to the same observations? Statistical evidence from scientific studies is
central. But the evidence is assembled through a qualitative process in which
current biological and medical knowledge plays a prominent role. The impor-
tance of mechanisms in determining cause has been stressed by Cox (1992) and
by McCullagh in Chapter 4 of this volume.

A second line of causal reasoning is based upon the formal use of counterfac-
tuals. The causal effect of a treatment for a person is defined as the difference in
outcome between two otherwise identical worlds: one in which the treatment was
taken, the other where it was not. The counterfactual definition of ‘cause’ dates
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back to the eighteenth century or earlier (Rothman and Greenland 1998) and is
prevalent in economics and more recently statistical sciences. Formal counter-
factual analysis involves direct modelling of the pair of responses Yi(t = 1) and
Yi(t = 0) for unit i with (t = 1) and without (t = 0) the treatment or risk factor.

Statistical methods for causal inference have frequented the leading journals
for at least three decades (e.g. Rubin 1974, Holland 1986). The formal use of
counterfactuals in probability models is particularly effective in randomized clin-
ical trials and other similar studies where the assignment of treatments occurs
according to a known or well-approximated mechanism. Counterfactual models
allow us to study the effects of departures from this leading case, for example to
study the effects of dropouts (e.g. Scharfstein et al. 1999) or failure to comply
(Frangakis and Rubin 1999).

Counterfactual thinking has also become central to epidemiological research,
where randomized trials are not possible for the study of most risk factors. See,
for example, Greenland et al. (1999) and Kaufman et al. (2003) and references
therein.

Formal counterfactual analysis is now commonplace in problems far from
the randomized trial. For example, Donald Rubin, an early exponent and key
researcher on formal causal inference, is also the statistical expert for the tobacco
industry in their civil suits brought by the states and the United States Justice
Department (Rubin 2002). He has testified that the medical costs caused by
smoking in a population are properly determined by comparing two worlds: one
in which smoking occurred, and the other in which it did not. To quantify the
effects of the alleged fraudulent behaviour of the tobacco companies, he calls for
a comparison of two worlds: one with and the other without behaviour that took
place over several decades in thousands of discrete acts (Rubin 2001).

It is hard to argue in the abstract with these causal targets for inference
whether in a randomized controlled trial, an epidemiologic study or an assess-
ment of a complex industrial behaviour. But an important issue is the role of
statistical models in causal inference. Should statistical models be used to esti-
mate key components, for example the relative risk of disease given exposure,
which are then combined through a qualitative process with background knowl-
edge and theory to determine cause? The process of determining that smoking
causes lung cancer, cardiovascular disease and premature death is an example of
one such scientific process. Or should formal causal models be relied upon to or-
ganize the evidence, prior knowledge and beliefs about mechanisms, alternative
explanations and other relevant biological and medical factors?

Cox (1986, 1992) pointed to the multilayer process of establishing cause in his
discussion of Holland (1986), saying ‘Is not the reason that one expects turning
a light switch to have the result it does not just direct empirical observation
but a subtle and deep web of observations and ideas—the practice of electrical
engineering, the theory of electrical engineering, various ideas in classical physics,
summarized in particular, in Maxwell’s equations, and underneath that even
ideas of unified field theory?’
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The statistical approach to causal inference will continue to be refined in the
coming decade. We will learn how to more accurately quantify the contributions
to causal inference from statistical evidence versus from assumptions, particu-
larly when making inference about a complex world that did not occur. We can
envision the evolution of a hierarchy of causal inferences. The term causal esti-
mation might be reserved for the randomized studies and for modest departures
from them. Inferences about causal targets that critically depend on unverifiable
assumptions might more accurately be termed causal extrapolations or in some
cases, for example about the causal effects of the behaviours of the tobacco in-
dustry, causal speculations. These qualitative distinctions represent points along
a continuum. In our opinion the question how best to quantify the respective
roles of statistical evidence and model assumptions in causal inference remains
an important topic for further research.

8.6 Statistical computing
The explosion of information technologies during the last few decades has
changed radically the way in which empirical science is conducted. The collec-
tion, management and analysis of enormous datasets has become routine. The
standard responses in biostatistical research have radically changed. Journal ar-
ticles twenty years ago dealt mainly with binary, count or continuous univariate
response variables. Generalized linear modelling (Nelder and Wedderburn 1972,
McCullagh and Nelder 1989) was a breakthrough because it unified regression
methods for the most common univariate outcomes.

In current studies, the response is commonly of very high dimension—an
image with a million discrete pixels, a microarray with a continuous measure
of messenger RNA binding for each of 30 000 genes, or a schizophrenia symp-
toms questionnaire with 30 discrete items. Computing power has made possible
the routine gathering of such intrinsically multivariate data. The emerging fields
of computational biology, bioinformatics and data mining are attempts to take
advantage of the huge growth in digitally recorded information and in the com-
puting power to deal with it.

It is safe to predict that biostatistics research in the coming decades will
become increasingly interwoven with computer science and information tech-
nologies. We have already discussed the role of computationally intensive al-
gorithms and resampling-based inference. A second major change is the near-
instantaneous interconnection among scientists that the Internet makes possible.
International research groups now work closely together on ‘big science’ projects,
such as the development of the Linux operating system and the Human Genome
Project.

In statistics, Internet groups, operating in the Linux model, have created R, a
statistical computing and graphics language that now dominates most centres of
statistical teaching and research. It is organized to permit continuous expansion
as unconnected researchers produce R-packages for specialized methods.
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In bioinformatics, the Bioconductor package is a leading tool for managing
and analyzing gene-expression array data (Gentleman and Carey 2003). It is cre-
ated and managed by a group of investigators from around the world, who have
implemented protocols for extending the package themselves and for accepting
extensions offered by others. In just three years, it has grown to have substantial
influence on the practice of biostatistics in molecular genetics laboratories every-
where. Bioconductor demonstrates how the Internet can reshape biostatistical
research to involve larger teams of statisticians, computer scientists, and biolo-
gists, loosely organized to achieve a common goal. A cautionary note is that an
understandable focus on the computational challenges of bioinformatics brings
with it a danger that the continuing importance of fundamental statistical ideas
such as efficient design of incomplete block experiments may be forgotten.

The specialty of bioinformatics also reveals another trend. Because genetic
information is collected and shared through web-based data systems, methods
of analysis are also shared in the same way. There is a strong contrast with the
past dissemination of statistical procedures: when a new method was developed,
the researcher would make available an often difficult-to-use program for others
to try; subsequently the method might became established and eventually added
to commercial software. For example, generalized additive models (Hastie and
Tibshirani 1990) took about a decade to appear in the commercial package Splus
and to this day remain unavailable in other commonly used packages.

Statistical methods that are easy to access and use will be more influential
among biologists, whose standard is to share data and software via publicly avail-
able websites (see, for example, Bouton et al. 2003, Colantuoni et al. 2003). The
success of biostatistical research centres will depend increasingly on their abil-
ity to disseminate their methods and papers to the endusers more rapidly. The
risks of quickly adopting innovative methods should not be ignored, but given
the appropriate cautions, we expect the trend toward more rapid dissemination
of biostatistical methods to continue.

8.7 Summary
The next decade will likely be a time of continued expansion for biomedical
science and for biostatisticians. New biotechnologies are producing novel, high-
dimensional measurements that will sustain the demand for innovative statistical
tools. The focus on biological systems and networks will make the modelling of
interactions particularly important (Cox 1984a). The model-based approach to
statistical science advanced by Sir David Cox and colleagues can continue to
bear scientific fruit in the decades ahead.
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9.1 Introduction
Breast cancer is the commonest type of cancer among women in most developed
countries. There are about a million new cases diagnosed each year worldwide,
and around 35,000 new cases annually in the United Kingdom alone (Quinn et al.
2001). For such a common disease, widely practicable treatments that produce
only moderate effects on long-term survival, such as increasing the number of
women surviving for more than ten years after diagnosis from 50% to 55%, could
result in the avoidance of many thousands of deaths each year. Therefore, it is
important to be able to distinguish such treatments from those that have no
effect, or even a deleterious effect, on overall survival.

In developed countries, most women who are diagnosed with breast cancer
are diagnosed when the disease is at an early stage and is detected only in the
breast itself—‘node-negative’ women—or in the breast and the lymph nodes near
the affected breast—‘node-positive’ women. The primary treatment for most
such women is surgery. However, the extent of the surgery considered necessary
has varied substantially at different times and in different countries. There is
also a wide variety of ‘adjuvant’ treatments that can be given in addition to
surgery, and many hundreds of trials comparing the different treatments and
combinations of treatments have been undertaken. The design of most of these
trials is that women who satisfy a pre-specified set of entry criteria, for example
in terms of age or extent of disease at diagnosis, are allocated at random to one
of two possible treatment ‘arms’ that differ only with respect to the treatment
being evaluated. For example the extent of surgery might be identical in both
trial arms, but the women allocated to one of the trial arms might also be offered
radiotherapy.

Where there are several trials that address similar questions it is in principle
possible to obtain estimates of the differences between treatments by combining
the data from them. This approach leads to much more precise estimates than
those given by any individual trial, and such results will also be more stable
than those for individual trials. Inevitably, trials with extreme results tend to
receive more attention than those with more moderate results. This produces a
natural tendency for unduly selective emphasis on those trials or subcategories
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of patients where, by chance alone, the results are misleadingly positive or mis-
leadingly negative. Most such biases can be avoided by appropriate combination
of the results of all trials that address similar questions. This combination cannot
be done satisfactorily from published data alone (Stewart and Parmar 1993), and
the inclusion of unpublished as well as published data is necessary to avoid bias.
Furthermore, the information available from the published trials is not sufficient
to allow a uniform analysis of all the available data with appropriate stratifi-
cation for factors that will affect survival such as age, time since diagnosis, or
nodal status. Thus, analysis based on individual patient data is necessary.

With these issues in mind, collaboration was sought in 1983–1984 between
the co-ordinators of all randomized trials of the treatment of early breast cancer
that satisfied certain criteria, and in 1985 the Early Breast Cancer Trialists’
Collaborative Group (EBCTCG) was initiated. It has continued since then in
five-yearly cycles. At the time of writing, the analyses resulting from the fourth
cycle of the EBCTCG have been finalized, and initial preparations are being
made for the fifth cycle, which will include data up to 2005. The fourth-cycle
analyses are now available via the University of Oxford Clinical Trial Service
Unit website, www.ctsu.ox.ac.uk, and in the published literature; see the note
added in proof on page 196. The present chapter summarizes the main results
of the earlier cycles of the EBCTCG, both in Table 9.1 and in the text, and it
also comments on recent trends in breast cancer mortality. The results presented
here are mainly those for overall survival. However, the original publications also
consider other endpoints, including mortality from breast cancer and mortality
from other specific causes of death, as well as breast cancer recurrence, that is,
the return of the original cancer after a period of remission. In almost all cases,
where a treatment has a beneficial effect on overall survival, this occurs following
an earlier and larger effect on breast cancer recurrence.

9.2 The first cycle of the EBCTCG (1984 and 1985)
The first meeting of the nascent EBCTCG took place in London in October
1984 and preliminary analyses of data from two categories of trial were pre-
sented. Both were concerned with the evaluation of ‘systemic’ treatments—those
involving drugs that would reach not just the breast and local tissues, but all
parts of the body to which microscopic deposits of the cancer might already
have spread. The first category included trials in which women in one treat-
ment arm received only the standard treatment schedule at the centre involved
in terms of the extent of surgery and whether or not radiotherapy was given,
while women in the other treatment arm received the same standard treatment
plus treatment with the anti-oestrogen agent tamoxifen, which can inhibit the
growth of tumours with appreciable oestrogen receptor expression—so-called
‘ER-positive’ tumours. The second category of trials included patients in which
the two trial arms differed only by the addition of some form of long-term
cytotoxic chemotherapy, consisting of the administration of one or more drugs
intended to kill cancer cells.

www.ctsu.ox.ac.uk
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The data were analysed using standard statistical methods comprising signif-
icance tests and appropriately weighted estimates of treatment effects, based on
log-rank analyses, together with life-table estimates of survival, which have been
described elsewhere (EBCTCG 1990). Before these analyses, no generally agreed
conclusions had emerged about the effects on mortality of either of these types
of systemic therapy in early breast cancer, but it was apparent even from the
preliminary results presented at the 1984 meeting that there were clearly signif-
icant reductions in short-term mortality among those receiving either tamoxifen
or chemotherapy (Anonymous 1984). The final published data confirmed these
preliminary findings (EBCTCG 1990, 1988). Individual data were available in
1985, when the EBCTCG was formally established, from a total of 28 trials of the
effects of tamoxifen in which a total of 16,500 women had been randomized, of
whom nearly 4000 had died by the end of the available follow-up. When all ages
at diagnosis were combined, there was a highly significant reduction (p < 0.0001)
in mortality for the women who had been allocated to tamoxifen compared with
the women who had not. More detailed analysis indicated—misleadingly, as be-
came apparent from later analyses of larger datasets—that the beneficial effect
of tamoxifen was concentrated in women who were aged 50 or more at diagno-
sis, in whom the annual death rate from all causes combined was reduced by
about one fifth. Furthermore, since not all patients complied with the treatment
assigned, the true beneficial effect of tamoxifen is likely to be somewhat greater
than this.

As regards the trials of cytotoxic chemotherapy, data were available from a
total of 40 trials involving over 13,000 randomized women, of whom just over
4000 had died. There was a highly significant reduction in the overall death
rate in trials of any chemotherapy versus no chemotherapy (p = 0.003) and
also in trials of polychemotherapy—that is, chemotherapy with more than one
drug for more than one month—versus single-agent chemotherapy (p = 0.001).
In contrast to the tamoxifen trials, the beneficial effect of the chemotherapy
appeared to be concentrated in women aged under 50 at diagnosis, in whom the
annual death rate was reduced by about one quarter. The chemotherapy trials
also suggested that administration of chemotherapy for 12–24 months might
offer little survival advantage over administration of the same chemotherapy for
about six months.

9.3 The second cycle (1990)
Breast cancer is unusual in that survival without apparent recurrence for the
first five years after diagnosis is by no means a guarantee that cure has been
achieved. Indeed, among women diagnosed with early breast cancer, mortality
rates from the disease remain substantially elevated for at least the next ten to
twenty years (Quinn et al. 2001). In the first cycle of the EBCTCG the 8000
or so deaths in the randomized women were approximately evenly distributed
over years 1, 2, 3, 4, and 5+ of follow-up, but there was little useful information
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Table 9.1. The main results for overall survival in the randomized controlled trials considered by the Early Breast Cancer Trialists’

Collaborative Group. Standard errors (se) in percent are given in parentheses.

Cycle Data included Main results for overall survival and references

First Trials started before 1985.
Follow-up to 1985.

Tamoxifen (28 trials involving 16,500 randomized women): Highly significant (p < 0.0001) reduc-
tion in mortality in trials of ‘tamoxifen versus no tamoxifen’ over about five years of follow-up
(EBCTCG 1988).

Chemotherapy (40 trials involving over 13,000 randomized women): Highly significant (p = 0.003)
reduction in mortality in trials of ‘any chemotherapy versus no chemotherapy’, and also (p = 0.001)
in trials of ‘polychemotherapy versus single-agent chemotherapy’, both over about five years of
follow-up. Chemotherapy for 12–24 months may offer little survival advantage over 6 months
(EBCTCG 1988).

Second Trials started before 1985.
Follow-up to 1990.

Tamoxifen (40 trials involving 30,000 randomized women): Highly significant 17% (se 2; p <
0.00001) reduction in overall mortality rate in trials of ‘tamoxifen versus no tamoxifen’ over about
10 years of follow-up. Indirect comparisons suggest longer term treatment (∼2–5 years) better
than shorter. Polychemotherapy plus tamoxifen clearly better than polychemotherapy alone at
ages 50–69 (EBCTCG 1992).

Chemotherapy (31 trials involving 11,000 randomized women): Highly significant 16% (se 3; p <
0.00001) reduction in overall mortality rate in trials of ‘polychemotherapy versus no chemotherapy’
over about 10 years of follow-up. No advantage in long-term treatment (∼12 months) over shorter
term (∼6 months). Tamoxifen and polychemotherapy may be better than tamoxifen alone at ages
50–69 (EBCTCG 1992).

Ovarian ablation (10 trials involving 3000 randomized women): Highly significant 25% (se 7;
p = 0.0004) reduction in overall mortality rate for women treated at age < 50 over at least 10
years of follow-up. No significant effect for those aged 50+ when treated. (EBCTCG 1992).

Immunotherapy (24 trials involving 6300 randomized women): No significantly favourable effects
of immunotherapy found (EBCTCG 1992).

Local therapies (64 trials involving 28,500 randomized women): Radiotherapy reduced rate of local
recurrence by factor of three and breast conserving surgery involved some risk of recurrence in
remaining tissue, but no definite differences in overall survival at 10 years (EBCTCG 1995).
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Third Trials started before 1990.
Follow-up to 1995.

Tamoxifen: (55 trials involving 37,000 women): No significantly favourable effect in women with
ER-negative tumours, but for 30,000 women with ER-positive or untested tumours highly signif-
icant effects with 12% (se 3), 17% (se 3) and 26% (se 4) reductions in the overall mortality rate
in trials of 1, 2, and 5 years respectively of tamoxifen versus no tamoxifen, over about 10 years of
follow-up. Proportionate benefit applies regardless of nodal status, age, menopausal status, daily
tamoxifen dose, and whether or not chemotherapy was given (EBCTCG 1998b). Chemotherapy
(69 trials involving 30,000 women): Highly significant reductions in overall mortality rate of 25%
(se 5; p < 0.00001) in women aged < 50 and 11% (se 3; p = 0.0001) in women aged 50–69 in trials
of “polychemotherapy versus no chemotherapy”. Proportionate benefit similar regardless of nodal
status, menopausal status (given age), ER-status and whether or not tamoxifen had been given.
No advantage of more than about 6 months of treatment (EBCTCG 1998a).

Ovarian ablation (12 trials involving 3500 women): No benefit for women aged over 50, but highly
significant improvement in 15-year survival among those aged 50 or under when treated (15-year
survival 52% versus 46%; p = 0.001) in trials of “ovarian ablation versus no ablation”. Further
evidence needed on effect of ablation in the presence of other adjuvant treatments (EBCTCG
1996).

Radiotherapy (40 trials involving 20,000 women): Substantial reduction in breast cancer mortality
largely offset by an increased risk of mortality from cardiovascular disease, so that overall 20-year
survival was 37% with radiotherapy and 36% without (p = 0.06) in trials of “radiotherapy versus
no radiotherapy”. The ratio of benefit (from reduced mortality from breast cancer) to harm (from
increased mortality from cardiovascular disease) was strongly affected by nodal status, age and
decade of follow-up (EBCTCG 2000).

Fourth Trials started before 1995.
Follow-up to 2000.

Data on ∼80,000 women randomised in trials of tamoxifen, ∼50,000 women in trials of chemother-
apy, 10 000 women in trials of ovarian ablation and ∼38,000 women in trials of local therapies
have recently been published (EBCTCG 2005); see the note added in proof on page 196.



190 EBCTCG: a brief history of results to date

on the effects of the treatments being compared after year 5. Therefore, the
second cycle of the EBCTCG included trials that began before 1985, as in the
first cycle, but the follow-up was now extended for a further five years, to 1990.
This enabled the effects of treatment on mortality to be evaluated not just to
five, but also to ten years after the diagnosis of breast cancer (EBCTCG 1992).
Data were available for a total of 40 trials of the effect of tamoxifen versus the
same standard treatments but without tamoxifen. These trials included nearly
30,000 women, comprising approximately 98% of all those randomized into eli-
gible trials, and just over 8000 of them had died. A highly significant effect of
tamoxifen was once again apparent (p < 0.00001), and women who had received
the drug had 17% (standard error 2%—here and below we give standard errors
in parentheses after the corresponding estimates) lower mortality rate over the
entire period of follow-up than those who did not. It was also clear that ta-
moxifen substantially reduced—by 39% (9%), giving p < 0.00001—the risk of
development of ‘contralateral’ breast cancer, that is, of a completely new cancer
arising in the previously unaffected breast.

In the second cycle of the EBCTCG, data were available for 11,000 women
randomized in a total of 31 trials of adjuvant polychemotherapy versus no
chemotherapy—79% of all women randomized into eligible trials—of whom over
3500 had died. A highly significant effect of polychemotherapy was demonstrated
(p < 0.00001) and women who had received polychemotherapy had mortality
rate 16% lower than those who did not.

Treatment of pre-menopausal women with ovarian ablation, which destroys
ovarian function, thus altering sex hormone levels and inducing an artificial
menopause, may affect the progression of breast cancer and also survival. Data
were available for just over 3000 women in ten randomized trials of the effect
of ovarian ablation and these demonstrated a highly significant (p = 0.0004)
reduction in mortality of 25% (7%) for the 1800 or so women treated under the
age of 50. Curiously, this is the one EBCTCG result that did not prove durable.
For the 1326 women randomized to ovarian ablation when aged over 50, ovarian
ablation had no significant effect either on overall mortality or on recurrence-free
survival. This is possibly due to the fact that the majority of such women would
have been post-menopausal at the time they were randomized.

In the second cycle of the EBCTCG, data were also available on 6300 women
randomized in 24 trials of immunotherapy given to increase the immune response
of the woman’s body to the tumour; eight trials of bacillus Calmette–Guérin,
nine of levamisole, and seven of other agents. Neither in total, nor in any of the
three subgroups, nor in any of the 24 separate trials was there any significantly
favourable difference between treatment or control in either recurrence-free or
overall survival—indeed, women given immunotherapy had 3% (4%) higher rates
for both endpoints. Perhaps by chance, for bacillus Calmette–Guérin the adverse
effect of 20% (8%) just reached a conventional level of statistical significance (p =
0.02). These results show that an overview can yield a strongly null result and, in
particular, the results for bacillus Calmette–Guérin in the overview contrasted
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with previous claims of a benefit from it in ‘historically controlled’ comparisons
(EBCTCG 1992, Hortobagyi et al. 1978).

In the second cycle of the EBCTCG, the reduction in mortality following
either tamoxifen or the polychemotherapy regimens tested in the trials avail-
able at that time was highly significant both during and after years 0–4, so
the cumulative differences in survival are larger at ten than at five years af-
ter initial treatment. Both direct and indirect randomized comparisons indicate
long-term polychemotherapy, over 12 months, for example, to be no better than
shorter, for example, of six months. However, indirect comparisons suggested
that longer-term tamoxifen, such as daily for two or for five years, is signifi-
cantly more effective than shorter tamoxifen regimens, such as daily for only 1
year. This observation, together with promising preliminary findings from sev-
eral trials, which randomly assign women to different durations of adjuvant ta-
moxifen therapy—such as two versus five years or five versus ten years (Peto
1996)—led in the 1990s to the establishment of the ATLAS and aTTom trials
(www.ctsu.ox.ac.uk/atlas/) that are seeking to establish reliably the effects
of prolonging adjuvant tamoxifen by an extra five years among women who have
already received a few years—usually five or so—of tamoxifen prior to being
enrolled in the trials. These two trials address the question of the appropriate
duration of adjuvant hormonal therapy in general. Therefore, their results should
be relevant not only to tamoxifen itself but also to other hormonal treatments
as they become available.

In women aged over 70 at diagnosis, the second cycle of the EBCTCG showed
the efficacy of tamoxifen, but few women in this age range had been included
in the trials of polychemotherapy. Among women aged 50–69 not only were
tamoxifen and polychemotherapy both demonstrated to have a beneficial ef-
fect when given individually, but a directly randomized comparison also demon-
strated polychemotherapy plus tamoxifen to be better than polychemotherapy
alone; a 20% (4%) reduction in mortality rate was seen (p < 0.00001). Directly
randomized comparisons also suggested that polychemotherapy plus tamoxifen
may be better than tamoxifen alone, but at that time the reduction in mortal-
ity of 10% (4%) was not highly significant. At ages below 50, although both
polychemotherapy and ovarian ablation were demonstrated to have a beneficial
effect when given individually, the numbers available for the examination of their
effects when given in combination were small and the associated standard errors
correspondingly large.

In addition to examining data on the effects of systemic treatments, the sec-
ond cycle of the EBCTCG also considered trials of the effects of different local
therapies (EBCTCG 1995). Data were available from 36 trials comparing radio-
therapy plus surgery with the same type of surgery alone, ten comparing more-
extensive surgery with less extensive surgery and 18 comparing more-extensive
surgery with less-extensive surgery plus radiotherapy. Information was available
on mortality for 28,500 women, over 97% of the women randomized to eligible
trials. Some of these local therapies had substantially different effects on the

www.ctsu.ox.ac.uk/atlas/
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rates of local recurrence of the breast cancer: in particular, the addition of ra-
diotherapy to surgery reduced the rate of local recurrence by a factor of three,
and breast-conserving surgery involved some risk of recurrence in the remaining
tissue. However, at least in the 1990 overview, these trials did not demonstrate
any differences in overall survival at ten years.

9.4 The third cycle (1995)
In the third cycle of the EBCTCG, the number of eligible trials was expanded to
include all those that began before 1990. Information was obtained on
approximately 37,000 women who had been randomized in 55 trials of adjuvant
tamoxifen versus no tamoxifen, comprising about 87% of all the women random-
ized into eligible trials (EBCTCG 1998b). Compared with the second cycle, the
amount of evidence on events occurring more than five years after randomiza-
tion was substantially increased and, in terms of numbers of deaths, the amount
of evidence from trials of about five years of tamoxifen was doubled. Nearly
8000 of the randomized women had a low, or zero, level of oestrogen-receptor
protein measured in their primary tumour; these are ‘ER-negative’ tumours.
Among these women the overall effects of tamoxifen were small, with the an-
nual mortality rate reduced by only 6% (4%), and there was no suggestion of
any trend towards greater benefit with longer treatment. In contrast, among
the remaining women, of whom there were 18 000 with ER-positive tumours
and nearly 12,000 women with untested tumours, the results were striking: for
trials of one year, two years, and five years of adjuvant tamoxifen, mortality
was reduced by 12% (3%), 17% (3%), and 26% (4%), respectively, during ten
years of follow-up. Not only were all these reductions highly significant indi-
vidually, but there was some evidence of a greater effect with longer treatment
(p = 0.003). The proportionate mortality reductions were similar for women
with node-positive and node-negative disease, but in absolute terms the reduc-
tions were greater in node-positive women, in whom survival is generally poorer.
In trials with the longest course of treatment, of about five years of tamoxifen,
the absolute improvements in ten-year survival were 11% (2%) for node-positive
(61% versus 50%; p < 0.00001) and 6% (1%) for node-negative (79% versus
73%; p < 0.00001). These benefits were largely irrespective of age, menopausal
status, daily tamoxifen dose, and of whether or not the women in both arms
of the trial had received chemotherapy. In terms of other outcomes, about five
years of tamoxifen approximately quadrupled the incidence of endometrial can-
cer (p = 0.0008), and halved the incidence of cancer in the contralateral breast
(p < 0.00001): in absolute terms, however, the decrease in the incidence of con-
tralateral breast cancer was about twice as large as the increase in the incidence
of endometrial cancer. Tamoxifen had no apparent effect on the incidence of
colorectal cancer or, after exclusion of deaths from breast or endometrial cancer,
on any of the other main categories of cause of death. About one extra death per
5000 woman-years of tamoxifen was attributed to pulmonary embolus but, based
on the evidence available at that time, the excess was not statistically significant.
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Information was available in the third cycle of the EBCTCG on about
18,000 women randomized in 47 trials of prolonged polychemotherapy versus
no chemotherapy, about 6000 women randomized in 11 trials of longer versus
shorter polychemotherapy, and about 6000 women in 11 trials of anthracycline-
containing regimens versus cyclophosphamide, methotrexate, and fluorouracil
(EBCTCG 1998a). In trials of polychemotherapy versus no chemotherapy there
were highly significant reductions in mortality both for women aged under 50,
for whom there was a 27% (5%) reduction (p < 0.00001), and for women aged
50–69 at randomization, who showed an 11% (3%) reduction (p = 0.0001), while
few women aged 70 or over had been studied. After taking both age and time
since randomization into account, the proportionate reductions in mortality were
similar in women with node-negative and node-positive disease. These propor-
tionate reductions suggest that, for women aged under 50 at randomization, the
effect of polychemotherapy would be to increase a typical ten-year survival of
71% for those with node-negative disease to 78%, giving an absolute benefit of
7%, while for women with node-positive disease it would be to increase a typ-
ical ten-year survival of 42% to 53%, an absolute benefit of 11%. For women
aged 50–69 at randomization, the corresponding increases would be from 67%
to 69% for those with node-negative disease, an absolute benefit of only 2%,
and 46% to 49% for those with node-positive disease, giving an absolute ben-
efit of only 3%. At a given age, the benefits of polychemotherapy appeared
largely independent of menopausal status at presentation, ER status of the pri-
mary tumour, and of whether or not adjuvant tamoxifen had been given. In
addition, the directly randomized comparisons of polychemotherapy did not in-
dicate any survival advantage with the use of more than about six months of
polychemotherapy. In contrast, the directly randomised comparisons provided
some evidence that, compared with cyclophosphamide, methotrexate, and fluo-
rouracil alone, the anthracycline-containing regimens reduced mortality slightly,
to a five-year survival of 69% versus 72% (p = 0.02). In terms of other end-
points, polychemotherapy reduced the incidence of cancer in the contralateral
breast by about one-fifth and had no apparent adverse effect on deaths from
causes other than breast cancer. Although the EBCTCG data show that poly-
chemotherapy can improve long-term survival, it does have considerable short-
term side effects, including leukopenia, nausea and vomiting, thromboembolic
events, thrombocytopenia, anaemia, infection, mucositis, diarrhoea, and neuro-
logical toxicity (Pritchard et al. 1997, Fisher et al. 1990). The incidence of such
events has not been reviewed by the EBCTCG, but clearly needs to be taken
into account in treatment decisions.

Trials of the effect of ovarian ablation were also considered in the third cycle
of the EBCTCG (EBCTCG 1996). Many of these trials began before 1980, and
so 15 years of follow-up were available for analysis. Among the 1354 women aged
50 or over when randomized, there was no significant improvement of ovarian
ablation on survival, as in the results obtained in the second cycle. However,
among the 2102 women aged 50 or under when randomized, 15-year survival was
highly significantly improved among those allocated ovarian ablation—52.4%
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versus 46.1%, so 6.3% (2.3%) fewer deaths per 100 women treated—and the
benefit was significant both for node-positive and for node-negative disease. In
the trials of ablation plus cytotoxic chemotherapy versus the same chemotherapy
alone, the benefit of ablation appeared smaller than in the trials in the absence of
chemotherapy, and although there was no significant heterogeneity between these
two subgroups, the benefit of ovarian ablation on survival was not significant
when the trials in which both arms had received chemotherapy were considered
on their own. It was concluded that further randomized evidence was needed
on the additional effect of ovarian ablation in the presence of other adjuvant
treatments and also on the relevance of hormone receptor measurements, which
were only available for four of the 12 trials.

Many of the trials comparing radiotherapy plus surgery with the same type
of surgery alone started even earlier than the trials of ovarian ablation. There-
fore, in the third cycle of the EBCTCG, it was possible to examine the impact
of radiotherapy at both ten and at twenty years (EBCTCG 2000). Data were
available for a total of 40 trials, involving 20,000 women, half with node-positive
disease. In these trials the radiotherapy fields included not only chest wall or
residual breast, but also the axillary, supraclavicular, and internal mammary
chain lymph nodes. Breast cancer mortality was reduced in the women who had
received radiotherapy (p = 0.0001) but mortality from certain other causes, in
particular cardiovascular disease, was increased, and overall 20-year survival was
37.1% with radiotherapy versus 35.9% without (p = 0.06). Nodal status, age and
decade of follow-up strongly affected the ratio of breast cancer mortality to other
mortality, and hence affected the ratio of absolute benefit to absolute hazard. It
was estimated that, without the long-term hazard, radiotherapy would have pro-
duced an absolute increase in 20-year survival of about 2–4%, except for women
at particularly low risk of local recurrence. The average hazard seen in these
trials would, however, reduce this 20-year survival benefit in young women and
reverse it in older women.

Until recently, it had been thought that an increased risk of cardiovascular
disease occurred only following substantial doses of radiation, and improvements
in radiotherapy techniques for breast cancer in recent years have tended to re-
duce radiation doses to the heart. However, there is now mounting evidence that
doses that have traditionally been regarded by clinical oncologists as unimpor-
tant in terms of cardiovascular risk may, in fact, carry an appreciable long-term
risk. The main evidence for this comes from the follow-up studies of the sur-
vivors of the atomic bombings of Hiroshima and Nagasaki, where significant
dose-response relationships for heart disease and for stroke have been reported
following whole body uniform doses (Preston et al. 2003). These data also sug-
gest that if there is a threshold dose for non-cancer disease mortality then it
cannot be greater than about 0.5 Gy and this suggests that, even with modern
radiotherapy techniques, some cardiovascular risk may well remain. Further re-
search is now being carried out, using data from cancer registries (Darby et al.
2003) together with detailed dosimetry data, to characterize more precisely the
cardiovascular risk from radiotherapy for breast cancer.
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9.5 The fourth cycle (2000)
The fourth cycle of the EBCTCG, whose results are currently being prepared for
publication, has included even more data than the third round, with about 38,000
randomized women in trials of local therapies—including comparisons of radio-
therapy plus surgery with the same type of surgery alone, more-extensive surgery
with less extensive surgery, and more-extensive surgery with less-extensive surg-
ery plus radiotherapy—and about 50,000 randomized women in trials of tamox-
ifen versus no tamoxifen, and 30,000 in the more interesting question of longer
versus shorter durations of tamoxifen therapy, about 50,000 women involved in
chemotherapy trials, and 10,000 in trials of ovarian ablation. In addition, for
many of the women included in previous EBCTCG cycles, longer follow-up is
available.

9.6 Recent trends in breast cancer mortality
During the period 1950–1960, the annual mortality rate for breast cancer in the
age-range 35–69 years, calculated as the mean of the seven age-specific rates
35–39, 40–44, . . . , 65–69 in the United Kingdom was around 58 per 100,000
women; see the left part of Figure 9.1. From about 1960, the rate started to rise,
as in many other European countries, and this rise continued steadily until the
late 1980s, by which time it was over 70 per 100,000 women. In 1990, however, it
suddenly started to fall and it has fallen continuously since then, so that in 2000
it was only just over 50 deaths per 100,000, well below its value in the 1950s.
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Fig. 9.1. Breast cancer mortality for women at ages 35–69 in the United King-
dom and United States, 1950–2000. The data are averaged annual rates in
component five-year age groups, obtained using World Health Organization
mortality and United Nations population estimates.



196 EBCTCG: a brief history of results to date

During the 1990s, lesser decreases have also occurred in several other countries,
including the United States (Peto et al. 2000); see the right part of Figure 9.1.
Recent data on breast cancer incidence, as opposed to mortality, are difficult to
interpret as they are affected by screening. For example, in the UK the national
screening program was introduced in 1987 for women aged 50–64, and has un-
doubtedly resulted in many cancers in this age range being diagnosed earlier
than they would otherwise have been. However, there is no suggestion from the
incidence rates at ages below 50 or above 65 of a sudden decrease in the under-
lying trend of breast cancer incidence rates that might be responsible for the
recent decrease in mortality (Quinn et al. 2001). Some of the downward trends
in mortality are likely to be the effect of the screening program, and detailed
analyses have estimated that in the UK screening is responsible for 30–40% of
the fall in mortality in age-groups 55–69 (Blanks et al. 2000, Sasieni 2003). The
remaining 60–70% is likely to be explained partly by the tendency towards ear-
lier presentation outside the screening program, but mostly by the increasing use
of tamoxifen and chemotherapy from the mid-1980s, which has been helped by
the EBCTCG analyses. In 2000, a United States National Institutes of Health
Consensus Statement on adjuvant therapy for breast cancer (National Institutes
of Health 2000) drew heavily on the findings of the EBCTCG for their recom-
mendations on the use of tamoxifen, ovarian ablation and polychemotherapy. As
a result of this and of similar treatment guidelines in other countries, further
falls in breast cancer mortality worldwide can be expected in the future. At the
same time new treatments for breast cancer that require rigorous assessment
continue to be developed and provide further questions for assessment in future
cycles of the EBCTCG.

9.7 Note Added in Proof
Since this chapter was written, the report on the effects of chemotherapy and hor-
monal therapy of the fourth cycle of the EBCTCG has been published (EBCTCG,
2005). This shows that some of the widely practicable adjuvant drug treatments
that were being tested in the 1980s, which substantially reduced 5-year recur-
rence rates, also substantially reduce 15-year mortality rates. In particular, for
middle-aged women with ER-positive disease, the breast cancer mortality rate
throughout the next 15 years would be approximately halved by 6 months of
anthracycline-based chemotherapy followed by 5 years of adjuvant tamoxifen.
For, if mortality reductions of 38% (age < 50 years) and 20% (age 50–69 years)
from such chemotherapy were followed by a further reduction of 31% from ta-
moxifen in the risks that remain, the final mortality reductions would be 57%
and 45%, respectively. Overall survival would be comparably improved, since
these treatments have relatively small effects on mortality from the aggregate
of all other causes. Further improvements in long-term survival could well be
available from newer drugs, or better use of older drugs.
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How computing has changed statistics

Brian D. Ripley

10.1 Introduction
When I became a graduate student in 1973 I was pleased not to have to do
any computing: although I had done some programming and some statistical
consultancy during vacation employment, the experience had impressed upon
me how tedious the implementation of statistical methods could be. I happily
worked on stochastic point processes on abstract spaces, but after a couple of
years people started suggesting to me practical applications of things I had been
working on, and of course they wanted numerical answers or, even better, pretty
pictures. Our computing resource was one IBM mainframe shared by the whole
university, and statistics graduate students were so far down the pecking order
that we each were allowed only a few seconds CPU time per day. A reasonably
well-organized student could work out in less than an hour enough things to try
to use up the day’s allocation, and spend the rest of the working day trying to
prove theorems.

Thirty years later the resources available are much less of a constraint. Often
graduate students have computers on their own desktops that are much more
powerful than the mainframe to which we had rationed access, and many have
their own machines at home. Professors tend to have several machines, and for
those who can convince funding agencies they need it, clusters of hundreds of
CPUs are available. What are not available are single machines very much faster
than those we provide to incoming research students.

The pace of change in available resources is obvious, and we attempt to
quantify it in the next section. I believe though that attitudes to statistical com-
puting have moved much less rapidly, and the extent to which useful statistics
has become critically dependent on statistical computing is underappreciated,
together with the effort that is being put into developing software and computing
environments for modern statistics.

My story has in one sense little to do with David Cox: as his friends know,
David sometimes likes to dabble in computing with interesting data but has had
the great good sense to find collaborators who have managed the computing.
That is not to say that he is either uninterested or disinterested in statistical
computing: he is one of those who has recognized our critical dependence on
computing and who has encouraged many people in the field.
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10.2 The pace of change
Part of our brief for this volume was to give some history. That is daunting in the
field of statistical computing: so much has changed in my working life, and that
is less than half the length of David Cox’s. My predecessor at the University of
Strathclyde—Rupert Leslie who retired in 1983—still used ‘computer’ to refer to
a human being, in the mould of the famous picture of R. A. Fisher caressing his
electric calculator; see the frontispiece of Box (1978). One of the most famous of
all failures of foresight was the quoted remark of Thomas Watson, then Chairman
of IBM, in 1943 that

‘I think there is a world market for maybe five computers’

—he certainly meant machines. If you want to follow that up, make use of one
of the revolutionary changes wrought by computers: Google it.

The pace of change in computing has been relentless. The famous Moore’s
Law states that the number of transistors on an integrated circuit will increase
exponentially. Moore (1965) projected to 1975, but his prediction has been fol-
lowed for nearly 40 years, and Moore himself in 1997 thought it would hold
good for another 20 years, and then hit physics-based limits. As always, simple
things are never quite as simple as they appear, but Moore’s law has been a good
model for the costs of affordable storage, both RAM and disc space. Originally
Moore stated a doubling every year but in 1975 he amended the prediction to a
doubling every two years, and in the late 1980s an Intel executive observed in a
glossy flyer that

‘Moore’s Law was driving a doubling of computing performance every 18 months.’

which is the form in which Moore’s law is most widely known.
The folk version of Moore’s law is a reasonable indicator of the pace of

change. When I moved to Oxford in 1990 my home computer was a 25-MHz Sun
workstation with 12 Mb of RAM and 400 Mb of disc space: its successor bought
in late 2003 has a 2.6 GHz processor with 1 Gb RAM and 160 Gb of disc space,
and was a quarter of the price. The folk version of Moore’s Law predicts a 400-
fold increase, and although the processor speed has increased by less than that,
what the processor can do per clock cycle has increased—and my office machine
has two such processors, while my department recently acquired a machine with
over 100 faster 64-bit processors. So computers have got relentlessly faster and
cheaper, so much so that we can each have several of them, and we can expect
that pace of change to continue for the foreseeable future.

How have statisticians adapted to such changes? Like all computer users
we have become more impatient and expect an instant answer, and with the
possibility of a near-instant response we try out many more ideas when faced
with a set of data. There is a tendency to replace thinking by trying, though,
and sensible conclusions are not reached all that much faster.

Some evidence comes from the way we assess the practical skills of Master’s
students. Twenty-five years ago David Cox and I were both at Imperial College
London and concerned with how to teach applied statistics, in the sense of Cox
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and Snell (1981) and Venables and Ripley (2002). We noticed when we stopped
teaching hand calculations and just presented regression as a black box whose
output needed to be interpreted that there was a jump in the quality of students’
reports. However, my recollection is that we had three-hour practical exams—
down from seven hours in the days of electronic calculators—and expected the
students to do two or three pieces of data analysis. Nowadays in Oxford we
set problems of similar size, with four or five to be done in a five-day week in
open-book conditions. Some students must spend close to 100 hours in front of
a computer during that week. These days the reports are elegantly typeset and
the figures are beautiful and often in colour, but it is not clear that the analyses
are any more penetrating.

One big difference is that we now assess parts of statistics, notably multi-
variate analysis, that were inaccessible then for lack of software and computing
power.

Storage is another aspect. John Tukey was an early advocate of the use of
computers in statistics, yet Exploratory Data Analysis (Tukey 1977) was de-
veloped for hand calculation. I recall asking him why, and being told that he
only had his HP calculator with him on plane trips for consulting. As all plane
travellers know, businessmen have for a decade or so been crunching their spread-
sheets en route to sales opportunities, and I am sure that if John were still with
us he would have embraced the new technologies. I think it was in 1998 I first
encountered people who carried their ‘life’s work’ around in a small pack of CD-
ROMs. Today we have DVDs holding 4.5 Gb, and my career’s statistics work,
including all the data, fits on a couple of those. We think of writing a book as
a large amount of work but each of mine amount to just 1–2 Mb. Before very
long a ‘life’s work’ will fit on a key-fob memory device.

10.3 What can we do with all that power?
One sense of ‘computer-intensive’ statistics is just statistical methodology that
makes use of a large amount of computer time. Examples include the bootstrap,
smoothing, image analysis, and many uses of the EM algorithm. However, the
term is usually used for methods that go beyond the minimum of calculations
needed for an illuminating analysis, for example by replacing analytical approx-
imations by computational ones, or requiring numerical optimization or integra-
tion over high-dimensional spaces. I wrote ten years ago about neural networks
(Ripley 1993):

Their pervasiveness means that they cannot be ignored. In one way their success
is a warning to statisticians who have worked in a simply-structured linear world
for too long.

The extent of non-linearity that is not just being contemplated but is being built
into consumer hardware goes far beyond non-linear regression in the sense of,
for example, Bates and Watts (1988). So here are several ways to use ‘all that
power’:
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• working with (much) larger datasets;

• using more realistic models and better ways to fit models;

• exploring a (much) larger class of models;

• attempting a more realistic analysis of existing simple models; and

• better visualization of data or fitted models or their combination.

Not everything has changed at the same rate, if at all. Computers have helped
collect data, but we have already reached some limits. In 1993 Patty Solomon
and I worked on a dataset of all 2843 pre-1990 AIDs patients in Australia. This
was published as an example in Venables and Ripley (1994), and I had to work
quite hard to analyse it within my then computing resources: it took around an
hour. I don’t know how long it would take now—nor do I care as the whole of
the survival analysis chapter of what has become Venables and Ripley (2002)
can be run in 7 seconds. That was a large dataset in survival analysis then, and
it still is.

Data mining is a currently popular term for exploring large datasets, al-
though one of my favourite quotes is (Witten and Franke 2000, p. 26)

Cynics, looking wryly at the explosion of commercial interest (and hype) in this
area, equate data mining to statistics plus marketing.

Many datasets are already close to the maximal possible size. Over the last
three years my D. Phil. student Fei Chen has been looking at data mining in
the insurance industry—motor insurance actuaries already have databases of
66 million motor insurance proposals, some one third of all drivers in the USA.
There are around 30 items for each driver, and that is not going to increase much
as potential customers will not be prepared to answer more questions—and the
more questions they are asked the less reliable their answers will become.

There are fields in which there is the potential to collect substantially more
data on common activities. So-called Customer Relationship Management uses
loyalty cards to track the shopping habits by individual customer in, for example,
supermarkets. Fei is now employed to do data mining for fraud detection, looking
for unusual patterns of activity in, say, credit-card transactions. But even these
fields have limits that are not so far off given the changes predicted by Moore’s
law, and it seems that working with all the available data will be the norm in
almost all fields within a few years.

In the theory of computational complexity an exponential growth is regarded
as very bad indeed, and most lauded algorithms run in at most polynomial time
in the size of the problem, in some suitable sense. But when the available re-
sources are growing exponentially the constants do matter in determining for
polynomial-time algorithms when they will become feasible, and for exponen-
tial algorithms if they ever will. Consider linear regression, with n cases and p
regressors. The time taken for the least-squares fitting problem is O(np2)—this
is the number of operations required to form the normal equations; to solve a
p × p system needs O(p3) where we know p ≤ n, and more accurate methods
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based on the QR decomposition have the same complexity. For a fixed set of
explanatory variables this is linear in n. We know that we need n ≥ p to de-
termine the coefficients, but if we have access to a large amount of data, how
large should we take n? About 1997 some software packages started to boast of
their ability to fit regressions with at least 10,000 cases, and Bill Venables and
I discussed one evening if we had ever seen a regression that large (no) and if
we ever would. Although we ‘know’ that theory suggests that the uncertainty in
the estimated coefficients goes down at rate O(1/

√
n), it is easy to overlook the

conditions attached. The most important are probably:

• the data are collected by a process close to independent identically distributed
sampling; and

• the data were actually generated by the linear regression being fitted for some
unknown set of coefficients.

Neither of these is likely to be realistic. Large datasets are rarely homogeneous
and often include identifiable sub groups that might be expected to behave differ-
ently. Over the years I have known him I have heard David Cox stress quite often
the benefits of applying simple analyses to such subgroups and then analysing
the results for the subgroups as a new dataset. A more formal analysis might
make use of mixed models, which include random effects for different subgroups
(Diggle et al. 2002, Pinheiro and Bates 2000). These require orders of magnitude
more computation and under reasonable assumptions may be quadratic in the
number of groups. There are examples from educational testing that probably
exceed the limits of current software.

Suppose the homogeneity were satisfied. A failure of the second assumption
will lead to systematic errors in prediction from the model, and it is very likely
that systematic errors will dwarf random errors before n reaches 10,000. As
another famous quotation goes (G. E. P. Box, 1976):

All models are false, but some are useful,

and as n increases the less falsehood we will tolerate for a model to be useful—at
least for prediction. So for large n we find ourselves adding more explanatory
variables, adding interactions, non-linear terms or even applying non-linear re-
gression models such as neural networks. This assumes, of course, that there is
a payoff from an accurate model, but if many data points have been collected
it usually is the case that the model will be applied to even larger numbers of
cases. It seems that in practice p increases at roughly the same rate as n so we
really have a O(n3) methodology. On the other hand, the number of possible
submodels of a regression model with p regressors is 2p −1, so exhaustive search
remains prohibitive as a method of model selection. For some selection criteria
we can short-circuit some of the fits: in 1974 Furnival and Wilson were able to
select the 10 best subsets of 30 or so regressors in a couple of minutes and the
practical limit today is only about treble that. The S-PLUS implementation of
their procedure is still limited to p ≤ 30, and for n = 1000, p = 30 takes around
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0.1 seconds on my home machine. The R implementation allows p < 50 and
even more regressors if a safety catch is released. However, p = 50 took around
1 minute and p = 70 took 25 minutes, in all cases on an example where almost
all the regressors were actually unrelated to the response.

Just because we can now apply simple methods to large datasets should not
of itself encourage doing so.

Other areas of statistics have algorithms that scale much less well. Even
today, running a multidimensional scaling algorithm (Borg and Groenen 1997,
Cox and Cox 2001, Venables and Ripley 2002) on a dataset of 200 points is only
just about fast enough for a demonstration during a lecture. Kruskal (1964b)
pointed out that this was a problem that was hard to optimize, and one thing
we can do with lots of computing power is to try to optimize better by starting
from a range of initial configurations. This is something that should be common
practice, but when looking for a good example of factor analysis for Venables
and Ripley (2002) and to test the factor analysis code I wrote for R, I found that
the majority of published examples I tried to recompute were only displaying
a suboptimal local extremum and often the best solutions I could find were
degenerate ones, so-called Heywood cases.

Multidimensional scaling represents a dissimilarity matrix through distances
between points in a low-dimensional configuration space. Most often Euclidean
distance is used, but psychometricians have been interested in determining if the
best Lp metric occurs for p = 2. They call the Lp metric Minkoswki distance,
and the idea goes back to Kruskal (1964a), one of the earliest papers on mul-
tidimensional scaling; for a more modern account see Borg and Groenen (1997,
§16.3). So we need to apply the multidimensional scaling optimizer a number of
times for each of say ten values of p, when a single run for 200 points currently
takes a few seconds.

This example raised an issue that is normally ignored. It transpired that when
run under the Windows version of R, the code for p �= 2 was several times slower
than that for p = 2, but this was not the case for other platforms. Some quick
calculations showed that for each two-dimensional configuration some 40 000 cal-
culations of xp were being done, and tens of configurations were being assessed.
A few months earlier Phillippe Grosjean had pointed out that xp was rather slow
in the run-time library used by R under Windows and I had asked if there was
a practical problem that used so many such calculations that one would notice
the difference. The fates had found me one! Some digging showed that a fast
but inaccurate xp function had been replaced by a slow but accurate one. This
application did not need the accuracy, but it is hard to know when you do need
it, and general-purpose software needs to be accurate first and fast second.

We do rely on the basic software we use unknowingly to be fast, accurate,
and reliable. It is not always deserving of our blind faith.

Given that we are worrying about computational speed today, how was
Kruskal able to work on such problems in 1964? Part of the answer must be
that he had an unusually rich computing environment at what was then Bell
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Telephone Laboratories, but the main answer is problem size. We were looking
at a multidimensional scaling plot of cases, whereas psychologists are often in-
terested in a plot of variables, of which there are normally many fewer. Kruskal
(1964a) said

When n is large, say n = 50 or 60 there are a great many dissimilarities . . .

and his example using Minkowski distances has n = 14 cases. It is not easy
to estimate well the computational complexity of multidimensional scaling algo-
rithms. Given n cases (or variables) to be represented in d (usually 2) dimensions
there are nd parameters to be optimized over and n(n − 1)/2 observed and fit-
ted dissimilarities to be compared. For each evaluation of the objective we must
perform an isotonic regression of the fitted dissimilarities on the observed ones,
and although that is at least quadratic in n, its complexity depends on the data.
And how complex the optimization task is appears to depend on n. What we
can do is collect data from some experiments. Figure 10.1 shows the results of
such an experiment. A power law with a slope of just over two is a reasonable
fit to these data. What is worth remarking is that this experiment, including all
the programming and drawing the graph, took about 15 minutes, with a little
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Fig. 10.1. Times to run non-metric multidimensional scaling on samples of size
n from a dataset of 213 cases, including n = 14. Note the log–log axes.
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help from R. Yet I had been wondering for a decade if O(n2) was a reason-
able estimate of the computational complexity of non-metric multidimensional
scaling.

What can we do if n is too large for the available computational resources?
One idea is to be less ambitious and give up the finely tuned fit criterion used
in non-metric multidimensional scaling. Teuvo Kohonen, an electrical engineer,
described his motivation in developing what he called self-organizing maps as
(Kohonen 1995, p. VI)

I just wanted an algorithm that would effectively map similar patterns (pattern
vectors close to each other in the input signal space) onto contiguous locations
in the output space.

This sounds very like multidimensional scaling, and the only real difference is
that his ‘output space’ is discrete—a hexagonal lattice, say—rather than con-
tinuous. Kohonen really was much less ambitious, and wrote down an algorithm
that involves repeated passes over the dataset and has been proved not to actu-
ally optimize anything (Erwin et al. 1992, Ritter et al. 1992). Its advantages are
that it can be run for as long as is feasible, and that additional cases can be plot-
ted on the self-organizing map, in contrast to multidimensional scaling. There
are corresponding disadvantages: different runs of the algorithm give different
displays, often radically different ones, and without a fit criterion we cannot even
say which gives a better fit.

10.4 Statistical software
It is not really the change in computational speed as predicted by Moore’s Law
that has affected the way we do things. If computers were still accessed by the
interfaces of the 1960s they would be the preserve of a specialist cadre of opera-
tors/programmers, and it is the software that they run that has made computers
so widely acceptable. Point-and-click interfaces are now so commonplace that we
encounter graduate students who have never seen a command line.

It is statistical software that has revolutionized the way we approach data
analysis, replacing the calculators—mechanical, electrical, electronic—used by
earlier generations. We should remember that data analysis is not done only, or
even mainly, by statisticians: spreadsheets, notably Excel, are almost certainly
the dominant tools in data analysis.

Software has often been an access barrier to statistical methods. Many times
over the years I would have liked to try something out or give my students a
chance to try a method out, and have been frustrated by the inaccessibility of
software—for reasons of expense, usage conditions, or machine requirements.
There are different amounts of choice available to users of Windows, Unix in its
many variants, Linux, and MacOS X. An old adage is

one should choose one’s hardware and operating system to run the software
one needs
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but many users do not have that degree of choice, and for those who do, having
multiple platforms is costly, inconvenient, and demands a lot more knowledge.
The standardization in the Unix-alike world on remote access protocols means
that one can often access Unix/Linux software on a server from any of these
systems, but that is not so for the Windows and MacOS X interfaces.

Software choice is important, with far-reaching implications. Perhaps not as
far-reaching as an advertisement I saw recently that contained the quotation

‘I’m a LECTURER IN STATISTICS—responsible for ensuring that good sta-
tistical practise [sic] becomes the norm with new generations of analysts.
Which is why I chose Xxxxx.’

This does seem an ambitious goal for one lecturer or one piece of software.
Package ‘Xxxxx’ describes itself as ‘a cutting-edge statistical software package’.
One of the most difficult tasks in training the data analysts of the future is
predicting what it will be important for them to know. Having software available
biases that choice, but teaching the right mix of methodology and how to use
it well is far more important. However, package ‘Xxxxx’ is not available for the
operating system I use daily, and so I know little of its capabilities.

It seems remarkable to me how little effort statisticians put into getting their
favourite statistical methods used, in sharp contrast to many other communities
who also do data analysis. Some are very entrepreneurial, and after developing
a novel method rush off to patent it and found a company to sell software to
implement it. It has become recognized that as the developer of a method some
protection is needed that when people use ‘your’ method it really is what you
intended. One solution is to expect a reference implementation, some code that is
warranted to give the authors’ intended answers in a moderately sized problem.
It need not be efficient, but it should be available to anyone and everyone.

Open-Source software

This freedom of choice has exercised software developers for a long time, under
headings such as ‘Open Source’ and ‘Free Software’. These are emotive terms,
coined by proselytizing zealots but with sound arguments. The Free Software
Foundation is ‘free as in speech, not free as in beer’. The term ‘Open Source’
was coined more recently, with a precise definition due to Bruce Perens (DiBona
et al. 1999). The aim is to make software

available to anyone and everyone

and in particular to be freely redistributable. Other freedoms, such as the free-
dom to know how things work, may be equally important.

The R project is an Open Source statistics project. It may not be nirvana,
and it may not be suitable for everyone, but it is a conscious attempt to pro-
vide a high-quality environment for leading-edge statistics that is available to
everyone. It is free even ‘as in beer’. You can download the source code (at
www.r-project.org) that compiles on almost all current Unix and Linux sys-
tems, as well as binary versions for the major Linux distributions, FreeBSD,
MacOS X and 32-bit Windows. This makes it a good environment for a reference

www.r-project.org
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implementation of a statistical method as the only barrier to understanding how
it works, precisely, is skill.

To the end-user R looks like a dialect of the S language developed by John
Chambers and his colleagues over 25 years, and documented in a series of books
(Becker et al. 1988, Chambers and Hastie 1992, Chambers 1998).

R was originally written in the early 1990s by Ross Ihaka and Robert Gen-
tleman, then of the University of Auckland: Ihaka and Gentleman (1996) is an
early report on their work. Early versions were used at Auckland for elementary
classes, on Macintoshes with 2 Mb of memory. By 1997 other people had become
involved, and a core team had been set up with write access to the source code.
There was a Windows version, and Linux users pushed development forward,
there being no S version available for Linux at the time.

The R core team aim to provide a basic system and facilities for commonly
used statistical methods. It can be extended by packages, with over 500 being
available from CRAN, a central repository run by the core team, another 50
at a computational biology repository at www.bioconductor.org, and others
less widely available. R’s stronghold is in the academic world but it is now
increasingly being used in commercial companies and even in their products.

Software quality

For me, one of the principal attractions of R is that with enough diligence I can
find out exactly what is the algorithm implemented and come to a view if it has
been correctly implemented. The core team are very good at fixing bugs, but
there is a public repository at bugs.r-project.org so you can look up what
others users think is wrong, and judge their credibility.

Kurt Hornik and other members of the R community have put a lot of thought
into how to maintain a large statistical software system. A rather formal quality
assurance scheme has been designed, and there are quality control checks on both
core R and the packages that go into the repositories. Note that this is mainly
on form and not content: we can check that software does what its designer
expected it to do, but not that the formulae he implemented are correct nor
that the algorithm is stable enough, and so on. There is a danger in regression
testing that the software works in unusual cases where it used to fail but no
longer gives the correct answer in the common cases.

It probably is the case that by far most incorrect statistical analyses result
from user error rather than incorrect software, but the latter is often not even
considered. The issue has been highlighted recently by a controversy in June 2002
over the link between ‘sooty air pollution’ and higher death rates (Dominici et al.
2002). The New York Times reported on June 5, and the Johns Hopkins’ press
release stated

Their work appeared in the New England Journal of Medicine and other peer-
reviewed publications. While updating and expanding their work, the investi-
gators recognized a limitation of the S-plus statistical program used to analyze
data for the study. The S-plus program is standard statistical software used

www.bioconductor.org
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by many researchers around the world for time-series and other analyses. The
Hopkins investigators determined that the default criteria in one regression
program used for examining patterns and fitting the statistical model (referred
to as convergence criteria) were too lenient for this application, resulting in an
upward bias in the estimated effect of air pollution on mortality.

To be blunt, this was a case of users blaming their tools with only a little cause—
the need to change this default is in a certain well-known book (Venables and
Ripley 2002). But all credit to them for actually checking. Bert Gunter, a senior
statistician at Merck, commented

Data analysis is a tricky business—a trickier business than even tricky data
analysts sometimes think.

The message is that for all but the simplest data analyses we rely on lots of
decisions made by software designers just as much as we rely on those theorems
about distributions of test statistics. However, we expect those theorems to have
published proofs we can consult, and to have been referreed by experts in the
field. We accept software with no access to the workings and no review procedure.
If the convergence criteria had not been a user-settable parameter the Hopkins
team might never have discovered the sensitivity.

This is just a larger-scale version of the comment we made about xp: accuracy
first, speed second. Nowadays we rely on the ability to fit a Poisson log-linear
model accurately as much as we rely on our calculators’ ability to multiply. I
suspect few readers will have consulted a book of statistical tables in the last
year, instead using the equivalents built into statistical packages. Beware: they
are found wanting alarmingly frequently.

Graphical software

For many years I was frustrated by the inability to draw elegant graphs, and to
explore graphically data and models. We do perhaps now have the hardware to
do what I have been seeking, but we do not yet have the software. One problem
is that statistical packages, including R, are stuck in a 1970’s model for graphics,
putting ink down on two-dimensional paper. The only difference is that we may
now be allowed a limited choice of coloured inks.

One of the things I noticed about S when first teaching with it in the 1980s
was how much better its default plots looked than those of the statistical pack-
ages we had been using previously, although this also had much to do with
the availability of laser printers. Not very much has changed since. Graphical
presentation is a skill that we teach, often by bad examples, in first statistics
courses and then ignore. A lot of research has been done on visual perception,
good colour schemes and so on, but it has not yet reached our software. Two
thought-provoking monographs are Spence (2001) and Wilkinson (1999).

10.5 Case studies
I selected two examples to illustrate several of the points made so far.
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Classification Trees—CART

Classification trees is one area that illustrates the importance of software. They
have been somewhat independently developed in machine learning, electrical
engineering, and statistics, from the mid-1970s to the end of the 1980s: Ripley
(1996) reviews the development.

The 1984 book Classification and Regression Trees (Breiman et al. 1984)
was a seminal account. Unusually for statisticians, they marketed their software,
CART R©.

The other communities also marketed their software. Ross Quinlan even
wrote a book (Quinlan 1993) about his, C4.5, containing the source code but
not allowing readers to use it. The C code could be bought separately, but it
‘may not be used for commercial purposes or gain’.

The net effect is that classification trees did not enter the mainstream of
statistical methodology. Neither CART nor C4.5 had a user-friendly interface. I
was frustrated—this was appealing methodology from which I was locked out in
the 1980s by non-availability of software. We did manage to procure a teaching
licence for some machine-learning software, but it was very slow.

The advent of classification and regression trees in S in 1991 made the tech-
nique much more accessible. Unfortunately the implementation was bug-ridden.
Eventually, I decided to write my own implementation to try to find out what
the correct answers were. I wish I had realized how easy it would be: all the com-
mercial vendors had a vested interest in making it seem obscure and hard. That
software is now the tree package in R, and Terry Therneau had reimplemented
CART during his Ph.D. and his code formed the basis of the package rpart.

Some lessons I learnt were:

• having the source code available makes it much easier to find out what is
actually done;

• having independent open implementations increases confidence in each;

• people keep on reporting discrepancies between the implementations. Almost
inevitably these are not using comparable ‘tuning’ parameters, and people
never appreciate how important these are; and

• classification trees are not as easy to interpret as people in the machine-
learning community make out.

Figure 10.2 supports the last two claims. This is a dataset of 214 fragments of
glass found at scenes of crime, and used as a running example in Ripley (1996)
and Venables and Ripley (2002). There are six classes of glass, window float
glass, window non-float glass, vehicle window glass, containers, tableware, and
vehicle headlamps. A classification tree divides the nine-dimensional space of
observations into cuboid regions with faces parallel to the axes. The trees shown
have eight and nine regions, and were produced in package rpart by selecting
one of the two supported fitting criteria. They fit equally well and they give
classification rules that is easy to interpret—they just give rather different rules.
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Fig. 10.2. Two classification trees of the same dataset, using the ‘information’
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Serial brain scans

Bradley et al. (2002) reported on a serial magnetic resonance imaging study
on the early detection of physical brain changes in Alzheimer’s patients. There
were 39 subjects in three groups, marked on the strips in Figure 10.3, each being
brain-scanned 2–4 times over up to 15 months. Everyone’s brain shrinks with
age at about 0.4% per year, and not uniformly. Diseases such as Alzheimer’s
change both the overall rate and the differences in rates in different parts of the
brain.

This is an example with massive amounts of raw data, for these scans are
measured in megabytes. However, much of the data is not useful information,
and pairs of scans were used to delimit brain regions in the same way for each
of the pair and then to measure volumes of the regions, reducing megabytes of
data to tens of bytes of information.

Figure 10.3 shows the data and for each patient a dashed line showing the
mean rate of change for the alloted group. Two patients whose panels are marked
with a dot were later shown to have been incorrectly allocated to the ‘normals’
group. As is typical of medical studies, the real shortage of data is in the small
number of diseased patients, especially as one expects diseased groups to be
more variable than the control group.
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Fig. 10.3. Results from a study of serial magnetic resonance imaging brain
scans of 39 subjects. The open circles joined by lines are the data for that
subject, whereas the dashed lines are ‘fitted’ lines from the model. The labels
refer to the a priori groups of negative, possible and probable.
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The results are promising and have been used to estimate how large the time
spacing between pairs of measurements and how large an experimental group
would need to be to detect the effect of an anti-Alzheimer’s drug.

How I came to be involved with this is an interesting comment on the sociol-
ogy of science. The data were collected by the OPTIMA project run by Oxford
University’s Professor of Pharmacology, David Smith. He had talked about this
study at a meeting in Washington University, St. Louis, and someone in the
audience had advised him to use generalized estimating equations (Diggle et al.
2002) and furthermore that Brian Ripley in his own University was the expert—
a rare case of getting too much credit for software development. I did not use
generalized estimating equations, but fitted a linear mixed-effects model with
a random slope for each subject. The dashed lines shown in Figure 10.3 are
the best linear unbiased predictors (Robinson 1991) for each subject. From the
estimated variance components we calculated power analyses for various hypo-
thetical studies. With such small sample sizes it did prove to be important to use
a formal model to obtain as precise as possible estimates of the crucial variance
components.

The availability of software has been crucial to the surge of interest in mixed
models. It is not that we see many more problems needing random effects than
we did a decade ago but that we can now proffer software solutions. In this
example I used the nlme3 software for S-PLUS of José Pinheiro and Douglas
Bates.

10.6 The future
Thomas Watson’s failure of foresight quoted at the start of this chapter discour-
ages too much crystal-ball gazing! Statistical computing is a field in which we
stand on the shoulders of others, and issues that filled the books on statistical
computing a generation ago are now taken so much for granted that they are
completely unknown to the present generation of students.

It is clear that quality of the tools we use is already becoming a major
issue. Statistical computing environments are now far too complex for empirical
testing to be effective, and we need to build quality in by documenting exactly
the algorithms used and allowing subject-matter experts to ‘referee’ the code.

We may be coming to the end of the era of user interfaces that look like
high-level computer programs. Indeed, many commercial products have all but
abandoned that form of interface in favour of systems based on menus and
dialogue boxes, often restricted to Windows or MacOS platforms. No one seems
as yet to have found a way to build a graphical interface in an easily extensible
style. My hunch is that this will come, and the way we interact with computers
to do statistics by the time of David Cox’s 100th birthday will be something as
yet unforeseen.
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11
Are there discontinuities in financial prices?

Neil Shephard

11.1 Introduction
11.1.1 Main questions

In this chapter I will try to discover if there are discontinuities in financial price
processes. Such discontinuities or jumps are important as they are hard to hedge
and so increase the risk associated with financial instruments. My approach will
be based around two radically different methods: one parametric, and the other
semiparametric. I will argue that in order to find such discontinuities it is im-
portant to use relatively high-frequency data and that the easiest way of doing
this is through the semiparametric approach. When this is implemented empiri-
cally, the evidence suggests that jumps are frequent—much more frequent than
is commonly believed. Parametric analysis based on a novel particle filter, using
standard low-frequency daily returns data, is unable to pick up price disconti-
nuities that are plainly present in the price process, because the daily data blur
the impact of discontinuities to such a degree that jumps are of only moderate
importance at the daily level.

The parametric and semiparametric approaches to inference will be compared
using a dataset on the exchange rate between the Japanese yen and United States
dollar. This time series covers the ten-year period from 1 December 1986 until
30 November 1996. The original dataset records prices every five minutes during
the working week and was kindly supplied by Olsen and Associates in Zurich
(Dacorogna et al. 2001). Over this period the rate drops from around 200 to
around 110 yen to the dollar, roughly where it stood in mid-2004. A declining
rate indicates a weakening dollar.

The upper left panel of Figure 11.1 shows the evolution of the daily per-
centage change in the rate from 1 December 1986 over the first two years of the
dataset. There is a 20% fall during this period. The upper right panel records the
daily percentage changes, which are often called returns in financial economet-
rics. It shows some dramatic daily changes, which tend to cluster together. More
detailed information is available from the higher-frequency data. The lower left
panel is like the panel above, but shows the results only for the first five days,
while the lower right panel shows five-minute returns over this shorter period.
I will use these high-frequency data below.
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Fig. 11.1. Yen/dollar exchange rate, based on the Olsen dataset. Upper left:
percentage change since 1 December 1986 over first two years of sample.
Upper right: daily percentage changes. Lower left: percentage change over
first five days of sample. Lower right: five-minute returns over first five days
in sample.

11.1.2 Notation and models

I will let one unit of time represent a day throughout, and log-prices Yt for
time t ≥ 0 will be defined on a filtered probability space, (Ω,F , (Ft)t≥0, P );
typically Ft will be the natural filtration. In the subset of financial economics
that rules out arbitrage—that is, riskless money making—opportunities, Y must
follow a semimartingale process, written Y ∈ SM, with respect to Ft. Such a
no-arbitrage assumption seems sensible over moderate time intervals but over
very small intervals of time market frictions play a large role even in thickly
traded markets such as the market for the dollar and yen. Frictions such as dis-
creteness of trading, bid/ask spread effects—the difference between the price one
pays when one instigates the buying of a good and what one obtains when one
tries to sell it—or finiteness of liquidity over small time intervals, are called
market microstructure effects. They limit the realism of the semimartingale
models of prices. For the moment I will ignore them, returning to this issue in
Section 11.4.1.

If Y ∈ SM then it is possible to write

Y = A + M,

although this decomposition is not unique when Y exhibits jumps. Here A is
a finite variation process—written A ∈ FV—which means that the sum of the
absolute values of the increments of this process measured over any set of time
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intervals is finite. Further, M is a local martingale—written M ∈ Mloc—which
is a convenient generalization of a martingale in financial economics. For an ex-
cellent discussion of probabilistic aspects of semimartingales see Protter (1992),
while their attraction from an economic viewpoint is discussed by Back (1991).
The A process can be thought of informally as the reward to the investor for
being exposed to the risk M . This will become clearer when we get to eqn (11.2).
The Y process will often be divided into the piece that has continuous sample
paths and the piece with jumps. I generically denote this with superscripts c and
d respectively; thus M c denotes the continuous component of M .

A key role in the econometrics of price processes is played by the quadratic
variation process. This always exists if the multivariate price process Y ∈ SM
and is defined as (e.g. Protter 1992, Section II.6)

[Y ] = p-lim
n→∞

n∑
j=1

(
Ytj

− Ytj−1

) (
Ytj

− Ytj−1

)T
, (11.1)

where T denotes a transpose and p-lim denotes the probability limit. The limit
can be shown to hold for any sequence of partitions t0 = 0 < t1 < · · · < tn = t
with supj {tj − tj−1} → 0 for n → ∞. It sums up outer-products of vectors of
returns measured over infinitesimal time intervals. It will be useful later to note
that

[Y ]t = [Y c]t +
∑

0≤s≤t

∆Ys∆Y T
s ,

where ∆Yt = Yt−Yt− are the jumps in the process. This decomposition is always
unique even though the decomposition of Y into Y c and Y d is not.

In the special case where [Y ] has absolutely continuous sample paths, then
the martingale representation theorem (e.g. Karatzas and Shreve 1991, p. 170)
implies that

Mt =
∫ t

0

ΘudWu,

where W is a vector of Brownian motion and Θ is a matrix whose elements
are measurable and adapted. This model for M is called a stochastic volatility
process; see for example Ghysels et al. (1996) and Shephard (2004). I will some-
times write this integral in the minimalist notation used in stochastic analysis,

M = Θ • W,

where • denotes stochastic integration. Under these conditions the lack of arbi-
trage implies that A must have absolutely continuous sample paths; see Back
(1991, p. 380) and Karatzas and Shreve (1998, p. 3). Taken together this means,
under these conditions, that log-prices must be of the form of a Brownian semi-
martingale, written Y ∈ BSM, that is,

Yt =
∫ t

0

audu +
∫ t

0

ΘudWu.
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Such a model can be called semiparametric from a statistical viewpoint as a and
Θ are infinite-dimensional measurable random functions. When Y ∈ BSM then
[Y ]t =

∫ t

0
ΘsΘT

s ds, which means that conditional on Ft, dYt is Gaussian with

E (dYt | Ft) = dAt = atdt, Cov (dYt | Ft) = d[Y ]t = ΘtΘT
t dt. (11.2)

Thus the A process is the integral of the infinitesimal conditional mean process
while [Y ] is the integral of the infinitesimal conditional covariance process.

11.1.3 Outline

In this chapter I will simply ask whether Y has a continuous sample path. This
is not straightforward when the volatility of prices is allowed to change through
time, for non-Gaussian returns are then not evidence for jumps. Broadly there
are two approaches to answering the question, parametric and semiparametric.
I will briefly review them, emphasizing where I think problems with our current
knowledge lie.

Section 11.2 focuses on semiparametric methods, while Section 11.3 looks in
detail at likelihood based procedures. I compare these methods in the context
of a dataset in Section 11.3.3. Additional issues are presented in Section 11.4.
Conclusions are presented in Section 11.5.

11.2 Semiparametric analysis
11.2.1 Realized quadratic variation

In principle, high-frequency financial data can be used to estimate [Y ] so long as
the usual no-arbitrage assumptions hold. Let δ > 0 denote a time period between
high-frequency observations. Then I compute the associated vector returns as

yj = Yδj − Yδ(j−1), j = 1, 2, 3, . . . ,

and calculate the realized quadratic variation process as

[Yδ]t =

t/δ�∑
j=1

yjy
T
j .

By the definition of the quadratic variation process [Yδ]t
p→ [Y ]t as δ ↓ 0, pro-

vided that Y ∈ SM; here and below
p→ denotes convergence in probability.

I will first discuss quantifying [Yδ]t − [Y ]t in the context of no jumps, as
the style of analysis will continue in the case where there are discontinuities.
If Y ∈ BSM then [Yδ]t

p→
∫ t

0
ΘsΘT

s ds. In this case a central limit theory for
δ−1/2 ([Yδ]t − [Y ]t) can be derived under the single additional assumption that∫ t

0
a2
(l)udu < ∞ for every l, where a(l) is the l-element of the a process. Barndorff-

Nielsen and Shephard (2004b) detail this result, building on earlier work by
Jacod (1994), Jacod and Protter (1998), and Barndorff-Nielsen and Shephard
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(2002, 2004a). Here I will only discuss the univariate result. Barndorff-Nielsen
and Shephard (2004b) show that

δ−1/2 ([Yδ]t − [Y ]t) →
√

2
∫ t

0

Θ2
udBu, (11.3)

where B is Brownian motion independent of Y and the convergence is in law
stably as a process. This type of convergence, introduced by Rényi (1963) and
studied by Aldous and Eagleson (1978), is stronger than convergence in law; see
Jacod and Protter (1998, pp. 269–270). Expression (11.3) means that as δ ↓ 0
for a fixed t,

δ−1/2 ([Yδ]t − [Y ]t)√
2
∫ t

0
Θ4

udu

d→ N (0, 1) ,

where d→ denotes convergence in distribution. The integrated quarticity
∫ t

0
Θ4

udu
can be estimated from the returns. In particular, under the Y ∈ BSM assump-
tion, δ−1

∑
t/δ�
j=1 y4

j
p→ 3

∫ t

0
Θ4

udu, so a use of the delta method yields that as δ ↓ 0,

log[Yδ]t − log[Y ]t√
2
3

∑
t/δ�
j=1 y4

j / ([Yδ]t)
2

d→ N(0, 1). (11.4)

This result is feasible: except for the unknown [Y ]t it can be computed directly
from the data and so can be used to construct confidence intervals, for exam-
ple for [Y ]t. This allows us to perform inference on [Y ] without specifying a
detailed model for a or for Θ. Hence inference based on this limit theory is
semiparametric.

The central limit theory holds, in particular, for the increments of the quadratic
variation process. There are rather practical reasons for looking at daily incre-
ments

V (Y )i = [Y ]i − [Y ]i−1 =
∫ i

i−1

ΘuΘT
udu.

The spot volatility Θ has strong intraday patterns caused by social norms and
timetabled macroeconomic and financial announcements. These regularities do
not contradict the semimartingale assumption on Y , but they make it hard to
exploit high-frequency data by building temporally stable intraday models; see,
for example, the careful work of Andersen and Bollerslev (1997). However, daily
quadratic variation is somewhat robust to these types of intraday patterns, in
the same way as yearly inflation is somewhat insensitive to seasonal fluctuations
in the price level. If I write the jth high-frequency observation on the ith day as

yi,j = Yi+δj − Yi+δ(j−1), j = 1, . . . , �1/δ� ,

then the ith daily realized-variation is defined as
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V (Yδ)i =

1/δ�∑
j=1

yi,jy
T
i,j .

Clearly V (Yδ)i
p→ V (Y )i as δ ↓ 0, while in the univariate case (11.4) implies that

log
(∑
t/δ�

j=1 y2
i,j

)
− log V (Y )i√

2
3

∑
t/δ�
j=1 y4

i,j/
(∑
t/δ�

j=1 y2
i,j

)2

d→ N(0, 1).

The central limit theorem for the logarithm of daily realized variation can
be used to compute daily confidence intervals for V (Y )1/2

i in the univariate
case, based on the so-called realized volatilities V (Yδ)

1/2
i . Figure 11.2 imple-

ments this method for the yen/dollar rates, together with daily 95% confidence
intervals. The figure shows significantly time-varying and partially predictable
levels of volatility through time. Similar results could be displayed for real-
ized regression- and correlation-type quantities, which are discussed in detail
in Barndorff-Nielsen and Shephard (2004a). Again these would show significant
movements through time, although correlations tend to be more stable over time
than do volatilities.
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Fig. 11.2. Daily realized volatility (crosses) computed using 10-minute returns
for the yen/dollar exchange rate, starting on 1 December 1986. Also shown
are 95% confidence intervals computed using the log-based feasible central
limit theorem.
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This way of looking at the historical evolution of market volatility has a long
history in financial economics. Examples include Merton (1980), Poterba and
Summers (1986), Schwert (1989), Richardson and Stock (1989), Schwert (1990),
Taylor and Xu (1997), and Christensen and Prabhala (1998). The new element
here is the formal BSM-based analysis and its distribution theory.

11.2.2 Forecasting volatility

Before discussing our central topic of testing for discontinuities, we take a slight
detour to mention some recent literature on forecasting volatility that may be
of interest to statisticians.

Having constructed a time series of estimated V (Y )i, it is possible to try to
extrapolate these estimates into the future. A systematic study of this is given
in Andersen et al. (2001) and Andersen et al. (2003a), whose work is based on
the following observations. Ito’s formula implies that if Y ∈ SMc, then

Y Y T = [Y ] + Y T • Y + Y • Y T

= [Y ] + Y • AT + A • Y T + Y • MT + Y T • M.

So if M ∈ M, then

E(YtY
T
t | F0) = E ([Y ]t | F0) + E

(∫ t

0

YsdAT
s | F0

)
+ E

(∫ t

0

AsdY T
s | F0

)
.

Over small intervals of time, the second and third of these terms will in practice
be small, so

E(YtY
T
t | F0) � E ([Y ]t | F0) .

In terms of realized covariations this means that when we want to forecast the
outer product of future returns given current data, we find

E(yiy
T
i | Fi−1) � E {V (Y )i | Fi−1} .

Given the sequence of estimators V (Yδ)1, . . . , V (Yδ)i−1 of V (Y )1, . . . , V (Y )i−1,
Andersen and co-workers have built models of future covariation by projecting
past realised covariations forward. Andersen et al. (2003a) and Andersen et al.
(2005b) are fine examples of this work. An extensive review of some of this
material, placed in a wider context, is given by Andersen et al. (2005a).

11.2.3 Realized bipower variation

So far I have assumed that Y ∈ BSM, so prices have continuous sample paths
a priori. I now consider testing this assumption.

Barndorff-Nielsen and Shephard (2003, 2004c) have studied an alternative
measure of volatility that is robust to discontinuities in the sample path. Their
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idea, which has so far only been stated in the univariate case, is to move away
from taking squared returns. Instead they work with realized bipower variation

{Yδ}t =
�t/δ�

�t/δ� − 2


t/δ�∑
j=3

|yj−2| |yj | , (11.5)

where I have chosen to look at the second-order lag version, which has some
interesting robustness properties against market microstructure effects, though
their theory carries over to any finite non-zero lag. It is possible to show that if
Y ∈ BSM then

{Yδ}t

p→ µ2
1[Y ]t = µ2

1

∫ t

0

Θ2
udu, (11.6)

with µr = E |U |r where r > 0 and U is a standard normal variate. It will be
convenient to write this probability limit as

{Y }t = p-limδ↓0 {Yδ}t .

See Barndorff-Nielsen et al. (2004a) for this general result and the above-mentioned
papers for earlier special cases.

The result, eqn (11.6), which seems simply to deliver a scaled version of
quadratic variation, is more interesting than first appears. The most stimulating
feature of realized bipower variation is its behaviour under a Brownian semi-
martingale plus jump process

Yt =
∫ t

0

audu +
∫ t

0

ΘudWu +
Nt∑
j=1

cj ,

where N is a simple counting process. Then

{Y }t = µ2
1

∫ t

0

Θ2
udu and [Y ]t =

∫ t

0

Θ2
udu +

Nt∑
j=1

c2
j ,

so {Y } is unaffected by jumps, while [Y ] increases. This implies that it is theo-
retically possible to identify

∫ t

0
Θ2

udu and
∑Nt

j=1 c2
j . The reason for the robustness

of {Yδ} to jumps is that only a finite number of terms in eqn (11.5) are affected
by them. When there are no jumps then |yj | ↓ 0 as δ ↓ 0 and so, in the limit,
only terms with contiguous jumps can contribute to the probability limit. But
the probability of having contiguous jumps goes to zero as δ ↓ 0 owing to the
assumption that N is a simple counting process. The detailed behaviour of N
or c does not affect this argument.

Under some stronger assumptions including that Y ∈ BSM, Barndorff-
Nielsen and Shephard (2003) showed that√√√√ δ−1∫ t

0
Θ4

udu/
(∫ t

0
Θ2

udu
)2

(
µ−2

1 {Yδ}t

[Yδ]t
− 1

)
d→ N (0, ϑ) ,
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where ϑ = π2/4 + π − 5 � 0.609. This can be used as the null distribution
of a test for discontinuities in price processes in the time interval (0, t), for I
will indicate shortly that

∫ t

0
Θ4

udu can be robustly estimated in the presence of
jumps. Clearly one can compute the daily realized bipower variation

B(Yδ)i =
�1/δ�

�1/δ� − 2


1/δ�∑
j=2

|yi,j−2| |yi,j |

and compare µ−2
1 B(Yδ)i to V (Yδ)i to see if there are jumps on the ith day. Such

t-tests are independent over days. Huang and Tauchen (2003) have shown that
such tests have quite good finite sample behaviour under modelling assumptions
thought realistic in financial economics.

11.2.4 Empirical results

The upper panel of Figure 11.3 contrasts the daily realized continuous sample
path volatilities based on 10-minute returns,

{
µ−2

1 B(Yδ)i

}1/2
, with the daily re-

alized volatilities standard V (Yδ)
1/2
i . They are similar on most days. The lower
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Fig. 11.3. Volatility measures for the first 100 days in the sample, using
10-minute returns for the yen/dollar exchange rate. Upper panel: daily real-
ized continuous sample path volatility and realized volatility. Lower panel:
ratio jump test statistic. Numbers below one indicate evidence for jumps. The
solid line shows the 99% critical value for a null hypothesis of no jumps in
the price process. Values of the test statistic below this line show statistically
significant evidence for jumps.
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panel shows the daily jump ratio test statistics µ−2
1 B(Yδ)i/V (Yδ)i together with

99% one-sided critical values for the null hypothesis of no jumps in the price
process on day i. Here the asymptotic standard error of the statistic is esti-
mated by

�1/δ�
µ3

4/3 (�1/δ� − 4)


1/δ�∑
j=5

|yi,j−4|4/3 |yi,j−2|4/3 |yi,j |4/3
/
(
µ−2

1 B(Yδ)i

)2
.

Some moderate volatility days in the middle of the dataset show fairly significant
signs of discontinuities.

Figure 11.4 shows the yen/dollar exchange rate every ten minutes on the
52nd day of the sample, the day with the lowest jump ratio shown in the lower
panel of Figure 11.3. It suggests a very large sustained change in the price. The
jump is not dramatic in comparison with some price moves seen on the foreign
exchange market, but as it happens on a low-volatility day, the jump ratio test
picks it up.

Over the ten years of data, around 17% of days have jump test statistics
statistically significant at the 99% level, and around 8% of the days are signifi-
cant at the 99.9% level. This is appreciable evidence of price discontinuities in
exchange rate data. Andersen et al. (2003c) have studied interest rate and stock
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Fig. 11.4. Percentage change in the yen/dollar exchange rate every ten minutes
during the 52nd day in the sample, relative to the start of the trading day
(time 0). The x-axis has units of hours.
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return data and have found even higher fractions of days on which there were
jumps in the price process. Detailed case studies by Barndorff-Nielsen and Shep-
hard (2003) suggest that most discontinuities are associated with public news
announcements, such as macroeconomic statistical statements by governments
on inflation, balance of payments and unemployment—see also the related lit-
erature on macroeconomic news shocks, including Ederington and Lee (1993),
Andersen and Bollerslev (1998) and Andersen et al. (2003b).

11.3 Parametric analysis
11.3.1 Model building

The realized measures of volatility and jumps are semiparametric and exploit
high-frequency data rather than relying on the temporal dependence between
days in the return data. In the financial economics literature there is a stream of
papers that tries to model jumps parametrically. Examples of this work include
Carr et al. (2003), Carr and Wu (2004), Eberlein et al. (2001), Eraker et al.
(2003) and Li et al. (2004). These models are then typically estimated using
daily data. In this section I will follow this approach, comparing the conclusions
I find using this inference method with those reported in the previous section.

In this section I will ignore the effect of drift, which is small for exchange
rates, and simply model the local martingale component of prices. There are
broadly three ways of carrying this out, modelling the price process as

Y = σ • W + Z, Y = σ • Z, Yt = Z∫ t

0
σ2

udu
,

where Z includes jumps, W denotes Brownian motion, and σ is the spot volatil-
ity. If Z is Brownian motion then all of these models are equivalent. For statis-
ticians, the most familiar special case of this is perhaps where Z is a Poisson
process; then the last of these processes is a doubly stochastic Poisson process
(Cox 1955a).

Here I will focus entirely on the σ •W +Z case, modelling the Z as a simple
compound Poisson process

Zt =
Nt∑
j=1

cj , cj
iid∼ N(0, ω2

c ),

which has Gaussian jumps and N0 = 0. The literature consistently reports results
with ωc being quite large, while Nt is typically assumed to be a homogeneous
Poisson process with modest intensity, λN , indicating that there are a handful of
large jumps each year. Throughout, I will make the simplifying assumption that
W , σ, N , c are totally independent processes—which is somewhat unreasonable
empirically but is a potentially useful starting point for exchange-rate data that
have straightforward dynamics relative to stock market indices. In this section
I assume the simple diffusion for σ,

d log σ2
t = −ρ∗(log σ2

t − µ)dt + ωσdBt. (11.7)
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It is important to notice that these highly specific assumptions strongly contrast
with the methods discussed in the previous section.

My data will be daily returns,

yi = Yi − Yi−1, i = 1, . . . , T.

This is absolutely key in the results I will report, for I am now using a coarser
information source than the one in the previous section. I will try to make up
for this loss of information by using fully parametric methods. The daily returns
are conditionally independent, given the path of (σ,Z) with

yi | zi, σi ∼ N(zi, σ
2
i ), (11.8)

where

σ2
i =

∫ i

i−1

σ2
udu, zi = Zi − Zi−1. (11.9)

In order to simplify my exposition I will use an Euler approximation over the
day to eqn (11.7) and eqn (11.9), that is

log σ2
i+1 | σ2

i ∼ N(µ + ρ log σ2
i , ω2

σ), (11.10)

while the zi are independent and identically distributed Poisson variables with
mean λN . If the time series of zi and σ2

i were observed then inference on the
parameters of this process would be straightforward, but these processes are
latent. One way of carrying out inference on this type of non-Gaussian state
space model, where zi, σi are the states, is by using Markov chain Monte Carlo
methods. Papers about this for stochastic volatility models include Kim et al.
(1998) and Yu (2004), as well as the references they provide.

Here I have chosen to tackle the inference problem using a particle filter,
which will allow me to learn about the model online, updating my views on
unknown parameters and the position of the volatility as new information arrives.
Papers on particle filters include Gordon et al. (1993) and Pitt and Shephard
(1999), while Doucet et al. (2001) is an excellent book of essays about them. The
first uses of particle filters in this context were Kim et al. (1998) and Pitt and
Shephard (1999), while more general papers on non-linear filtering using particle
filters include Jacod et al. (2001), Jacod and Moral (2001) and the references
contained within. Johannes et al. (2002) focuses on these issues in the context
of financial econometrics. Here I will exploit an extension of standard particle
filters suggested by Storvik (2002) that uses the property of sufficient statistics.
I will first briefly review this idea in a general state-space framework, before
returning to the special features of our model.

11.3.2 Online learning through a particle filter

The model (11.8) and (11.10) is a Markov random field, which I write abstractly
in terms of densities

f(yi | αi, θ), f(αi+1 | αi, θ),
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where θ = (µ, ρ, ωσ, λN , ωc)
T, yi are observations and αi =

(
zi, σ

2
i

)T is the vector
of states. The choice of state vector is somewhat arbitrary, for one could write

Zt =
t∑

j=1

δjcj , cj
iid∼ N(0, ω2

c ), δj
iid∼ Bernoulli(λN ),

so Nt =
∑t

j=1 δj , and then define the state vector as α∗
i =

(
δi, ci, σ

2
i

)
. It is clear

that α∗
i is a richer state vector, for it implies knowledge of αi but not vice versa.

Typically it is a bad idea to perform online parameter learning by particle filter-
ing using α∗

i rather than αi, as it increases the degree of complete information
and makes data imputation methods computationally more challanging. This is
the case here, for the methods I outline below would simply collapse if I had
used α∗

i instead of αi.
The task is to compute iteratively

f(αi, θ | Fi),

where Fi is y1, . . . , yi. In order to carry out online learning, I assume that I can:

• calculate a sufficient statistic, Si, for θ given Fi and α1, . . . , αi, the complete
data;

• calculate a sufficient statistic, Si+1|i, given Fi and α1, . . . , αi+1;
• simulate from αi+1 | αi, θ;
• simulate from θ | Si; and
• compute f(yi | αi, θ).

Storvik (2002) performs particle filtering on f(αi, Si | Fi) using θ as an
auxiliary variable, discarding this additional variable at each step. His method
is based on sampling from

f(αi+1, Si+1|i, θ | Fi+1) ∝ f(yi+1 | αi+1, θ)f(αi+1, Si+1|i, θ | Fi)

= f(yi+1 | αi+1, θ)
∫

f(αi+1, Si+1|i | αi, Si, θ)

f(θ, αi, Si | Fi)dαidSi

= f(yi+1 | αi+1, θ)
∫

f(αi+1, Si+1|i | αi, Si, θ)

f(θ | Si)f(αi, Si | Fi)dαidSi. (11.11)

This is carried out by first assuming a large sample from f(αi, Si | Fi),

αj
i , S

j
i , j = 1, . . . , J, (11.12)

which is used to approximate eqn (11.11), yielding the empirical updating density

f̂(αi+1, Si+1|i, θ |Fi+1) ∝ f(yi+1 | αi+1, θ)
J∑

j=1

f(αi+1, Si+1|i | αj
i , S

j
i , θ)f(θ | Sj

i ).
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In order to complete the particle filter, samples must be drawn from this density,
simply discarding the θ draws to produce a sample of particles αj

i+1, S
j
i+1, j =

1, . . . , J . One can think of these as approximately coming from f(αi+1, Si+1 |
Fi+1). Some of the many ways in which to carry this out are discussed by Pitt
and Shephard (1999). Here is a very simple algorithm:

1. for each j, simulate

θj,k ∼ θ | Sj
t , k = 1, . . . , K;

2. for each j, simulate from

αj,k
i+1 ∼ αi+1 | αk

i , θj,k, k = 1, . . . , K,

which, in turn, is used to calculate Sj,k
i+1|i. Use yi+1 to calculate Sj,k

i+1, yielding

the pairs
(
αj,k

i+1, S
j,k
i+1

)
;

3. compute
wj,k

i ∝ f(yi+1 | αj,k
i+1, θ

j,k);

then resample
(
αj,k

i+1, S
j,k
i+1

)
with probability proportional to wj,k

i , giving
a sample of size J . Label the sample(

αj
i+1, S

j
i+1

)
, j = 1, . . . , J.

The computational load of this is linear in the number of observations and costs
O(JK) floating-point operations per observation.

A key feature is that the above strategy updates particles one observation
at a time. In principle, one could use a fixed-lag strategy, updating using k > 0
observations at a time, as introduced concurrently and independently in this
context by Clapp and Godsill (1999) and Pitt and Shephard (2001). Subsequent
implementations of this type of approach include the so-called practical filter
(Johannes et al. 2004).

The above approach requires the specification of some priors for θ. To simplify
my work I have assumed independence across the elements of θ, using Gaussian
priors on µ and ρ, centred at −0.02 and 0.96 respectively with corresponding
variances of 1/40 and 1/4; a Γ(2×0.132, 2) prior, having mean 1/0.132, for ω−2

σ ;
a Be(0.2, 1.0) prior for λN ; and a Γ(2× 32, 2) prior for ω−2

c . This is not entirely
satisfactory as it postulates prior independence for parameters such as µ and ρ,
but I shall skirt the computational complexity of using more sensible priors.

11.3.3 Empirical results

The upper left panel of Figure 11.1 shows the daily log-prices for the yen/dollar
rate, while the upper right panel shows the corresponding daily returns. Fig-
ure 11.5 plots the corresponding simulation based estimator of the posterior
median of θ given the daily data y1, . . . , yi for i = 50, 51, . . . , 550, together with
the corresponding 0.01 and 0.99 quantiles. These graphs are given for a variety
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Fig. 11.5. Posterior 0.01, 0.5, and 0.99 quantiles for the parameters λN , ωc, µ,
ρ and ωσ, conditional on y1, . . . , yi, for i = 50, . . . , 550. The quantiles are
computed using J × K particles with K = 20 and J = 5000 (upper panels)
J = 10 000 (middle panels), and J = 25 000 (lower panels).

of values of J , with K = 20 throughout, and show large ranges of uncertainty
for most parameters, with the range falling somewhat during this period. The
results are quite stable as J varies, with only small changes as J increases. The
most sensitive parameter is ωσ. Overall this suggests that conclusions from the
particle filter output should be useful.

Table 11.1 shows the posterior median and 0.01 and 0.99 quantiles at the
end of the sample, i = 550. Most of the mass of the posterior on λN is around
small values, indicating that jumps are rare according to this model. When the
process does jump, the standard deviation of the jump is around 1, similar to
the average daily realized volatility during the sample, 0.709. The persistence of
the stochastic volatility component is modest, although that parameter is poorly
estimated. Corresponding results for the prior are also shown in Table 11.1; for
most parameters they are consistent with the posterior. The distribution for µ
is somewhat misplaced, although not dramatically.

The overall importance of jumps and stochastic volatility components in this
model can be assessed by computing the marginal likelihoods, via the prediction
decomposition

f(y1, . . . , yT ) = f(y1)
T∏

i=2

f(yi | Fi−1),
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Table 11.1. Posterior inference on the parameters in the model given all 550
observations in the sample. Shown are the 0.01, 0.5 and 0.99 quantiles, com-
puted using the particle filter using J = 25,000 and K = 20. Also given are
the corresponding prior quantiles.

Quantiles of prior Quantiles of posterior
0.01 0.5 0.99 0.01 0.5 0.99

λN 0.0113 0.345 0.911 0.000657 0.0412 0.219
ωc 1.39 3.60 29.5 0.407 1.04 7.62
µ −0.0957 −0.0200 0.0557 −0.198 −0.0834 −0.0143
ρ 0.719 0.960 1.20 0.807 0.915 0.986
ωσ 0.0545 0.119 0.541 0.0696 0.296 0.486

where Fi−1 = (y1, . . . , yi−1). This integrates out the effect of parameter uncer-
tainty at each time step. A simple estimator of this given the output of the
particle filter may be computed using

f̂(yi | Fi−1) =
1

JK

∑
j,k

wj,k
i .

If this estimator is insensitive to J , then it provides a viable alternative to the
standard Markov chain Monte Carlo method for performing this computation;
see for example Chib (1995) and Chib and Jeliazkov (2001).

Table 11.2 gives the corresponding marginal log-likelihoods, log f(y1, . . . , yT ),
calculated for the full model, the model that removes the jumps, a Brownian mo-
tion plus jump model, and a pure Brownian motion model. Each marginal like-
lihood automatically penalizes the model for its complexity, by integrating out
the prior belief on the unknown parameters, so they can be compared directly
across the different models. The results are given for varying values of J , to see
whether conclusions drawn are sensitive to this. The stochastic volatility model
dominates the Brownian motion and Brownian motion plus jump models, which

Table 11.2. Estimated log marginal likelihood for a variety of models, using a
particle filter for various values of J and K = 20 throughout. BP denotes the
Box–Pierce statistic using 20 lags computed using reflected predictive distri-
bution functions, which should have a χ2

20 distribution for a well-specified
model.

Estimated log marginal likelihood BP

J = 5,000 J = 10,000 J = 25,000

Stochastic volatility, jump −557.8 −557.2 −557.5 11.9
Stochastic volatility −555.4 −555.8 −555.5 12.7
Brownian motion, jump −576.9 −576.7 −576.9 50.4
Brownian motion −583.9 −583.9 −583.9 50.1



Are there discontinuities in financial prices? 229

both imply independent identically distributed returns. The stochastic volatility
model fits better than the stochastic volatility plus jump model, because of the
penalty on the complexity of the added jump model. On longer time series or
using stock return data rather than exchange rates, I would expect to see more
evidence of jumps.

Table 11.2 shows Box–Pierce statistics computed on the time series of so-
called reflected predictive distribution functions, 2 |pr(yi+1 | Fi) − 0.5|, approx-
imated by the particle filter. If the model and prior are correctly specified, then
ui+1 = pr(yi+1 | Fi) should be a sequence of independent identically distributed
uniform random variables; see, for example, Rosenblatt (1952), Smith (1985),
Shephard (1994) and, in the context of stochastic volatility, Kim et al. (1998).
The reflected uniform variables, introduced by Kim et al. (1998), should have the
same properties under the correct model, but have the advantage that they have
some power to detect misspecification in the modelling of the volatility process:
if there is unmodelled volatility clustering then the sequence of ui should be close
to 0.5 for low-volatility periods and around 0 and 1 for high-volatility periods.
Such ui would be uncorrelated, but their reflected versions 2 |ui − 0.5| will be
serially correlated. The table shows statistically significant volatility patterns
being picked up for the Brownian motion and the Brownian motion plus jump
models, as expected, but the stochastic volatility models with and without jumps
have quite good diagnostics.

11.3.4 Comparison of parametric and semiparametric methods

To see if there has been a jump on day i I used the output of the particle filter
to estimate 1 − pr(zi = 0 | Fi), the posterior probability that there has been a
jump on day i given the information up to time i. This is shown in the lower
left panel of Figure 11.6, and indicates some quite high probabilities, although
the evidence for jumps on particular days is not overwhelming. I also calculated
E(zi | Fi), the average size of the jump on that day. This is drawn in the lower
right panel, together with the time-varying conditional volatility E(σi | Fi). This
is much more stable through time than the corresponding graph, which is not
shown here, when jumps are excluded from the analysis.

It is interesting to compare the times at which there is appreciable posterior
probability of there having been a jump and the times at which the semipara-
metric jump test was significant. One might expect these two sets of times to
be close to one another if the parametric model is modelling jumps effectively.
Suppose, for instance, that the parametric model has detected a possible jump
if the posterior probability of a jump is above 0.2. In the sample there are 11
days out of 550 with such evidence. Of these four have statistically significant
semiparametric jump tests at the 0.999 level, out of a total of 51 such days. Thus
the days that the parametric test flags as potentially having a jump often seem
not to have jumps in them and, more strikingly, the parametric approach misses
almost all the real discontinuities in the process.
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Fig. 11.6. Assessment of jumps on particular days. Upper left: daily returns
and log-prices. Upper right: daily predictive likelihood log f(yi | Fi−1). Lower
left: posterior probability of jumps, 1−pr(zi = 0 | Fi). Lower right: posterior
expected value of volatility E(σi | Fi) and jumps E(zi | Fi).

11.4 Open problems
11.4.1 Market microstructure noise and realized measures

A major potential problem with the approach used in Section 11.2 is that the
price process may not be well described by a BSM plus jump process due to
market microstructure noise. Such noise induces discreteness of prices, irregular
trading, and bid/ask bounce, and is likely to be modest for returns measured
over large time intervals of 10–20 minutes, but becomes central over very small
intervals. Interesting work on such issues include Delattre and Jacod (1997),
Corsi et al. (2001), Bandi and Russell (2003), Hansen and Lunde (2003) and
Zhang et al. (2003).

11.4.2 General bipower variation results

Realized bipower variation measures integrated variance by computing the quan-
tity

∑n
j=3 |yj−2| |yj |, where n = �1/δ�, which is somewhat robust to jumps. A

natural question is whether this is a good way to obtain robustness. Recently,
Barndorff-Nielsen et al. (2004a) have studied general statistics of the form

1
n

n∑
j=3

g
(√

nyj−2

)
h
(√

nyj

)
,
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as n → ∞ when Y ∈ BSM. Here g and h are known general functions possessing
at most polynomial growth. It would be interesting to know what choice of
functions yields statistics that are robust to jumps and that maximize power. In
particular, one may be inspired by the robustness literature to look at functions
that behave like squares for small values of absolute returns, but are truncated
at some point to downweight large observations, though choosing the truncation
point may be hard. Earlier papers on this type of approach include Mancini
(2001, 2003).

11.4.3 Particle filters

I have used a rather simple particle filter to learn about the parameters and
states of the parametric model. There is a substantial literature that suggests
the computational load of these algorithms can be reduced by carrying out the
sampling more efficiently. For example, one could use fixed-lag particle filter-
ing or better-chosen proposal densities. Johannes et al. (2004) give a particular
implementation of such thoughts on some relatively simple models, combining
an elaborate Markov chain Monte Carlo algorithm with fixed-lag filtering to
produce a fairly effective fitting algorithm.

11.4.4 Conditional expectations and martingales

The ability to iteratively compute the distribution of θ given Fi recursively offers
a number of inferential possibilities. I have already shown that it allows us to
compute the marginal likelihood for the model. It seems to be less well known
in statistics that the time series of the E (θ | Fi) is a martingale if the prior
and likelihood are correctly specified. This property can be used to test for the
correct specification of the model and prior. The assumption that the prior is
correct is, of course, somewhat artificial.

11.5 Conclusion
I have looked at a very active area of financial econometrics, the study of discon-
tinuities in the price process. I have shown that parametric and semiparamet-
ric methods yield rather different results. The semiparametric analysis is based
on high-frequency data, while the parametric approach is based on the coarser
daily returns. There are some strong reasons to suggest that the semiparametric
analysis may be preferable in this case.
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12
On some concepts of infinite divisibility and their

roles in turbulence, finance and
quantum stochastics

Ole Eiler Barndorff-Nielsen

12.1 Introduction
Lévy theory—taken to mean the theory of infinite divisibility, Lévy processes,
Lévy bases, and so forth—and its applications has, over the last decade, been
a very active and wide-ranging area of research. The present chapter surveys
a few aspects and ramifications of these developments. The choice of topics is
determined by the author’s own interests, and the chapter in no way pretends
to be a balanced or comprehensive account of the subject areas concerned.

It is a great pleasure to note here that my own interest in some of these
topics arose from seminal comments in two of Sir David Cox’s papers (Cox
1981, 1984b), as referred to in Barndorff-Nielsen et al. (1990).

Section 12.2 recalls a number of basic concepts and results from Lévy theory.
Various extensions and applications of these are then considered in Sections 12.3–
12.6, which discuss tempo-spatial modelling, time-change, and some applications
to finance and to turbulence. Section 12.7 discusses some, newly introduced, reg-
ularising mappings of Lévy measures and infinitely divisible distributions. The
ideas for these mappings arose out of quantum stochastics, more specifically free
probability, but the theory summarised in Section 12.7 falls purely within classi-
cal infinite divisibility. Recent developments in quantum stochastics have led to
the discovery of several fascinating new concepts of ‘independence’, with asso-
ciated concepts of ‘infinite divisibility’, ‘Lévy processes’, and so forth, the most
prominent being free independence. These are briefly discussed in Section 12.8.1,
and the relation to the Upsilon mappings, which form the subject of Section 12.7,
is indicated. Section 12.8.2 concerns infinitely divisible quantum instruments;
these play an important role in the modern theory of continuous-time quantum
measurements and related stochastic process models.

12.2 Classical infinite divisibility, Lévy processes
and Lévy bases

12.2.1 Introduction

The classical concept of infinite divisibility was introduced and studied by de
Finetti, Kolmogorov, Lévy, and Khintchine, during the second quarter of the
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twentieth century. It defines a random variable X to be infinitely divisible if for
all n ∈ N there exist independent and identically distributed random variables
X1, . . . , Xn such that X

L= X1+· · ·+Xn, where L= means equality in distribution.
This condition may equivalently be expressed in terms of the probability laws
µ and µn of X and X1 as µ = µ∗n

n , where ∗ indicates ordinary convolution of
measures.

In the second half of the twentieth century there has been steady progress
in the development of the theory of infinite divisibility and of Lévy processes.
A Lévy process is a stochastic process Z = {Zt}t≥0 having independent and
stationary increments; it is usually assumed that Z0 = 0 and that Zt is contin-
uous in probability. Thus the concept of Lévy processes is intimately related to
that of infinite divisibility. To a major extent these more recent developments
are due to Japanese mathematicians (see the bibliography in Sato 1999); in the
early stages particularly to Kiyoshi Ito, who showed the importance of looking
at Lévy processes from the sample path point of view and gave mathematical
rigour to what is now called the Lévy–Ito representation, which is a stochastic
process version of the Lévy–Khintchine formula for the cumulant transform of
infinitely divisible distributions. The monographs by Bertoin (1996) and Sato
(1999) represent culminations of many of these theoretical achievements.

Until around 1980 infinite divisibility and Lévy processes were widely con-
ceived as being of quite limited applied interest. Since then the picture has
changed dramatically; see for instance the collection of state-of-the-art surveys
in Barndorff-Nielsen et al. (2001a). To some extent this is related to the fact
that many of the concrete probability distributions used in applications were
shown, often by quite difficult mathematical analysis, to be infinitely divisible
or even self-decomposable, and also to the increase in computing power that has
allowed a better understanding of the features of Lévy processes, in particular
by simulation.

Although the definitions of infinite divisibility and Lévy processes may sound
innocent these concepts entail many intriguing, subtle and difficult mathematical
properties and aspects.

12.2.2 Infinite divisibility

The key result in the theory of infinite divisibility is the celebrated Lévy–
Khintchine formula for the cumulant function of any random variable X with
infinitely divisible law µ. Writing

Cµ(ζ) = C{ζ ‡ X} = log E(eiζX)

for the cumulant function, the formula states that

Cµ(ζ) = iaζ − 1
2
bζ2 +

∫
R

{
eiζx − 1 − iζx1[−1,1](x)

}
ρ(dx), (12.1)

where 1 denotes the indicator function of a set, i is the imaginary unit, the
characteristic triplet (a, b, ρ) of µ or X satisfies a ∈ R, b ≥ 0, and the Lévy
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measure ρ is characterized by the properties of having no atom at zero and of
satisfying ∫

R

max{1, x2}ρ(dx) < ∞. (12.2)

Formulae (12.1) and (12.2) have natural extensions to vector random variates
and to random measures; see eqn (12.6).

For distributions µ on the positive half-line R≥0 it is convenient to work
instead with the kumulant transform, that is, the log Laplace transform

Kµ(θ) = −aθ −
∫ ∞

0

(1 − e−θx)ρ(dx),

where we also write

Kµ(θ) = K{θ ‡ X} = log E(e−θX).

In this case ∫ ∞

0

max{1, |x|}ρ(dx) < ∞;

in other words, a Lévy measure ρ such that
∫∞
0

1 ∧ |x|ρ(dx) = ∞ cannot corre-
spond to a probability distribution that is concentrated on R≥0.

In many examples of interest, the Lévy measure ρ has a density with respect
to Lebesgue measure. We denote the Lévy density by u(x) = dρ(x)/dx, and we
write ū(x) = xu(x).

Example 1 (Generalized inverse Gaussian distribution) The probability density
of the generalized inverse Gaussian distribution GIG(λ, δ, γ) is

p(x) =
(γ/δ)λ

2Kλ(δγ)
xλ−1 exp

{
−1

2
(
δ2x−1 + γ2x

)}
, x > 0,

where Kλ denotes a modified Bessel function of the third kind. Important special
cases are the gamma distributions that occur for δ = 0 and the inverse Gaussian
laws obtained by taking λ = − 1

2 . The generalized inverse Gaussian laws are all
infinitely divisible with characteristic triplet (0, 0, ρ) and absolutely continuous
Lévy measure ρ.

For the gamma distribution Γ(λ, α) with probability density function

p(x) =
αλ

Γ(λ)
xλ−1e−αx, x > 0, α, λ > 0,

where Γ(α) represents the gamma function, the Lévy density u(x) equals x−1e−αx,
x > 0. For the inverse Gaussian density function

p(x) = (2π)−1/2δe−δγx−3/2 exp{−(δ2x−1 + γ2x)/2}, x > 0, γ, δ > 0,
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the Lévy density is

u(x) = (2π)−1/2δx−3/2 exp(−γ2x/2), x > 0.

The Lévy density for the general GIG(λ, δ, γ) law is, however, far from simple
(Halgreen 1979):

u(x) = x−1

[
δ2

∫ ∞

0

e−xξgλ(2δ2ξ)dξ + max{0, λ}
]

exp
(
−γ2x/2

)
, x > 0,

where

gλ(x) =
[
(π2/2)x

{
J2
|λ|(

√
x) + N2

|λ|(
√

x)
}]−1

, x > 0,

and Jν and Nν are Bessel functions.

Example 2: (Normal inverse Gaussian distribution) The normal inverse Gaus-
sian distribution with parameters α, β, µ and δ has probability density function

p(x;α, β, µ, δ) = a(α, β, µ, δ)q
(

x − µ

δ

)−1

K1

{
δαq

(
x − µ

δ

)}
eβx, x ∈ R,

where q(x) =
√

(1 + x2) and

a(α, β, µ, δ) = π−1α exp
{
δ
√

(α2 − β2) − βµ
}

,

and where K1 is the modified Bessel function of the third kind and index 1. The
domain of variation of the parameters is µ ∈ R, δ ∈ R>0, and 0 ≤ |β| < α.
The distribution is denoted by NIG(α, β, µ, δ). It follows immediately from the
expression for a(α, β, µ, δ) that its kumulant-generating function has the simple
form

δ[
√

(α2 − β2) −√{α2 − (β + u)2}] + µu.

The characteristic triplet of NIG(α, β, µ, δ) is (a, 0, ρ), where the Lévy mea-
sure ρ has density (Barndorff-Nielsen 1998b)

u(x) = π−1δα |x|−1
K1(α |x|)eβx, (12.3)

while

a = µ + 2π−1δα

∫ 1

0

sinh(βx)K1(αx)dx.

For more information on properties of the normal inverse Gaussian law and
on its use in modelling and inference, particularly in finance and turbulence, see
Barndorff-Nielsen and Shephard (2005) and references therein. A recent appli-
cation to turbulence is briefly discussed in Section 12.6.1.
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12.2.3 Classes of infinitely divisible distributions

If we denote the class of infinitely divisible laws on the real line R by ID(∗),
where ∗ refers to the convolution of probability measures, there is a hierarchy

G(∗) ⊂ S(∗) ⊂ T (∗) ⊂ L(∗), B(∗) ⊂ ID(∗), (12.4)

where G(∗) is the class of Gaussian laws, S(∗) the class of stable laws, T (∗) the
extended Thorin class, B(∗) the extended Bondesson class, and L(∗) the Lévy
class of self-decomposable laws. For distributions on R>0 with lower extremity 0
we write the hierarchy as

S+(∗) ⊂ T+(∗) ⊂ L+(∗), B+(∗) ⊂ ID+(∗).
We now sketch the properties of these classes.

Thorin classes T+(∗) and T (∗) The class T+(∗) is also known as the family
of generalized gamma convolutions. It was introduced by Thorin (1977, see also
Thorin 1978) as a tool to prove infinite divisibility of the log-normal distribution,
and T+(∗) and its ramifications have since been studied extensively, particularly
by Bondesson (1992).

By definition, T (∗) is the smallest class of distributions that is closed under
convolution and weak limits and contains the laws of all random variables of the
form εX +a where X follows a gamma distribution, ε = ±1, and a ∈ R. In terms
of the Lévy–Khintchine representation, T (∗) is characterised as the subfamily
of ID(∗) having characteristic triplet (a, 0, ρ) where a ∈ R and ρ has a density
u such that ū is completely monotone, that is,

ū(x) = xu(x) =

{∫∞
0

e−xξν(dx), x > 0,∫ 0

−∞ exξν(dx), x < 0,

where ν is a measure on the real line (Barndorff-Nielsen and Thorbjørnsen
2004b).

Bondesson classes B+(∗) and B(∗) The class B+(∗) was studied extensively by
Bondesson (1981, 1992); see also Sato (1999, p. 389) and Barndorff-Nielsen et al.
(2004d).

By definition (Barndorff-Nielsen et al. 2004d) B(∗) is the smallest class of
distributions that is closed under convolution and weak limits and contains the
laws of all mixtures of distributions of random variables of the form εX + a
where X has a negative exponential distribution, ε = ±1, and a ∈ R. In terms
of the Lévy–Khintchine representation, B(∗) is characterized as the subfamily of
ID(∗) having characteristic triplet (a, 0, ρ) where a ∈ R and ρ has a completely
monotone density u, that is,

u(x) =

{∫∞
0

e−xξν(dx), x > 0,∫ 0

−∞ exξν(dx), x < 0,

where ν is a measure on the real line.
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Lévy class L(∗) This is the class of self-decomposable laws, introduced by Lévy
and studied and applied extensively by many authors. Basic references for the
theory of self-decomposability are Jurek and Mason (1993) and Sato (1999),
while some of the applications are discussed in Barndorff-Nielsen (1998a,b),
Barndorff-Nielsen and Shephard (2001a,b, 2005) and Barndorff-Nielsen and Sch-
miegel (2004).

By definition, L(∗) is the class of distributions such that if X has law in L(∗)
then for all c ∈ (0, 1) there exists a random variable X(c), independent of X,
with

X
L= cX + X(c). (12.5)

In terms of the Lévy–Khintchine representation, L(∗) is characterised as the sub-
family of ID(∗) for which the Lévy measure ρ has a density u that is increasing
on R<0 and decreasing on R>0.

Example 3 The generalized inverse Gaussian and normal inverse Gaussian laws
are all self-decomposable, as follows from the characterization just mentioned
and the formulae for their Lévy densities, given in Examples 1 and 2.

We return briefly to these subclasses of the class of infinitely divisible laws
in Section 12.7.

12.2.4 Lévy processes

A Lévy process is a stochastic process, starting at zero and stochastically con-
tinuous, with càdlàg sample paths, and having independent and stationary in-
crements. The càdlàg assumption is innocuous, as any process having the other
properties listed does possess a càdlàg modification. To any infinitely divisible
distribution µ corresponds a Lévy process Z = {Zt}t≥0 such that the law of Z1

is µ. We speak of the Lévy process generated by µ; this is uniquely determined
in the distributional sense.

Let Z = {Zt}t≥0 be a Lévy process. For any t > 0 the random variable Zt is
infinitely divisible. Let (a, b, ρ) denote the characteristic triplet of Z1. The key
tool for understanding the nature of Lévy processes is the Lévy–Ito representa-
tion for Z,

Zt = at +
√

bWt +
∫ t

0

∫
R

x{N(dx,ds) − 1[−1,1](x)ρ(dx)ds},

where W is a Brownian motion and N is a Poisson basis—that is, a Poisson ran-
dom measure—on R×R≥0, independent of W and with mean measure ρ(dx)dt.

When the Brownian part is absent from Z—that is, b = 0—we speak of
a pure Lévy process. The following classification of the pure Lévy processes is
important, not least from the applied point of view. Such processes may be
divided according to the two criteria of finite or infinite activity and finite or
infinite variation, as follows:
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• finite activity and finite variation, if
∫∞
0

ρ(dx) < ∞;
• infinite activity and finite variation, if

∫∞
0

1∧|x|ρ(dx) < ∞ but
∫∞
0

ρ(dx) = ∞;
• infinite activity and infinite variation, if

∫∞
0

1 ∧ |x|ρ(dx) = ∞.

Infinite activity means that the process exhibits infinitely many jumps in any
time interval, however small. Finite variation means that the sample paths of
Z are of finite variation with probability one, that is, for any t > 0 we have
sup

∑ |Z(tj)−Z(tj−1)| < ∞ where the supremum is over all subdivisions of [0, t].
In a variety of modelling contexts where volatility is manifest, such as in mathe-
matical finance, data strongly point to the use of infinite activity processes—and
in fact towards higher activity than at the bordering region between infinite ac-
tivity and finite or infinite variation.

Example 4 When a = b = 0, the class of processes with finite activity and finite
variation is identical to the class of compound Poisson processes. The general-
ized inverse Gaussian Lévy processes display infinite activity and finite variation.
The normal inverse Gaussian Lévy process displays infinite activity and infinite
variation, as follows from the fact that K(x) ∼ x−1 for x ↓ 0; cf. eqn (12.3).

12.2.5 OU processes

The definition of self-decomposability, eqn (12.5), may be expressed equivalently
as follows: X has law in L(∗) if and only if for all λ > 0 there exists a Lévy
process Z for which the stochastic differential equation

dXt = −λXtdt + dZλt

has a stationary solution {Xt}t∈R with Xt
L= X. The solution, termed an

Ornstein–Uhlenbeck-type (OU) process is representable as

Xt =
∫ t

−∞
e−λ(t−s)dZλs,

where Z has been extended to a process with independent and stationary incre-
ments on the whole real line. The scaling by λ in the time for Z ensures that the
one-dimensional marginal law of X does not change if λ is changed. The process
Z is called the background driving Lévy process.

This construction works, in particular, for positive self-decomposable random
variables, in which case the background driving Lévy process is a subordinator,
that is, a Lévy process with non-negative increments.

When the process X is square integrable it has autocorrelation function
r(u) = exp(−λu), for u > 0.

Let LB(∗) be the subclass of self-decomposable laws for which the back-
ground driving Lévy process belongs to the Bondesson class B(∗). Barndorff-
Nielsen et al. (2004d) show that LB(∗) equals the Thorin class, that is,
LB(∗) = T (∗).
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12.2.6 Lévy bases

A Lévy basis Z is an infinitely divisible independently scattered random measure
on some Borel subset S of R

d. To such a basis corresponds a Lévy–Khintchine
type formula

C{ζ ‡ Z(A)} = ia(A)ζ − 1
2
b(A)ζ2 +

∫
R

{eiζx − 1 − iζc(x)}ν(dx;A), (12.6)

where A denotes a Borel subset of S, a is a signed measure, b is a measure, and
ν(·, A) is a Lévy measure. We refer to (a, b, ν) as the characteristic triplet of the
Lévy basis Z and to ν as a generalized Lévy measure.

Lévy bases play an important role in many contexts. Some applications are
indicated in Sections 12.3, 12.5, and 12.6.

It is informative to think of ν as factorised as

ν(dx; dσ) = U(dx;σ)µ(dσ),

and to consider U(dx;σ) as the Lévy measure of an infinitely divisible random
variable Z ′(σ), called the spot mark at site σ ∈ S. Assuming for simplicity that
a = b = 0, we then have the following key formula for the cumulant function of
integrals f • Z =

∫
S f(σ)Z(dσ):

C{ζ ‡ f • Z} =
∫

C{ζf(σ) ‡ Z ′(σ)}µ(dσ).

This result follows essentially from the following formal calculation (which is
in fact rigorous when f is a simple function) using the independent scattering
property of Z and product integration:

exp [C{ζ ‡ f • Z}] = E [{exp{iζf • Z}]

= E

[∏
σ∈S

exp{iζf(σ)Z(dσ)}
]

=
∏
σ∈S

E [exp{iζf(σ)Z(dσ)}]

=
∏
σ∈S

exp [C{ζf(σ) ‡ Z ′(σ)}µ(dσ)]

= exp
[∫

S
C{ζf(σ) ‡ Z ′(σ)}µ(dσ)

]
.

There is also an analogue for Lévy bases of the Lévy–Ito formula. In the case
a = b = 0 it reads, in infinitesimal form,

Z(dσ) =
∫

R

x{N(dx; dσ) − ν(dx; dσ)}, (12.7)

where N is a Poisson field on R×S with E{N(dx; dσ)} = ν(dx; dσ).
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For more details and references to the literature, see Pedersen (2003) and
Barndorff-Nielsen and Shephard (2005).

When a = b = 0 and ν(dx; dσ) is of the form ν(dx; dσ) = U(dx)dσ, we say
that the Lévy basis is homogeneous.

Example 5 (supOU processes) Suppose S = R≥0×R>0 with points σ = (t, ξ)
and

ν(dx; dσ) = ρ(dx)dtπ(dξ) (12.8)

for some Lévy measure ρ and probability measure π, and define a supOU process
X = (Xt)t≥0 by

Xt =
∫

R>0

e−ξt

∫ ξt

−∞
esZ(ds,dξ),

where Z is a Lévy basis with a = b = 0 and ν given by eqn (12.8). The process
X is a superposition of independent OU processes with individual decay rates
ξ. The case of finite superpositions, used for instance in Barndorff-Nielsen and
Shephard (2001b), is included by letting π be a finite discrete probability mea-
sure.

Assuming square integrability, the autocorrelation function of X is

r(t) =
∫ ∞

0

e−xξπ(dξ).

When π is the gamma law Γ(2H̄, 1) we have r(|τ |) = (1+ |τ |)−2H̄ . In particular,
the process X then exhibits a second-order long-range dependence if H ∈ (1

2 , 1)
where H = 1 − H̄ (Barndorff-Nielsen 1997).

12.3 Tempospatial modelling
12.3.1 A general class of tempospatial processes

Tempospatial models describe dynamic developments that take place in both
time and space. For simplicity we here restrict attention to the case where space
is one-dimensional.

A general and flexible class of tempospatial processes X = {Xt(σ)}(t,σ)∈R2 ,
building on the concept of Lévy bases, is of the form

Xt(σ) =
∫ t

−∞

∫
At(σ)

ht−s(ρ;σ)Z(dρ × ds), (12.9)

where h is a non-negative function, with hu(ρ;σ) = 0 for u < 0, and Z is a
Lévy basis, the background driving Lévy basis; finally, At(σ) is an ambit set. The
idea of ambit sets is illustrated in Figure 12.1. They determine which points in
time and space contribute to the value of Xt(σ), via the underlying Poisson field
N(dx; ds,dσ); cf. formula (12.7). Such processes were introduced in Barndorff-
Nielsen and Schmiegel (2004) for the study of aspects of turbulence.
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Fig. 12.1. Examples of ambit sets.

We shall refer to processes of the type of eqn (12.9) as generalized shot noise
processes. It is also of interest to consider log generalized shot noise processes,
which are positive processes Y = {Yt(σ)} for which Xt(σ) = log Yt(σ) is of type
(12.9). Dependence structures of such processes may be studied by means of
n-point correlators

c(a1,m1; . . . ; an,mn) =
µ(a1,m1; . . . ; an,mn)
µ(a1,m1) · · ·µ(an,mn)

, (12.10)

where

µ(a1,m1; . . . ; an,mn) = E{Yt1(σ1)m1 · · ·Ytn
(σn)mn},

and ai = (ti, σi) and mi ∈ R for i = 1, . . . , n. This definition of correlators is
naturally adapted to the multiplicativity of the log generalized shot noise process
since it allows for a cancellation of independent factors in the numerator and
the denominator. An example of this is discussed in Section 12.6.2.

12.3.2 OU∧ processes

The concept of OU processes on the real line may be extended to tempospatial
settings by choosing the function h in eqn (12.9) to be simply hu(ρ;σ) = e−λu

for u ≥ 0, in which case

Xt(σ) =
∫ t

−∞

∫
At(σ)

e−λ(t−s)Z(dρ × λds). (12.11)

It can then be shown (Barndorff-Nielsen and Schmiegel 2004) that, for all σ ∈ R,
{Xt(σ)}t∈R is a stationary Markov process, decomposable as

Xt(σ) = e−λtX0(σ) + Ut(σ) + Vt(σ),

where X0(σ), {Ut(σ)}t≥0, and {Vt(σ)}t≥0 are independent.
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12.3.3 OU∧ Cox processes

In eqn (12.11) one may, in particular, choose the Lévy basis to be positive. The
resulting generalized shot noise process may then be used, for instance, as inten-
sity process for a Cox process. This provides an alternative to the log Gaussian
processes discussed by Møller et al. (1998); see also Møller and Waagepetersen
(2003). Certain advantages accrue due to the linear dependence of Xt(σ) on the
innovations Z(dρ × λds), which in particular allows for explicit calculation of
cumulant functions. The situation is similar to that in finance, where volatil-
ities may be modelled either as log Gaussian or as OU or supOU processes
(Barndorff-Nielsen and Shephard 2005).

12.4 Time change and chronometers
Time change for stochastic processes, through substituting ordinary time by an
increasing stochastic process, is a topic of considerable current interest. If X is
the original stochastic process and the increasing process determining the new
time is T , then the time-changed process is Y = X ◦ T with Yt = XTt

. It is
useful to have a name for the type of time-change processes we shall consider: a
stochastic process T = {Tt}t≥0 is said to be a chronometer—or a time-change—
if it starts at 0, is increasing, stochastically continuous, and càdlàg.

A classical topic in the theory of Lévy processes is time change by subordina-
tion, that is, the chronometer T is itself a Lévy process—T is a subordinator—
and T and X are independent. Then the time-changed process Y is again a Lévy
process. This topic was initiated by Bochner (1949, 1955); some recent references
are Bertoin (1996, 1997) and Barndorff-Nielsen et al. (2001b).

Example 6 Time changes of Brownian motion with drift are of particular in-
terest. Then Y = X ◦T where Xt = B

(β)
t = βt+Bt with B a Brownian motion.

Let Y
(µ)
t = µt + Yt, with Y as just described. The normal inverse Gaussian

Lévy process is the Lévy process Y (µ) = {Y (µ)
t }t≥0 for which Y

(µ)
t has law

NIG(α, β, tµ, tδ). In this case, Y is subordinated Brownian motion, with T being
the inverse Gaussian subordinator, that is, the Lévy process for which Tt has
law IG(tδ, tγ). More generally, when T is a subordinator with T1 having law
GIG(λ, δ, γ), one obtains the class of generalized hyperbolic Lévy processes. This
has been extensively studied and applied in finance, see, for instance, Eberlein
and Özkan (2003) and references therein. The class also contains the general
variance gamma, or normal gamma, Lévy process introduced in finance by Carr
et al. (1998); see also Geman et al. (2002).

Time change in finance other than subordination is considered in Section 12.5.
For some discussions of time change in quantum physics and in turbulence see
Chung and Zambrini (2003) and Barndorff-Nielsen et al. (2004e), respectively.
Time change in a broad mathematical sense is treated in Barndorff-Nielsen and
Shiryaev (2005). Barndorff-Nielsen et al. (2004c) have recently discussed con-
ditions on X and T that imply that the time-changed process Y is infinitely
divisible.
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12.5 Lévy processes/bases and time change in finance
In recent years Lévy processes have entered the field of finance as an important
modelling tool.

Using suitable Lévy processes instead of Brownian motion already provides
a significant improvement in describing the behaviour of financial time series;
cf. Example 6. However, this still fails to account for the significant timewise
dependence structure of the series. To incorporate this one may consider time
changes of Lévy processes using chronometers that, in contrast to subordinators,
have non-independent increments.

Chronometers determined by integration of a stationary volatility process are
of particular relevance; see for instance Barndorff-Nielsen and Shephard (2001b,
2004a, 2005), Barndorff-Nielsen et al. (2002), Carr et al. (2003), Cont and Tankov
(2004), and references therein.

Example 7 Let X = B(β) be Brownian motion with drift β, and let T be an
independent integrated OU or integrated supOU process, i.e.

Tt =
∫ t

0

Vsds, (12.12)

where V is a positive OU or supOU process. In the former case, the chronometer
has the simple form

Tt = λ−1{Zλt − Xt + X0}

= ε(t;λ)X0 +
∫ t

0

ε(t − s;λ)dZs,

where Z is a subordinator and ε(t;λ) = λ−1(1 − e−λt). The linear dependence
of T on the innovations of the background driving Lévy process Z allows for
considerable analytic tractability, and a similar effect holds in the more general
integrated supOU case. See Barndorff-Nielsen and Shephard (2001a, 2005) and
Nicolato and Venardos (2003). Another case of interest takes V as the square
root, or Cox–Ingersoll–Ross, process: the stationary solution of a stochastic dif-
ferential equation of the form

dVt = (µ − λVt)dt + σ
√

VtdB̃t,

where B̃ is a Brownian motion. In these cases, Y may be re-expressed in terms
of another Brownian motion W , as

Yt = βTt +
∫ t

0

√
VsdWs,

showing that Y is of the type known in finance as a stochastic volatility model.
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The general form of a one-dimensional continuous stochastic volatility model
is

Yt =
∫ t

0

asds +
∫ t

0

√
VsdWs,

having the form of a Brownian semimartingale, and the object of main interest
is the integrated volatility—or integrated variance—process T , defined as in eqn
(12.12). This is equal to the quadratic variation of Y , namely

Tt = [Y ]t
(
= p-lim

∑
(Ytj

− Ytj−1)
2
)

, (12.13)

where the limit is for finer and finer subdivision 0 < t1 < · · · < tn ≤ t; see eqn
(11.1) Thus T is in principle calculable from observation of Y .

For Y observed at discrete time points the sum on the right-hand side of
eqn (12.13) provides an estimate of T . The statistics of such estimates has
been a subject of intense interest in econometrics since the recent advent of
high-frequency data from the financial markets; see for instance Andersen et al.
(2005a), Barndorff-Nielsen and Shephard (2004a,c), and references therein.

In the general time-change setting Y = X ◦T , it is of especial interest to ask
to what extent information on the chronometer T can be obtained from observ-
ing the time-changed process Y only. This question is considered for Brownian
subordination in Geman et al. (2002); their work has been extended by Winkel
(2001) to time change of Brownian motion with general chronometers.

12.6 Lévy processes/bases and time change in turbulence
12.6.1 Introduction

The present section briefly summarizes two recent investigations in turbulence.
In the first, the normal inverse Gaussian laws are used to study the distributions
of velocity differences in three different large datasets. The second uses log gen-
eralized shot noise processes to model tempospatial structures in high Reynolds
number turbulence. Frisch (1995) is an excellent and highly readable account of
basis aspects of turbulence.

12.6.2 Normal inverse Gaussian laws and universality

The normal inverse Gaussian law provides excellent fits to velocity increments
in high Reynolds number turbulence. In Barndorff-Nielsen et al. (2004e) this is
demonstrated for three large datasets, from quite different experimental settings
and with quite different Reynolds numbers. It is, moreover, shown that all three
datasets can be parsimoniously described in terms of a few parameters via a time
change from physical time t to a new time δ(t), which makes key features of the
data collapse onto a single curve. Here δ(t) is the maximum likelihood estimate
of the scale parameter of the normal inverse Gaussian distribution. The analysis
has revealed several universal features of moderate to high Reynolds number
turbulence, extending far beyond the Kolmogorov inertial subrange.
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12.6.3 Log generalized shot noise processes and energy dissipation

Let Vt(σ) denote the velocity of the turbulent field at position σ and time t. For
simplicity we consider a one-dimensional position co-ordinate, corresponding to
the fact that recorded measurements of Vt(σ) often concern only the changes
along the mean direction of the actual three-dimensional velocity.

Two key quantities in turbulence studies, and in particular in Kolmogorov’s
theory of isotropoic and homogeneous turbulence, are, up to a proportionality
constant, the ‘surrogate’ energy dissipation rate

εt(σ) =
{

∂

∂σ
Vt(σ)

}2

, (12.14)

and its coarse-grained version

ε̄t(σ) =
1
|B|

∫
B

εt(σ)dσ,

where the integral is over some small region B around σ. For a detailed discussion
of these, see Frisch (1995). The energy-dissipation rate expresses the intermit-
tency or volatility of the turbulent field and plays a role very similar to that of
stochastic volatility in finance—compare eqns (12.13) and (12.14). For the study
of scaling properties and timewise and spatial dependence structures of the en-
ergy dissipation, modelling this as a log generalized shot noise process, rather
than as a positive generalized shot noise process, offers considerable advantages.
Accordingly, one considers processes {Yt(σ)}t∈R where Yt(σ) = exp Xt(σ) with
{Xt(σ)}t∈R of generalized shot noise type.

A relatively simple case that is nonetheless of considerable interest has h in
eqn (12.9) identically equal to 1 and ambit sets of the form

At(σ) = {(ρ, s) : −∞ < s < t, ρ ∈ Cs−t(σ)},

with

Cs(σ) =

{
∅, s < −T,

[σ − g(s), σ + g(s)], −T ≤ s ≤ 0,

for some T > 0 and a non-negative decreasing function g on [−T, 0]; see part (b)
of Figure 12.1.

Suppose, moreover, that the Lévy basis Z in eqn (12.9) is homogeneous, in
the sense defined in Section 12.2.5, and that, for some tη ∈ (0, T ),

g(s) =
1

2(T + s)
, tη − T ≤ s ≤ 0,

while g is left arbitrary on [−T, tη − T ], subject to the restrictions that it is
decreasing on [−T, 0] and that the volume |At(σ)| of At(σ) is finite. Let K denote
the kumulant function of the spot marks, which all have the same distribution,
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due to the assumption of homogeneity of Z. It may then be shown that the time
wise two-point correlator, given by eqn (12.10), has the form

c {(σ, t),m; (σ, t′),m′} =
(

T

|t − t′|

)K(m+m′)−K(m)−K(m′)

,

which is scaling in |t − t′|, and that the spacewise two-point correlator,

c {(σ, t),m; (σ′, t),m′} ∝ |σ − σ′|−{K(m+m′)−K(m)−K(m′)},

is scaling in |σ−σ′|. This kind of correlation structure is observed for the energy
dissipation in turbulent flows and is closely related to the multifractal and inter-
mittent nature of the coarse-grained energy dissipation field. For further results
and details, see Barndorff-Nielsen and Schmiegel (2004).

The modelling approach outlined here has turned out to be useful in the
completely different setting of certain biological growth patterns, in particular
cancer growth (Barndorff-Nielsen et al. 2004b).

12.7 Upsilon mappings
12.7.1 Introduction

Upsilon mappings are regularizing one-to-one mappings of the class of Lévy
measures into itself, with associated one-to-one mappings of ID(∗) into but not
onto itself. The original Upsilon mapping was introduced by Barndorff-Nielsen
and Thorbjørnsen (2004a) and this and generalizations have been studied in
Barndorff-Nielsen and Thorbjørnsen (2004a,c), Barndorff-Nielsen et al. (2004d),
and Barndorff-Nielsen and Peres-Abreu (2005). In Barndorff-Nielsen and Lindner
(2004) the multivariate version of the Upsilon mapping, introduced in Barndorff-
Nielsen et al. (2004d), is used to construct multivariate infinitely divisible laws
with certain desired properties, via the concept of Lévy copulas.

12.7.2 The mappings Υ0 and Υ
For any Lévy measure ρ we define ρ̃ = Υ0(ρ) by

ρ̃(dx) =
∫ ∞

0

ρ(ξ−1dx)e−ξdξ.

This construction does yield a Lévy measure, and the mapping Υ0 is one-to-one.
However, the mapping is not onto. In fact, the mapping has a strong regularizing
effect, as appears from the following result.

Theorem 12.1 For any Lévy measure ρ the Lévy measure ρ̃ = Υ(ρ) has a Lévy
density r̃ satisfying

r̃(x) =

{∫∞
0

ξe−xξω(dξ), x > 0,∫ 0

−∞ |ξ|e−xξω(dξ), x < 0,

where ω is the image of ρ by the mapping x �→ x−1.
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With Υ0 in hand we may introduce the one-to-one mapping

Υ : ID(∗) → ID(∗)
(a, b, ρ) → (ã, 2b, ρ̃),

where

ã = a +
∫ ∞

0

∫
R

x{1[−1,1](x) − 1[−ξ,ξ](x)}ρ(ξ−1dx)e−ξdξ.

This mapping has the key property

CΥ(µ)(ζ) =
∫ ∞

0

Cµ(ζξ)e−ξdξ. (12.15)

Using the characterizations of L(∗), T (∗) and B(∗) given in Section 12.2.2, it can
be shown that Υ(S(∗)) = S(∗), Υ(L(∗)) = T (∗) and Υ(ID(∗)) = B(∗). For the
proof, see Barndorff-Nielsen and Thorbjørnsen (2004c) and Barndorff-Nielsen
et al. (2004d).

There is, moreover, a stochastic interpretation of Υ:

Theorem 12.2 Let µ ∈ ID(∗) and let Xt be the Lévy process for which X1 has
law µ. Then the integral

Y =
∫ 1

0

| log(1 − t)|dXt (12.16)

is well defined as the limit in probability for n → ∞ of the stochastic integrals∫ 1−1/n

0
| log(1 − t)|dXt, and the law of Y is Υ(µ).

12.7.3 The mappings Υα
0 and Υα

It is possible to define a smooth family of mappings Υα : ID(∗) → ID(∗), for
α ∈ [0, 1], that interpolates between Υ (Υ0(µ) = Υ(µ)) and the identity mapping
on ID(∗) (Υ1(µ) = µ), or—in the context of Section 12.8 below—between the
classical Lévy–Khintchine formula and the free Lévy–Khintchine formula. For
every α, Υα has properties similar to Υ. The Mittag–Leffler function takes a
natural role in this. For details beyond those given below, see Barndorff-Nielsen
and Thorbjørnsen (2004a,c).

Mittag–Leffler function The Mittag–Leffler function of negative real argument
and index α > 0 is

Eα(−t) =
∞∑

k=0

(−t)k

Γ(αk + 1)
, t < 0. (12.17)

In particular we have E1(−t) = e−t, and if we define E0 by setting α = 0 on the
right-hand side of eqn (12.17) then E0(−t) = (1 + t)−1.
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The Mittag–Leffler function is infinitely differentiable and completely mono-
tone if and only if 0 < α ≤ 1. Hence for 0 < α ≤ 1 it is representable as a
Laplace transform and, in fact, we have (Feller 1971, p. 453) that

Eα(−t) =
∫ ∞

0

e−txζα(x)dx, 0 < α < 1, (12.18)

where
ζα(x) = α−1x−1−1/ασα(x−1/α), (12.19)

and σα denotes the density function of the positive stable law with index α and
Laplace transform exp(−θα). Defining ζα(x) as e−x for α = 0 and as the Dirac
density at 1 when α = 1 then eqn (12.18) is valid for all α ∈ [0, 1].

For 0 < α < 1, the function ζα(x) is simply the probability density obtained
from σα(y) by the transformation y = x−1/α. In other words, if we denote the
distribution functions determined by ζα and σα by Zα and Sα, respectively, then

Zα(x) = 1 − Sα(x−1/α).

The mapping Υα
0 We define Υα

0 as the mapping ρ �→ ρ̃α, defined on the class
of Lévy measures on R, and determined by

ρ̃α(dt) =
∫ ∞

0

ρ(x−1dt)ζα(x)dx. (12.20)

Using eqn (12.19), this may be re-expressed as

ρ̃α(dt) =
∫ ∞

0

ρ(xαdt)σα(x)dx.

Now, as for Υ0, we have

Theorem 12.3 The mapping Υα
0 sends Lévy measures to Lévy measures. Fur-

thermore, letting ω denote the image of the Lévy measure ρ under the mapping
x �→ x−1, we have that for any Lévy measure ρ the Lévy measure ρ̃α = Υα

0 (ρ) is
absolutely continuous with respect to Lebesgue measure and the density r̃α of ρ̃α

is the function on R\{0} given by

r̃α(t) =

{∫∞
0

sζα(st)ω(ds), t > 0,∫ 0

−∞ |s|ζα(st)ω(ds), t < 0.

The mapping Υα Based on Υα
0 we can now define Υα as the mapping from

ID(∗) into ID(∗) that sends a probability measure µ with characteristic triplet
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(a, b, ρ) to the law Υ(µ) in ID(∗) having characteristic triplet (aα, cαb, ρ̃α), where
ρ̃α = Υα

0 (ρ) is defined by eqn (12.20),

cα =
2

Γ(2α + 1)
, 0 ≤ α ≤ 1,

and

aα =
a

Γ(α + 1)
+

∫ ∞

0

∫
R

t{1[−1,1](t)} − 1[−x−1,x−1](t)}ρ(x−1dt)ζα(x)dx.

Theorem 12.4 The cumulant function of Υα(µ) may be represented as

Cα(ζ) = i
a

Γ(α + 1)
ζ − cαbζ2 + C0α(ζ),

where
C0α(ζ) =

∫
R

{Eα(iζt) − 1 − iζ
t

Γ(α + 1)
1[−1,1](t)}ρ(dt).

12.7.4 Stochastic representation

Let µ again denote an element of ID(∗) and let Xt be the Lévy process generated
by µ, that is, the Lévy process such that X1 has law µ.

The mapping Υα may be given a stochastic interpretation similar to the
representation (12.16) for Υ. Specifically, letting Rα denote the inverse of the
distribution function Zα, we have

Theorem 12.5 The stochastic integral

Y =
∫ 1

0

Rα(s)Xs

is well defined for all α ∈ [0, 1], and the law of Y is Υα(µ).

12.8 Quantum stochastics
12.8.1 Introduction

The probabilistic aspects of quantum stochastics constitute a highly developed
and mature field. In this, various new concepts of ‘independence’ and ‘infinite di-
visibility’, with associated ‘Lévy processes’, have recently arisen, the most widely
studied being free independence—or freeness—and free infinite divisibility.

Concise introductions to the more statistical aspects of quantum stochastics
are given in Holevo (2001b) and Barndorff-Nielsen et al. (2001c). The concept
of quantum instruments has a key role in this, and infinitely divisible quantum
instruments provide a bridge to quantum stochastic processes. These infinite
divisibility themes are outlined below.



On some concepts of infinite divisibility 251

12.8.2 Freeness

The concept of freeness or free independence arose out of the study of von Neu-
mann algebras. However, it was soon realized that this concept has an interesting
interpretation in terms of the limit behaviour of large random matrices, in which
Wigner’s semicircular law takes a role similar to that of the Gaussian law un-
der classical central limit theory. In a certain sense, free independence can be
seen as the vestige of classical stochastic independence remaining after taking
products of independent random matrices and passing to the limit by letting the
dimension of the matrices go to infinity. For a more detailed introduction to free
independence and free infinite divisibility than the brief account given here, see
Barndorff-Nielsen and Thorbjørnsen (2002c).

Free infinite divisibility Out of von Neumann’s formulation of the mathematical
basis of quantum theory has grown the major and very active mathematical
field of operator algebras, including the study of ‘non-commutative probability’.
Speaking briefly, an algebraic probability space is a pair (A, φ) where A is an
algebra, typically non-commutative with a unit element e, and φ is a positive
linear functional on A such that φ(e) = 1. Given an element a of A we may
think of φ(a) as the mean value of a.

The idea of free independence is due to Voiculescu and hinges on the defini-
tion of a new type of ‘convolution’ of probability measures, denoted by � instead
of the classical ∗. In analogy with the classical case one says that a pro-
bability measure µ is freely infinitely divisible if for all n ∈ N there exists a
probability measure µn such that µ = µ�n

n .
The free convolution � can be described in terms of an analogue of the

classical cumulant transform Cµ called the free cumulant transform and denoted
Cµ. This is defined, quite intricately, as

Cµ(z) = zφµ(z−1),

where φµ(z) = F inv
µ (z) − z, and F inv

µ (z) is the inverse function of Fµ(z) =
1/Gµ(z), with Gµ(z) denoting the Cauchy or Stieltjes transform of µ,

Gµ(z) =
∫

R

1
z − x

µ(dx).

It was shown by Voiculescu et al. (Voiculescu 2000) that φµ�ν = φµ + φν and
this is equivalent to Cµ�ν = Cµ + Cν . We have introduced the form Cµ to make
the analogy to the classical case as close as possible.

Voiculescu et al. have further proved that there is a free analogue of the
Lévy–Khintchine formula, that we may express in terms of C as

Cµ(z) = az − bz2 +
∫

R

(
1

1 − zx
− 1 − zx1[−1,1](x)

)
ρ(dx),

where, as for the classical Lévy–Khintchine formula, a ∈ R, b ≥ 0 and ρ is a
Lévy measure. We refer to (a, b, ρ) as the characteristic triplet, classical or free,
as the case may be, of µ.
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Connections between classical and free infinite divisibility A direct connection
between classical and free infinite divisibility was established by Bercovici and
Pata (1999), who introduced a one-to-one mapping from the class ID(∗) onto the
class ID(�) of freely infinitely divisible probability measures. This Bercovici–
Pata mapping is denoted by Λ. In the notation introduced above the mapping
can be simply described as sending a probability measure µ with classical char-
acteristic triplet (a, b, ρ) to the probability measure having free characteristic
triplet (a, b, ρ).

We may now define a hierarchy within the class ID(�) of freely independent
laws, analogous to the hierarchy (12.4):

G(�) ⊂ S(�) ⊂ T (�) ⊂ L(�), B(�) ⊂ ID(�),

where G(�) = Λ(G(∗)), S(�) = Λ(S(∗)), and so forth. The free counterpart
of the Gaussian distributions, G(�), consists of the Wigner, or semi-circle,
laws. The free stable laws and their domains of free attraction were studied
in Bercovici and Pata (1999), and the free self-decomposable laws were intro-
duced in Barndorff-Nielsen and Thorbjørnsen (2002c), not as here via Λ but
through defining free stability and free self-decomposability from free analogues
of their classical probabilistic meanings.

Barndorff-Nielsen and Thorbjørnsen (2002c) also established several alge-
braic and topological properties of Λ, in particular that Λ is a homeomorphism
with respect to weak convergence, that is, convergence in law. These proper-
ties were instrumental in demonstrating that the two approaches to defining
L(�) give identical results, and for developing some new properties of free Lévy
processes, including results on free stochastic integration and a free analogue
of the Lévy–Ito decomposition (Barndorff-Nielsen and Thorbjørnsen 2002a,b,c,
2004b).

Another type of connection between classical and free infinite divisibility is
established via the mapping Υ discussed in Section 12.7. In fact, the key relation
(12.15) extends to

CΥ(µ)(ζ) =
∫ ∞

0

Cµ(ζξ)e−ξdξ = CΛ(µ)(iζ),

showing that the free cumulant function of Λ(µ) can, in spite of the complicated
definition of the general free cumulant transform, be obtained from the classical
cumulant function of µ via a simple integral and that the free cumulant function
CΛ(µ) is, in fact, equal to a classical cumulant function, namely CΥ(µ).

Some related types of independence In addition to free independence, two fur-
ther independence concepts, called monotone and antimonotone independence
have recently been introduced and studied in an algebraic framework that also
encompasses classical (or tensor), free, and boolean, independence (Ben Ghor-
bal and Schürmann 2002, Franz 2003, Muraki 2003). In particular, associated
to monotone independence there exists a non-commutative convolution concept,
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and for this the analogue of the Gaussian law in the classical case and of the
Wigner law in the free case is the arcsine law.

12.8.3 Quantum measurements and quantum instruments

In comparison to the algebraic approach to probabilistic structures related to
quantum theory, indicated in Section 12.8.1, the theory of quantum instruments
is more analytic and, generally speaking, closer to present developments in quan-
tum physics itself. At the same time the theory of quantum instruments, the
foundation of which was laid by Davies and Lewis (1970), Davies (1976) and
Kraus (1971, 1983), provides a bridge between von Neumann’s original formula-
tion of quantum physics, on the one hand, and probability and statistics based
on Kolmogorov’s axioms on the other.

According to von Neumann, the state of a quantum physical system S is rep-
resented by a linear operator ρ on a Hilbert space H, where ρ is self-adjoint and
non-negative with unit trace. In the modern formulation of quantum measure-
ments, a measurement of S is represented by a positive operator-valued measure
M defined on some measure space (Ω,F). More specifically, for each B ∈ F ,
M(B) is a positive linear self-adjoint operator on H, and M is σ-additive, with
M(Ω) = I, the identity operator on H. The result of the measurement is an
outcome ω in Ω, whose distribution is the probability law

π(B; ρ) = pr{ω ∈ B; ρ} = tr{ρM(B)}.

In general, the outcome ω is not observed directly; only the value x of some
random variate X on (Ω,F) is recorded.

The act of performing the measurement changes the state ρ of S to a new,
in general unknown, state σ = σ(ω; ρ) that depends on ω and ρ. More generally,
the posterior state of the quantum system conditioned by the event ω ∈ B is
written as σ(B; ρ) and is related to the probability measure π by

σ(B; ρ) =

∫
B

σ(ω; ρ)π(dω; ρ)
π(B; ρ)

.

When the positive operator-valued measure M is dominated by a σ-finite mea-
sure µ on (Ω,F), π has a density

p(ω; ρ) =
π(dω; ρ)
µ(dω)

.

Because of the basic tenets of quantum physics, π and σ cannot be prescribed
arbitrarily but have to be linked to or—better expressed—must arise from a
mathematical object known as a quantum instrument. There are two—dual—
versions of this: state instruments and operator instruments. To define these, let
B(H) be the linear space of bounded linear self-adjoint operators on H and let
T (H) denote the set of trace class operators on H, which includes all the states
ρ of S. Then we can make the following definitions.
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Definition 12.6 A state instrument is a mapping

M : F × T (H) → T (H)
(B, κ) → M(B)[κ]

satisfying the conditions that tr{M(Ω)[κ]} = tr{κ}; that M(·)[κ] is a σ-additive
measure on (Ω,F), convergence being understood in the norm of T (H); and for
which M(B)[·] is a positive normal linear map.

Definition 12.7 An operator instrument is a mapping

N : F × B(H) → B(H)
(B, Y ) → M(B)[Y ]

satisfying the conditions that N (Ω)[I] = I; that N (·)[Y ] is a σ-additive measure
on (Ω,F), convergence being understood in the weak-∗ topology; and for which
N (B)[·] is a positive normal bounded linear map.

The duality of M and N is expressed in the relation

tr{Y M(B)[κ]} = tr{κN (B)[Y ]}.

In terms of M and N the positive operator-valued measure M , the proba-
bility measure π and the posterior state σ are given by

M(B) = N (B)[I],
π(B; ρ) = tr{ρN (B)[I]} = tr{M(B)[ρ]},

σ(ω; ρ) =
dM(·)[ρ]
dπ(·; ρ)

,

and we have ∫
B

tr{σ(ω; ρ)Y }π(dω, ρ) = tr{ρN (B)[Y ]}.

Generic examples of quantum instruments are

N (B)[X] =
∑

i

∫
B

Vi(x)∗XVi(x)νi(dx),

and the dual

M(B)[τ ] =
∑

i

∫
B

Vi(x)τVi(x)∗νi(dx),

where the νi are σ-finite measures on (Ω,F) and the Vi are measurable B(H)-
valued functions on Ω.
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Continuous-time quantum measurements The theory of continuously moni-
tored quantum systems is an area of great current interest, particularly in
quantum optics where very small quantum systems are now studied intensively.
Quantum state and operator instruments play an important role in this the-
ory. Convolution semigroups of quantum instruments and associated instrument
processes are built from the concept of infinitely divisible quantum instruments.
This in turn leads to the construction of quantum stochastic process representa-
tions of the semigroups, a procedure known as dilation. A related approach con-
structs quantum measurement processes via classical stochastic calculus. For the
study and certain applications of these types of quantum stochastic processes,
specially designed Monte Carlo methods—‘quantum Monte Carlo’—have been
constructed; see, for example, Mølmer and Castin (1996) and Barndorff-Nielsen
et al. (2001c, §9). The following remarks briefly indicate a few key aspects of
this. For more information, see Holevo (2001b, Ch. 4), Holevo (2001a), Barchielli
and Holevo (1995), and reference therein.

As is the case for classical infinite divisibility, Fourier transformation —the
use of characteristic functions—is a key tool. Suppose for simplicity that the
outcome space Ω is R equipped with the Borel σ-algebra. The characteristic
function of an operator instrument N is defined by

Φ(ζ)[X] =
∫

R

eiζxN (dx)[X].

For completely positive instruments there is a characterisation of the Bochner–
Khintchine type, which in fact reduces to the Bochner–Khintchine theorem when
dimH = 1.

Infinite divisibility of quantum instruments is defined in analogy with the
classical probabilistic concept, and the infinitely divisible quantum instruments
are characterized by a generalization of the Lévy–Khintchine formula. Writing
the cumulant function of such an instrument as

K(ζ) = log Φ(ζ),

we have that K is of the form

K(ζ) = K0 + K1(ζ) + K2(ζ),

where

K0[X] = i[H,X] +
∑

(AsXAs − A2
s ◦ X) +

∑
λr(U∗

r XUr − X),

K1(ζ)[X] = σ2

{
L∗XL − L∗L ◦ X + iλ(L∗X + XL) − 1

2
λ2X

}
,

K2(ζ)[X] =
∫

R\{0}

{
J(dx)[X]eiλx−J(dx)[I] ◦ X−i[X,H(dx)]−X

iλx

1+x2
µ(dx)

}
.
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Here As, Ur, and L are operators, J(dx)[·] and H(dx) are operator-valued map-
pings, and λ > 0, σ ≥ 0 are real numbers. See Holevo (2001b, §4.2.5) for details.

Given a continuous-time instrument process, it is in important cases possible
to set up a stochastic differential equation, of a classical type, describing a di-
lation of the timewise evolution—concordant with the instrument process—of a
quantum state ψ(t) in a Hilbert space H, in such a way that the dilated system
behaves in mean like ψ(t). A generic example of such a stochastic differential
equation has the ‘Lévy–Ito form’

dΨ(t) = −KΨ(t−)dt + LΨ(t−)dW (t) +
∫

R\{0}
L(y)Ψ(t−)Π(dydt),

where K, L and L(y) are operators on H, while W is Brownian motion and Π
is a Poisson field. Associated to this there may be classical stochastic differen-
tial equations for the recorded measurement results. For a detailed account, see
Barchielli and Holevo (1995).
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Resnick, (eds), Lévy Processes: Theory and Applications, Birkhäuser, Boston, MA,
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(2004), Spatio-temporal modelling—with a view to biological growth. Research
Report 2004–12, T. N. Thiele Centre, Aarhus.

Bartlett, M. S. (1949), ‘Some evolutionary stochastic processes’, Journal of the Royal
Statistical Society, series B 11, 211–229.

Bartlett, M. S. (1956), Deterministic and stochastic models for recurrent epidemics,
in ‘Proceedings of the Third Berkeley Symposium on Mathematical Statistics and
Probability’, Vol. 4, University of California Press, Berkeley, pp. 81–109.

Bartlett, M. S. (1957), ‘Measles periodicity and community size’, Journal of the Royal
Statistical Society, series A 120, 48–70.

Bartlett, M. S. (1960), Stochastic Population Models in Ecology and Epidemiology,
Methuen, London.

Bartlett, M. S. (1990), ‘Chance or chaos (with discussion)’, Journal of the Royal
Statistical Society, series A 153, 321–348.

Bates, D. M. and Watts, D. G. (1988), Nonlinear Regression Analysis and Its Applica-
tions, Wiley, New York.

Beck, N. (2000), ‘Political methodology: a welcoming discipline’, Journal of the
American Statistical Association 95, 651–654.

Becker, N. G. (1989), Analysis of Infectious Disease Data, Chapman & Hall, London.
Becker, N. G. and Britton, T. (1999), ‘Statistical studies of infectious disease incidence’,

Journal of the Royal Statistical Society, series B 61, 287–308.
Becker, N. G., Britton, T. and O’Neill, P. D. (2003), ‘Estimating vaccine effects

on transmission of infection from household outbreak data’, Biometrics 59,
467–475.

Becker, R. A., Chambers, J. M. and Wilks, A. R. (1988), The New S Language:
A Programming Environment for Data Analysis and Graphics, Pacific Grove, CA:
Wadsworth and Brooks/Cole.

Begun, J. M., Hall, W. J., Huang, W. M. and Wellner, J. (1983), ‘Information and
asymptotic efficiency in parametric-nonparametric models’, Annals of Statistics 11,
432–452.

Behnke, J. M., Bajer, A., Sinski, E. and Wakelin, D. (2001), ‘Interactions involving
intestinal nematodes of rodents: experimental and field studies’, Parasitology 122,
39–49.



262 Bibliography
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vérole et des advantages de l’inculation pour la prévenir’, Mémoires Mathématiques
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Gabriel, J.-P., Lefèvre, C. and Picard, P., (eds) (1990), Stochastic Processes in Epidemic
Theory, number 86 in Lecture Notes in Biomathematics, Springer, Berlin.

Geman, H., Madan, D. B. and Yor, M. (2002), ‘Stochastic volatility, jumps and hidden
time changes’, Finance and Stochastics 6, 63–90.

Gentleman, R. and Carey, V. (2003), Visualization and annotation of genomic exper-
iments, in G. Parmigiani, E. S. Garrett, R. A. Irizarry and S. L. Zeger, (eds), The
Analysis of Gene Expression Data, Springer, New York.

Ghosh, J. K. and Ramamoorthi, R. V. (2003), Bayesian Nonparametrics, Springer, New
York.

Ghosh, M., Natarajan, K., Stroud, T. W. F. and Carlin, B. P. (1998), ‘Generalized linear
models for small-area estimation’, Journal of the American Statistical Association 93,
273–282.

Ghysels, E., Harvey, A. C. and Renault, E. (1996), Stochastic volatility, in C. R. Rao
and G. S. Maddala, (eds), Statistical Methods in Finance, North-Holland, Amsterdam,
pp. 119–191.

Gibson, G. J. and Renshaw, E. (2001), ‘Likelihood estimation for stochastic compart-
mental models using Markov chain methods’, Statistics and Computing 11, 347–358.

Gilks, W. R., Richardson, S. and Spiegelhalter, D. J., (eds) (1996), Markov Chain Monte
Carlo in Practice, London: Chapman & Hall/CRC.

Gleason, A. M., Greenwood, E. and Kelly, L. M. (1980), The William Lowell Putnam
Mathematical Competition, Mathematical Association of America, Washington, DC.

Glonek, G. F. V. and Solomon, P. J. (2004), ‘Factorial and time course designs for
cDNA microarray experiments’, Biostatistics 5, 89–111.

Goldstein, H. (1986), ‘Multilevel mixed linear model analysis using iterative generalised
least squares’, Biometrika 73, 43–56.

Gordon, N. J., Salmond, D. J. and Smith, A. F. M. (1993), ‘A novel approach to
nonlinear and non-Gaussian Bayesian state estimation’, IEE-Proceedings F 140,
107–113.



Bibliography 273

Granger, C. W. J. (1988), ‘Some recent developments in a concept of causality’, Journal
of Econometrics 39, 199–211.

Green, P. J. and Richardson, S. (2002), ‘Hidden Markov models and disease mapping’,
Journal of the American Statistical Association 97, 1055–1070.

Green, P. J. and Silverman, B. W. (1994), Nonparametric Regression and Generalized
Linear Models: A Roughness Penalty Approach, Chapman & Hall, London.

Greenland, S., Robins, J. M. and Pearl, J. (1999), ‘Confounding and collapsibility in
causal inference’, Statistical Science 14, 29–46.

Greenwood, P. E. and Wefelmeyer, W. (1995), ‘Efficiency of empirical estimators for
Markov chains’, Annals of Statistics 23, 132–143.

Grenfell, B. T. (1992), ‘Chance and chaos in measles dynamics’, Journal of the Royal
Statistical Society, series B 54, 383–398.

Grenfell, B. T. and Dobson, A., (eds) (1995), Ecology of Infectious Diseases in Natural
Populations, Cambridge University Press, Cambridge.

Guo, D., Wang, X. and Chen, R. (2003), ‘Nonparametric adaptive detection in fading
channels based on sequential Monte Carlo and Bayesian model averaging’, Annals of
the Institute of Statistical Mathematics 55, 423–436.

Gupta, S., Swinton, J. and Anderson, R. M. (1991), ‘Theoretical studies of the effects
of heterogeneity in the parasite population on the transmission dynamics of malaria’,
Proceedings of the Royal Society of London B256, 231–238.

Gupta, S., Trenholme, K., Anderson, R. M. and Day, K. P. (1994), ‘Antigenic
diversity and the transmission dynamics of plasmodium falciparum’, Science 263,
961–963.

Hajek, J. (1970), ‘A characterization of limiting distributions of regular estimates’,
Zeitschrift für Wahrscheinlichkeitstheorie und verwandte gebiete 14, 323–330.

Halgreen, C. (1979), ‘Self-decomposability of the generalized inverse Gaussian and
hyperbolic distributions’, Zeitschrift für Wahrscheinlichkeitstheorie und verwandte
gebiete 47, 13–17.

Hall, P. (2001), Statistical science—evolution, motivation and direction, in B. Engquist
and W. Schmid, (eds), Mathematics Unlimited—2001 and Beyond, Springer, Berlin,
pp. 565–575.

Hall, P. and Raimondo, M. (1998), ‘On global performance of approximations to smooth
curves using gridded data’, Annals of Statistics 26, 2206–2217.

Hall, P. and Zhou, X.-H. (2003), ‘Nonparametric estimation of component distributions
in a multivariate mixture’, Annals of Statistics 31, 201–224.

Halsey, A. H. and Webb, J. (2000), Twentieth-Century British Social Trends,
Basingstoke: Macmillan.

Hamer, W. H. (1906), ‘Epidemic disease in England’, The Lancet 1, 733–739.
Hampel, F. R. (1974), ‘The influence function and its role in robust estimation’, Journal

of the American Statistical Association 62, 1179–1186.
Handcock, M. S. (2003), Assessing degeneracy in statistical models of social net-

works, Technical report, Center for Statistics and the Social Sciences, University
of Washington. Working Paper no. 39.

Hansen, P. R. and Lunde, A. (2003), An optimal and unbiased measure of realized
variance based on intermittent high-frequency data. Unpublished paper, presented
at the Realized Volatility Conference, Montreal, 7th November, 2003.

Hart, J. D. (1997), Nonparametric Smoothing and Lack-of-Fit Tests, Springer, New
York.



274 Bibliography

Harvey, A. C. (1989), Forecasting, Structural Time Series Models and the Kalman Filter,
Cambridge University Press, Cambridge.

Hasegawa, H. and Kozumi, H. (2003), ‘Estimation of Lorenz curves: A Bayesian non-
parametric approach’, Journal of Econometrics 115, 277–291.

Hastie, T. J. and Tibshirani, R. J. (1990), Generalized Additive Models, Chapman &
Hall, London.

Hastie, T., Tibshirani, R., Eisen, M. B., Alizadeh, A., Levy, R., Staudt, L., Chan, W. C.,
Botstein, D. and Brown, P. (2000), ‘Gene shaving as a method for identifying distinct
sets of genes with similar expression patterns’, Genome Biology 1.

Hayes, L. J. and Berry, G. (2002), ‘Sampling variability of the Kunst-Mackenbach rel-
ative index of inequality’, Journal of Epidemiology and Public Health 56, 762–765.

Head, J., Stansfeld, S. A. and Siegrist, J. (2004), ‘The psychosocial work environment
and alcohol dependence: a prospective study’, Occupational and Environmental Medi-
cine 61, 219–214.

Heagerty, P. J. and Zeger, S. L. (2000), ‘Marginalized multilevel models and likelihood
inference (with discussion)’, Statistical Science 15, 1–26.

Heckman, J., Ichimura, H. and Todd, P. (1998), ‘Matching as an econometric evaluation
estimator’, Review of Economic Studies 65, 261–294.

Heckman, N. E. (1986), ‘Spline smoothing in a partly linear model’, Journal of the
Royal Statistical Society, series B 48, 244–248.

Heesterbeek, J. A. P. (1992), R0. PhD Thesis., CWI, Amsterdam.
Herbert, J. and Isham, V. (2000), ‘Stochastic host-parasite population models’, Journal

of Mathematical Biology 40, 343–371.
Hesterberg, T. C. (1996), ‘Control variates and importance sampling for efficient boot-

strap simulations’, Statistics and Computing 6, 147–157.
Hethcote, H. W. (2000), ‘The mathematics of infectious diseases’, SIAM Review 42,

599–653.
Hirth, U. M. (1997), ‘Probabilistic number theory, the GEM/Poisson-Dirichlet distrib-

ution and the arc-sine law’, Combinatorics, Probability and Computing 6, 57–77.
Hoem, J. M. (1989), The issue of weights in panel surveys of individual behavior, in

D. Kasprzyk, G. Duncan, G. Kalton and M. P. Singh, (eds), Panel Surveys, New
York: Wiley, pp. 539–565.

Hoffmann, M. and Lepski, O. (2002), ‘Random rates in anisotropic regression (with
discussion)’, Annals of Statistics 30, 325–396.
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Sato, K. (1999), Lévy Processes and Infinitely Divisible Distributions, Cambridge Uni-
versity Press, Cambridge.

Scaccia, L. and Green, P. J. (2003), ‘Bayesian growth curves using normal mixtures
with nonparametric weights’, Journal of Computational and Graphical Statistics 12,
308–331.

Schafer, J. L. (1997), Analysis of Incomplete Multivariate Data, London: Chapman &
Hall/CRC.

Schaffer, W. M. (1985), ‘Can nonlinear dynamics elucidate mechanisms in ecology and
epidemiology?’, IMA Journal of Mathematics Applied in Medicine and Biology 2,
221–252.

Scharfstein, D. O. and Robins, J. M. (2002), ‘Estimation of the failure time distribution
in the presence of informative censoring’, Biometrika 89, 617–634.

Scharfstein, D. O., Rotnitzky, A. and Robins, J. M. (1999), ‘Adjusting for non-ignorable
drop-out using semi-parametric non-response models’, Journal of the American Sta-
tistical Association 94, 1096–1146.

Schenzle, D. (1984), ‘An age-structured model of the pre- and post-vaccination measles
transmission’, IMA Journal of Mathematics Applied in Medicine and Biology 1,
169–191.

Schervish, M. J. (1995), Theory of Statistics, Springer, New York.
Schwert, G. W. (1989), ‘Why does stock market volatility change over time?’, Journal

of Finance 44, 1115–1153.
Schwert, G. W. (1990), ‘Stock market volatility’, Financial Analysts Journal 46, 23–34.
Sellke, T. (1983), ‘On the asymptotic distribution of the size of a stochastic epidemic’,

Journal of Applied Probability 20, 390–394.
Sen, A. and Srivastava, M. (1990), Regression Analysis: Theory, Methods, and Applica-

tions, Springer, New York.
Severini, T. A. (2000a), Likelihood Methods in Statistics, Clarendon Press, Oxford.



286 Bibliography

Severini, T. A. (2000b), ‘The likelihood ratio approximation to the conditional distri-
bution of the maximum likelihood estimator in the discrete case’, Biometrika 87,
939–945.

Shephard, N. (1994), ‘Partial non-Gaussian state space’, Biometrika 81, 115–131.
Shephard, N., (ed.) (2004), Stochastic Volatility: Selected Readings, Oxford University

Press, Oxford.
Siegel, C. L. (1942), ‘Iterations of analytic functions’, Annals of Mathematics 43,

607–612.
Silverman, B. W. (1981), ‘Using kernel density estimates to investigate multimodality’,

Journal of the Royal Statistical Society, series B 43, 97–99.
Simon, J. (1969), Basic Research Methods in Social Science: The Art of Experimenta-

tion, Random House, New York.
Simon, J. (1993), Resampling: The New Statistics, preliminary edn, Duxbury, Belmont,

CA.
Simpson, J. A. and Weiner, E. S. C., (eds) (1989), Oxford English Dictionary, Oxford

University Press, London.
Singpurwalla, N. D. (2002), ‘On causality and causal mechanisms’, International Sta-

tistical Review 70, 198–206.
Skovgaard, I. M. (1996), ‘An explicit large-deviation approximation to one-parameter

tests’, Bernoulli 2, 145–166.
Skovgaard, I. M. (2001), ‘Likelihood asymptotics’, Scandinavian Journal of Statistics

28, 3–32.
Small, C. G. and McLeish, B. G. (1994), Hilbert Space Methods in Probability and

Statistical Inference, Wiley, New York.
Smith, J. Q. (1985), ‘Diagnostic checks of non-standard time series models’, Journal of

Forecasting 4, 283–91.
Snijders, T. A. B. (2001), ‘The statistical evaluation of social network dynamics’, Soci-

ological Methodology 31, 361–395.
Snijders, T. A. B. (2002), ‘Markov chain Monte Carlo estimation of exponential random

graph models’, Journal of Social Structure. 3, part 2.
Snijders, T. A. B. and Bosker, R. J. (1999), Multilevel Analysis: An Introduction to

Basic and Advanced Multilevel Modelling, London: Sage.
Sobel, M. (2000), ‘Causal inference in the social sciences’, Journal of the American

Statistical Association 95, 647–651.
Soper, H. E. (1929), ‘Interpretation of periodicity in disease prevalence’, Journal of the

Royal Statistical Society 92, 34–73.
Spence, R. (2001), Information Visualization, Addison-Wesley, Harlow.
Spiegelhalter, D. J. (2002), ‘Funnel plots for institutional comparison’, Quality and

Safety in Health Care 11, 390–391.
Spielman, R. S., McGinnis, R. E. and Ewens, W. J. (1993), ‘Transmission test for

linkage disequilibrium: the insulin gene region and insulin-dependent diabetes mellitus
(IDDM)’, American Journal of Human Genetics 52, 506–516.

Stark, J., Iannelli, P. and Baigent, S. (2001), ‘A nonlinear dynamics perspective of
moment closure for stochastic processes’, Nonlinear Analysis 47, 753–764.

Stein, C. (1956), Efficient nonparametric testing and estimation, in ‘Proceedings of
the Third Berkeley Symposium on Mathematical Statistics and Probability’, Vol. 1,
University of California Press, Berkeley, pp. 187–195.

Stein, M. L. (1999), Interpolation of Spatial Data, Springer, New York.



Bibliography 287

Stewart, L. A. and Parmar, M. K. B. (1993), ‘Meta-analysis of the literature or of
individual patient data: Is there a difference?’, Lancet 341, 418–220.

Stone, C. (1975), ‘Adaptive maximum likelihood estimation of a location parameter’,
Annals of Statistics 3, 267–284.

Storvik, G. (2002), ‘Particle filters in state space models with the presence of unknown
static parameters’, IEEE Transactions on Signal Processing, 50, 281–289.

Tardella, L. (2002), ‘A new Bayesian method for nonparametric capture-recapture mod-
els in presence of heterogeneity’, Biometrika 89, 807–817.

Taylor, S. J. and Xu, X. (1997), ‘The incremental volatility information in
one million foreign exchange quotations’, Journal of Empirical Finance 4,
317–340.

Thorin, O. (1977), ‘On infinite divisibility of the lognormal distribution’, Scandinavian
Actuarial Journal pp. 141–149.

Thorin, O. (1978), ‘An extension of the notion of a generalized gamma convolution’,
Scandinavian Actuarial Journal pp. 121–148.

Tibshirani, R. J. (1996), ‘Regression shrinkage and selection via the lasso’, Journal of
the Royal Statistical Society, series B 58, 267–288.

Tikhonov, A. N. (1963), On the solution of incorrectly put problems and the regular-
isation method, in ‘Outlines of the Joint Symposium on Partial Differential Equa-
tions (Novosibirsk, 1963)’, Academy of Science, USSR, Siberian Branch, Moscow,
pp. 261–265.

Titterington, D. M. and Cox, D. R., (eds) (2001), Biometrika: 100 Years, Oxford Uni-
versity Press, Oxford.

Titterington, D. M., Smith, A. F. M. and Makov, U. E. (1985), Statistical Analysis of
Finite Mixture Distributions, Wiley, New York.

Troynikov, V. S. (1999), ‘Probability density functions useful for parametrization of
heterogeneity in growth and allometry data’, Bulletin of Mathematical Biology 60,
1099–1122.

Tukey, J. W. (1974), ‘Named and faceless values: An initial exploration in memory of
Prasanta C. Mahalanobis’, Sankhyā, series A 36, 125–176.
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Lévy basis, 233, 240
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